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introduction 

The  cons i derat  I on  of  acoustically  induced  fatigue  failures  in  aircraft  has 
been  a design  consideration  for  over  20  years.  The  problem  was  introduced 
with  the  advent  of  the  turbojet  engine  and  the  resulting  high  intensity 
acoustic  pressure  levels  experienced  on  the  surfaces  of  aircraft.  Since 
military  aircraft  have  always  been  designed  for  performance,  it  is  somewhat 
logical  to  see  that  acoustic  fatigue  design  requirements  have  paralleled 
the  requirements  of  the  military  and  the  evolution  of  high  performance 
aircraft.  Since  the  early  investigations  considering  the  development  of 
conic  fatigue  design  criteria,  it  has  been  realized  that  such  failures 
can  substantially  increase  the  maintenance  burden  and  life  cych  cost  of 
the  l i rc ra  f t . 

Sonic  fatigue  failures  have  resulted,  however,  in  unacceptable  mainte- 
nance and  inspection  burdens  associated  with  the  operation  of  the  air- 
craft. In  some  Instances,  son i c.  fat igue  failures  have  resulted  in 
major  redesign  efforts  of  aircraft  structural  components.  As  with  any 
topic  of  concern  to  the  Air  force,  much  progress  towards  establishing 
acceptable  prediction  techniques  and  design  methods  was  realiz'd  early 
in  the  investigations  although  some  of  the  techniques  tended  to  introduce 
conservatism  into  the  designs.  Th*  ronvrvat i sm  was  expressed,  as  is 
usual  with  aircraft  design,  in  terms  of  increased  weight. 

The  parallel  development  of  improved  testing  techniques  and  data  analysis 
capabilities  has  resulted  in  both  prediction  techniques  and  design  methods 
that  yield  acceptable  1 iructural  configurations  in  terms  of  weight,  ease 
of  manufacture,  and  c t.  Hence,  the  designer  is  only  faced,  today,  with 
applying  these  results  to  his  particular  aircraft  requirements.  The  main 
problem  facing  the  designer  is  simply  accumulating  and  assessing  the  vast 
amount  of  data  available  that,  relates  to  sonic  fatigue  design.  Hence, 
the  designer  is  required  to  continually  utilize  bits  and  pieces  of  data 
resulting  from  both  Government  research  and  his  own  company's  acLivity  in 
the  fields  of  acoustic  excitation,  structural  response,  and  fatigue  life 
estimation. 

The  diversity  of  the  topics  of  near-field  jet  noise  excitation,  dynamic 
analysis  of  complex  structural  configurations,  and  assembly  of  material 
I’ at  igue  life  data  seems  to  almost  preclude  one  individual  from  developing 
the  detailed  skills  required  to  understand  the  interrelationships  between 
the  various  aspects  of  sonic  fatigue  design.  The  objective  of  this 
program  has  been  to  compile  a report  for  i he  development  o(  sonic 
fatigue  resistant  structure1  for  military  aircraft.  This  report  is  aimed 
at  enabling  the  designer  to  predict  the  acoustic  loading  and  sonic  fatigue 
life  of  aircraft  structure.  The  development  is  to  be  in  a consistent 
format  describing  the  derivation  and  limitations  of  the  data  and  to 
present  examples  of  using  the  various  techniques  current  ly  ava i I ible. 
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I . 1 SCOPE  OF  REPORT 


The  effort  resulting  in  the  development  of  this  report  was  limited  to 
the  compilation,  evaluation,  and  presentation  of  existing  sonic  fatigue 
design  methods,  charts,  nomographs,  and  related  computer  programs  to 
assist  the  designer  in  developing  sonic  fatigue  resistant  aircraft  struc- 
ture. Detailed  analytical  developments  to  extend  the  current  state-of-the- 
art  ware  not  part  of  the  effort. 

The  authors  have  attempted  to  consider  the  problem  faced  by  the  designer  in 
his  work.  Namely,  the  designer  must  make  decisions  quickly  and  assess  the 
significance  of  his  problem  within  the  budget  limitations  of  the  project. 
Undoubtedly,  the  designer  can  never  spend  his  time  either  searching  the 
rti erencet  or  developing  analysis  techniques.  Hence,  this  report  has 
evolved  into  both  a source  of  related  data  supporting  the  methods  and 
techniques  described  for  predicing  sonic  fat’que  life  as  well  ns  the 
complete  description  of  the  particular  design  methods. 

The  data  presented  here  has  resulted  from  the  review  of  over  300  technical 
reports,  papers,  journal  publications,  and  text  books.  For  each  topic,  a 
list  of  references  has  been  presented  so  that  the  designer  may  go  to  the 
original  source,  as  required,  for  additional  detail.  The  use  of  these 
references  is  encouraged  if  the  designer  does  not  find  a method  or  technique 
directly  related  to  his  problem.  Hopefully,  the  supporting  data  presented 
in  ihis  report  will  allow  the  designer  to  utilize  the  contents  as  much  as 
possible  without  acquiring  a vast  quantity  of  additional  reference  material. 

The  results  of  this  effort  has  been  to  compile  65  tables,  over  110  charts  and 
iiumogi  eplis , five  computer  programs,  nnd  to  present  over  bo  worked  examples 
illustrating  the  use  of  the  data.  The  worked  examples  have  been  correlated 
as  closely  as  possible  between  the  various  sections  of  the  report  so  that 
not  only  will  the  designer  understand  the  use  of  a particular  result  but  he 
will  also  appreciate  the  interrelationships  between  the  various  sections. 

Fin-  ■ ly,  it.  was  understood  at  the  beginning  of  the  project  that  much  relevant 
sonic  fatigue  design  data  was  nut  available  in  the  open  literature  and,  hence, 
could  not  be  utilized  for  the  purposes  of  this  effort.  This  consideration  led 
to  the  concept  of  formulating  the  report  into  sections  and  subsections  so  that 
the  designer  could  introduce  his  own  data,  analyses,  and  experience  at  any 
level.  It  is  hoped  that  the  desigttei  will  take  advantage  of  this  organ  1 at  1 on 

1.7  ORGANIZATION  OF  THE  REPORT 

This  report  is  divided  into  five  working  subdivisions  or  sections.  <v.f’fir>n  7 
represents  basic  design  data  for  general  acoustic  and  thermodynamic  relation- 
ships. This  data  will  assist  the  designer  in  ulili.  ing  the  prediction  methods 
for  acoustic,  and  aerodynamic  loading  of  aircraft  structure. 

Section  3 presents  a brief  consideration  of  the  topic  of  aircraft  performance, 
specifications  and  how  they  relate  to  establishing  sonic  fatigue  design 
criteria  i or  structural  components.  This  section  is  brief  because  each  air- 
craft design  will  require  different  derail  cons  i dural  ions  of  the  gene  \1 
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discussion  presented,  and  the  literature  In  this  area  is  somewhat  limited. 

Ay u iii,  the  section  is  organized  so  that  the  designer  can  augment  the  presen- 
tation with  additional  data  as  required. 

Section  4 is  devoted  lo  tile  topic  of  loading  actions  or  more  specifically 
techniques  found  to  be  accurate  and  acceptable  for  predicting  the  nature 
of  acoustic  pressures  acting  on  the  aircraft  structural  components. 

Section  4 Is  further  subdivided  into  methods  related  to  propulsion  system 
noise  estimation  a.id  aerodynamic  noise  sources.  References  are  presented 
sequential  ly  within  subdivisions  at  a logical  "level.  inis  technique  was 
adopted  since  it  was  understood  that  the  designer  might  wish  to  Inject 
future  work  at  various  levels  in  the  presentation  to  maintain  a current 
set  of  design  methods. 

Section  5 presents  the  broad  topic  of  structural  configurations  and  response. 
This  section  Is  the  most  lengthy  section  in  the  report  and  contains  the 
data  necessary  to  determine  the  response  of  structure  to  acoustic  excitation. 
The  section  is  divided  Into  five  subsections  each  devoted  to  one  aspect  of 
structural  response.  The  first  two  subsections  present  data  required  to 
support  and  to  extend  the  specific  sonic  fatigue  design  methods  presented 
in  Section  5 - 3 » Built-Up  Structure.  Section  5.3  is  the  heart  of  the  struc- 
tural response  discussion  and  contains,  in  a logical  order,  the  many  design 
charts  and  nomographs  used  by  designers  pvt  the  past  few  years.  The  last 
two  sections  are  devoted  to  detail  design  considerations  associated  with 
structural  joints  and  stress  concentration  factors. 

Section  6 is  devoted  to  the  topic  of  fatigue  and  the  general  considerations 
and  parameters  describing  th  ; fatlgue  strength  of  various  materials.  Data 
scatter,  cumulative  damage  theories,  and  random  load  fatigue  curves  are 
discussed.  The  fine',  section  is  devoted  to  documented  random  load  fatigue 
curves  of  aircraft  materials.  Here,  the  designer  will  most  certainly  want 
to  rnaintair  a < ntlnuous  review  of  available  data  in  order  to  extend  his 
analysi  s c--pab  ,1  les. 


1.3  USE  OF  THE  REPORT 


■ organized  so  that  each  section  stands  as  an  independent  unit, 
ite  data  in  the  report  without  searching  the  table  of  con- 
's and  equations  are  numbered  at  the  third  level  of  sub- 
, Figure  3-2. 2-3,  etc.).  This  format  was  utilized  since  the 
giouping  of  the  data  and  design  methods  suggested  that  the  third  level  was 
the  logical  sequence  to  utilize.  Due  to  this  classification  system,  the 
ext  ;nt  of  detail  presented  at  a given  level  may  vary  from  section  to  section. 


Th i s repor 
To  quickly 
tents , all 
division  ( 


ueSui"  i pi  I 


Liie  Specific  Lullt.ciii.3, 


It  is  possible  to  determine  the  detail  presented  at  each  level  by  reading  a 
short  paragraph. 


Originally,  the  authors  believed  that  a length  of  250  pages  v/ould  be  optimum 
from  the  standpoint  of  convenience  to  the  designer.  However,  the  evolution 
of  the  various  sections  dictated  a more  thorough  presentation  in  order  o 
relieve  the  designer  from  accumulating  additional  references  to  utlliz.  fully 
the  contents  of  this  report.  Obviously,  it  would  be  possible  to  extend 
almost  any  subsection  into  a complete  and  independent  volume  Hopefully,  the 
contents  arc  exactly  what  they  were  formulated  to  be  - useful.  Also,  it  is 


p 
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hoped  that  the  deaigner  '..'it!  extend  th  varlouc  topi  tea  aultahla  to  hit. 

requirements  so  that  the  data  presente'  here  will  be  refined  further  to 
improve  the  sonic  fatigue  design  method;,  associated  with  military  aircraft. 


SECTION 


BASIC  DESIGN  DATA 

2.1  GENERAL  ACOUSTIC  AND  THERMODYNAMIC  RELATIONSHIPS 

This  section  contains  some  useful  conversion  charts  and  other  Information  to 
aid  !n  the  calculation  of  acoustic  loads  and  In  converting  spectra  from 
constant  percentage  bands,  such  as  octave  or  1/3  octave,  to  spectrum  level. 
The  first  sub-section  contains  these  acoustic  conversion  charts,  while  the 
second  sub-section  contains  thermodynamic  relationships  and  atmospheric 
charts. 

2.1.1  GENERAL  ACOUSTIC  RELATIONSHIPS 

Most  of  the  noise  prediction  methods  give  results  In  terms  of  octave  bands 
or  1/3  octave  bands.  Table  2. 1.1-1  contains  the  center  frequencies  and 
band  limits  for  standard  octave  and  1/3  octave  filters. 

If  |f  i s desired  i.o  ,.oiivi_i  i sound  pressure  level  (SPL)  to  spectrum  level 
the  general  relationship  Is 

LSL  - L - 10*  Log  f Q ( Af ) , (2  . 1 . 1 - 1 ) 

where  Lr.  is  sound  spectrum  level  In  d -c.  I be  Is  and  L is  sound  piessuie 
level  in  a band  Af  wide. 

This  difference,  L^L  - L,  is  plotted  in  Figure  2.1.  1-1  for  octave  bands,  1/3 
octave  bands  and  1%  filter  bands. 

Sound  pressure  loading  Is  normally  computed  as  a decibel  quantity  and  is 
defined  as 


L *=  10*log|0  (p/Pref)Z  = 20’log,n  (p/Pref)  (2.1-  1 -2 ) 

where  the  reference  pressure  is, 

Pref  * 0.00002  N/m2  = 0.0002  dynes/c.m2  = 4.l80xlo'7  lbf/ft2 

= 2.902x10  J 1 bf / I n2 
2 . ? 

The  conversion  from  SPI  to  pressure  in  lbf/f.  and  Ncwtons/moter  I'  q 1 von 
graphically  In  Figure  2.1.  1-2. 

2.1.2  THERMODYNAMIC  RELATIONSHIPS 

A general  factor  of  confusion  foi  -tiueiural  engineers  is  the  definition 
of  the  thermodynamic  state  of  the  exhausL  gases  at,  for  example,  a let 
engine  exit.  Generally,  noise  prediction  methods  require  jet  velocity  and 
jet  teinperuture  as  the  control  variables.  However,  the  structural  designer 
may  ha  e such  divers'  Information  as  thrust  and  plenum  temp  inture,  with 
other  parameters  undefined. 


In  order  to  facilitate  determination  of  the  required  parameters,  a modifi- 
cation of  a thermodynamic  chart  taken  from  Tanna,  et  al,  (I),  Is  given  as 
F Igure  2 . 1 . 2- I . The  parameters  Included  on  the  chart  are  plenum  tempera- 
ture ratio,  jet  temperature  ratio,  nozzle  pressure  ratio,  Mach  no.,  thrust, 
velocity  ratio  and  jet  density  ratio.  The  chart  Is  a multiple  cross-plot 
of  solutions  of  the  thermodynamic  equations  for  o perfect  gas.  These  rela- 
tionships are 


M . 

J 


(2.  1.2-1) 


I ■ 

T1 


\ r,\  ("r) 

^ \v 


(2. 1.2-2) 


(2. 1.2-3) 


(2  . 1 .2-M 


where  the  following  definitions  apply: 

P ■«  absolute  pressure 
T «=  absolute  temperature 


Tp* 

tr 

Stagnation  (or  Total  or  Reservoir  or 

P 1 enum) 

pressu  re . 

Stagnation  (or  Total  or  Reservoir  or 

Plenum) 

temperature. 

PR 

Reservoir  or  Plenum  density. 

P 

Mmb  l eiu.  p r essui  e 

Ambient  temperature 

I'o 

Ambient  dens  1 ty 

ao 

Ambient  spied  of  sound 

?{ 

Static  pressure  at  Jet  Exit  Plane 
Static  temperature  at  Jet  Exit  Plane 

p j 
VJ 

d . 

J 

Jet  ex  i i delis  i l y 
Jvl  caIl  v.  luciiy 

Loral  speed  of  sound  In  the  jet  exit, 

P^/P(  Stagnation  Pressure  Katio 

I /I  Stagnation  (or  Total)  lempei  .itui «:  I'dtiu 

R O 


f> 


T i/T  Static  (nr  Jet  Fy.lt)  Temperature  Ratio 

p./p"  Jet  Exit  Density  Ratio 

V‘:/a0  Jet  Exit  Velocity  Ratio 

M'  Jet  Exit  Mach  Number  (“V. /a. ) 

J J J 


Stagnation  - Static  + 

(or  Total)  Thlslswhatis 

measured  In 
the  plenum 


Dynam I c 

Since  velocity  of  flow  In 
plenum  Is  very  small,  this 
I v usually  negligible  compared 
to  static 


In  a perfect  plenum  (no  flow),  Stagnation  * static 

(or  Total) 


T.  n Is  always  less  than  T /T 
Jo  ' R o 


The  ratio  of  specific  heats,  y,  appropriate  for  the  stagnation  temperature, 
was  used  In  preparing  the  charts  and  Is  shown  on  Figure  2.1. 7.-1. 

Since  a velocity  ratio  icsults  from  part  of  the  solution,  It  Is  necessary 
to  determine  the  ambient  speed  of  sound.  F I gures  2 . 1 . 2-7  and  2. 1.2-3  give 
the  speed  of  sound  vs  ambient  temperature  and  the  ICAO  standard  atmospheric 
properties  vs  attitude.  This  last  figure  Includes  graphs  of  speed  of 
sound,  temperature,  pressure  and  density. 

Example  Problems: 

I.  Given  an  engine  with  a thrust  of  20,000  lb.,  a diameter  of  22"  and  a 
stagnation  temperature  of  I500°F,  find  the  jet  temperature  and  the  jet 
velocity.  Ambient  temperature  is  assumed  to  be  70°F, 


a.  The  stagnation  temperature  latlo,  T^/T ^ Is 


TR  _ 1500  + 459.6 

T " 70  + 459T6  " 

o 


3.700 


b.  The  equivalent  thrust^T,  for  a I"  nozzle  is 


l,„  - T (yj-r 


— = 41.3# 

(22  r 


Li  ii.t:  ring  Figure  P.1.2-!  wl  th  thlr.  Information , o nr  fInH«; 
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1.60 


.382 


PR/Po 


T./T 
J o 


F rom  Figure  2 . 1.2-2, 


Thus , 


and 


3.70 

2.6! 


Pj/po 


V./a  - 2.29 
J o 


the  speed  of  sound  for  70°F  is 

a “ 1128  f ps . 
o r 

V = 2.29  x 1128  - 2583  fps 

T.  - 2.61  x (70  + *159-6)  - 1382°R  - 923°F. 


2.  Given  an  engine  Mach  no.  of  1.2  and  a jet  density  p./p  of  .4,  find  the 
jet  temperature  and  velocity,  for  an  ambient  temperature  of  40°F. 

a.  The  jet  temperature  ratio  is  the  inverse  of  the  density  ratio,  i.e. 

Tj/Tq  - (p  |/po)"'  “ I/.1*  - 2.5 

b.  Entering  the  chart,  wu  find 

T„/T  -3.1  Pp/P  -2.1*0 

no  no 

Vao  “ '-95 

Ttirust  (I"  nozzle)  = 23.5  lb. 


from  F i gure  2 . 1 . 2-2  , the  speed  of  sound  Is 

a = 1096  fps. 
o 

Thus,  Vj  - 1.95  x 1096  » 2.137  fps 

and  T = 2.5  x (40  + 459.6)  - I249°R  = 789°F. 


REFERENCE  FOR  SECTION  2.1 

(I)  1 anna  H.  K.  , Fisher,  J.  J.,  and  Dean,  P.  D. , "Effect  of  Temperature 

on  Supersonic  Jet  Noise,"  AIAA  Paper  73-991,  Oct.  1973. 
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TABLE  2 . 1 . 1-  I 


CENTER  AND  APPROXIMATE  CUTOFF  FREQUENCIES  FOR  STANDARD 
SET  OF  CONTIGUOUS-OCTAVE  AND  ONE-THIRD-OCTAVE 
BANDS  COVERING  THE  AUDIO  FREQUENCY  RANGE 


Frequency,  Hz 

Oc  tave 



One- th i rd  octave 


Lower 

Upper 

Low.  i 

Upper 

band 

banc! 

band 

band 

Band 

limit 

Cen  te r 

1 Imit 

limit 

Center 

limit 

12 

! 1 

16 

22 

|1).  1 

16 

17.8 

13 

17.8 

20 

22.4 

)4 

22.  b 

25 

28.2 

15 

22 

31-5 

bb 

28.2 

31.5 

35.5 

16 

35.5 

bO 

bb  ) 

1/ 

bb.  7 

50 

56.2 

18 

44 

63 

88 

56.2 

63 

70.8 

19 

70.8 

80 

89.  1 

20 

89.  1 

100 

1 12 

21 

88 

125 

17  7 

1 12 

125 

141 

22 

I'd 

16O 

178 

2 7 

178 

200 

224 

24 

177 

250 

355 

22b 

250 

282 

25 

282 

3)5 

355 

26 

355 

bOO 

447 

27 

355 

500 

710 

bb  7 

500 

562 

28 

562 

630 

708 

29 

708 

800 

89I 

30 

710 

1 ,000 

1 ,1(20 

891 

1 ,000 

1 ,122 

31 

1,122 

1,250 

1 ,413 

32 

1,1(13 

1 ,600 

1,778 

33 

1 ,1*20 

, 

2,000 

2,81(0 

1 ,778 

2,000 

2,23P 

2,818 

34 

2,239 

2,500 

35 

2,818 

3,  150 

3,548 

36 

2,81(0 

1),000 

5,680 

3,51(8 

4,000 

4,467 

3/ 

4,467 

5,000 

5,623 

38 

5,623 

,300 

7,079 

39 

5 , 680 

8,000 

1 1 , 360 

7,079 

d,Q00 

8.913 

40 

8,913 

10,000 

1 1 ,220 

4l 

1 1 ,220 

12,500 

14,130 

1)2 

1 1,360 

16,000 

22,720 

1 A . 1 30 

16,000 

17,780 

43 



17,780 

20,000 

22,390 

0 


FIGURE  P.1.1-1  NUMBER  OF  DECIBELS  TO  BE  SUBTRACTED  FROM  SOUND  RRFSMIRF 
t LVEL  READING  TO  CONVERT  OCTAVE,  1/3  OCTAVE  AND  NARROW 
L'AMU  TO  SlLC’l  tlUil  LEVEL  IN  DEC  I DELS. 


FIGURE  2-  1.2-3  PROPERTIES  OF  ICAO  STANDARD  ATMOSPHERE 


SECTION  3 


EXPOSURE  TIMES  FOR  STRUCTURAL  COMPONENTS 

This  section  presents  guidance  for  defining  the  expected  lifetime  cum- 
ulative acoustic  environment  for  various  military  aircraft  design  types. 

It  must  be  recognized  by  the  designer  that  the  data  presented  here  is 
only  for  guidance  since  the  particular  considerations  related  to  an  air- 
craft design  specification  must  govern  the  design  process.  Determina- 
tion of  the  service  life  of  a structural  component  exposed  to  acoustic 
excitation  requires  the  designer  to  estimate  the  arou-tic  environment 
for  all  service  conditions  and  to  relate  the  design  i fe  of  the  air- 
craft to  the  service  life  of  the  structural  components.  In  order  to  re- 
late the  aircraft  design  life  to  the  service  life  of  the  component, 
knowledge  of  the  aircraft  type,  mission  profiles,  and  mission  mix  is  re- 
quired. The  various  mission  profiles  are  used  to  estimate  the  time  that 
the  structure  is  exposed  to  various  levels  of  acoustic  exclt  itlon.  The 
designer  is  then  concerned  with  relating  specific  segments  of  each  air- 
craft mission  with  the  associated  acoustic  environment  and  the  resulting 
structural  response.  The  total  time  experienced  by  the  structural  com- 
ponent for  each  level  of  acoustic  excitation  will  then  establish  the 
required  service  life  of  the  component. 

The  determination  of  the  exposure  time  for  a structural  component  is,  in 
reality,  only  a proper  accounting  procedure  wherein  segments  of  exposure 
time  at  each  sound  pressure  level  are  accumulated  according  to  the  effi- 
ciency of  the  acoustic  excitation  with  regard  to  the  level  of  structural 
response  expected.  That  is,  the  designer  must  always  realize  that  due 
to  correlation  of  the  acoustic  pressures  over  the  surface  of  the  structure 
an  accumulation  of  time  at  operating  conditions  experiencing  similar 
levels  of  acoustic  excitat  on  is  not  the  only  consideration.  Being  an 
accounting  procedure,  the  designer  must  include  all  segments  or  operating 
conditions  expected  to  be  encountered  by  the  aircraft  during  the  design 
life.  References  (1)  through  (4)  present  basic  discussions  of  these 
top i cs . 
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3.  ! BASIC  CONS  I UERA'I  IONS 


The  significance  of  estimating  the  exposure  time  of  structural  components 
to  determine  the  sonic  fatigue  design  life  is  at  best  a weighted  judge- 
ment by  the  designer.  The  designer  must  relate  the  aircraft  mission 
characteristics  to  the  acoustic  environment.  When  determining  the  environ- 
ment, It  Is  necessary  for  the  designer  to  understand  the  relationship  between 
the  acoustic  parameters  and  the  structural  response.  The  basic  parameters 
associated  with  the  environment  are  the  root  mean  square  values  of  the 
acoustic  pressure,  the  correlation  of  the  acoustic  pressures  over  the  surface 
of  the  aircraft  and  the  exposure  time  of  the  component  to  the  acoustic  exci- 
tation. If  the  pressures  are  highly  correlated  over  an  area  the  size  of 
typical  structural  sections  (an  area  typically  the  size  ot  the  frame  and 
stringer  spacing)  attd  exhibit  broad  band  frequency  spectra,  the  designer  can 
estimate  the  structural  response  parameters  using  the  methods  of  Section  5. 
This  situation  corresponds  to  jet  noise  excitation  of  the  structure  with  the 

acoustic  environment  being  estimated  using  the  techniques  of  Section  *).  If 

the  pressures  are  not  highly  correlated  over  the  surface  of  the  structure, 
such  as  Is  the  case  for  boundary  layer  excitation,  then  the  structural  re- 
sponse is  less  than  that  experienced  for  jet  noise  for  the  same  rms  pressure 
level.  Section  5 presents  design  guidance  for  estimating  the  structural 

response  to  boundary  layer  excitation,  but  due  to  the  lengthy  ca  ulatlons 

involved  specific  techniques  are  beyond  the  scope  of  this  report. 

Generally  speaking,  when  comparing  two  levels  of  acoustic  excitation  acting 
either  simultaneously  or  for  equivalent  time  spans,  the  designer  can  Ignore 
the  lower  level  If  the  difference  between  the  two  levels  Is  10  dB  or  greater 
(3).  When  comparing  acoustic  levels  in  dB,  the  designer  must  always  be 
certain  that  the  same  reference  pressure  is  used.  A more  certain  procedure 
is  to  convert  all  acoustic  levels,  expressed  In  dB,  to  the  rms  value  of  the 
pressure  level  and  sum  the  pressure  levels  squared  to  calculate  the  total  rms 
pressure  level.  This  statement  implies  that  each  of  the  pressures  are  un- 
correlated and  that  the  levels  all  correspond  to  the  same  filter  band  width. 
All  or  these  considerations  are  explained  in  Section  4 and  Section  5. 

When  the  designer  weighs  the  relative  significance  of  the  sonic  fatigue 
damage  resulting  from  equivalent  exposure  he  must  account  for  the  exposure 
time  of  the  component.  Equivalence  is  used  In  the  sense  of  comparing  the 
rms  acoustic  pressures  as  described  above. 
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3.2 


AIRCRAFT  TYPES 


The  classification  of  aircraft  types  in  relation  to  the  sonic  fatigue 
design  pr^fleu  is  logically  dependent  upon  the  performance  characteristics 
and  miss'  i requirements  of  each  type.  These  characteristics  and  require- 
ments are  of  course  stated  in  each  aircraft  design  specification.  The  basic 
design  parameter  is  the  service  life  of  the  aircraft.  Hie  service  life,  for 
sonic  fatigue  design,  comprises  the  total  hours  of  aircraft  utilization 
for  all  missions  and  must  include  estimates  for  aircraft  ground  operations. 

In  particular,  the  ground  operations  must  include  maintenance  activities 
requiring  propulsion  system  operation  (2). 

High  performance  military  aircraft  generally  are  designed  for  structural 
lifetimes  substantially  less  than  that  required  for  comparable  civilian 
aircraft.  Whereas,  a fighter  aircraft  may  be  designed  for  a structural 
life  of  4000  flying  hours  (4),  It  is  quite  likely  that  transport  aircraft 
may  be  designed  for  30,000  flying  hours  (1).  Depending  upon  the  design 
specification,  a fighter  may  be  required  to  perform  several  different 
missions  during  the  design  life,  whereas,  a bomber  or  transport  aircraft 
may  be  required  to  perform  only  a relatively  few  missions  that  result  In 
different  acoustic  exposure  of  the  structure. 

The  aircraft  configuration  is  a'most  totally  related  to  the  aircraft  type. 
Conventional  fighter  configurations  utilize  engine  placement  in  the  fuselage 
resulting  in  only  a small  percentage  of  the  total  aircraft  surface  area  being 
exposed  to  high  level  acoustic  excitation  from  propulsion  system  noise.  The 
high  performance  flight  characteristics  of  fighters;  htvever,  lequire  the 
designer  to  account  for  the  possibility  of  significant  aerodynamic  noise 
sources  when  relating  mission  characteristics  to  sonic  fatigue  design 
requirements.  Conventional  transport  or  cargo  aircraft  configurations 
utilize  engine  placement  on  the  wings  and,  hence,  result  in  relatively  large 
areas  of  the  structure  being  exposed  to  significant  levels  of  jet  noise 
excitation.  Aerodynamic  noise  sources  for  transport  and  cargo  aircraft  may 
not  result  in  sonic  fatigue  design  considerations  due  to  the  r»  lativ  iy 
low  levels  of  excitation. 


» 
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J.  3 AIRCRAFT  MISSION  PROFILE 


I he  definition  of  an  aircraft  mission  profile  is  simply  an  atcempt  to 
define  the  aircraft  operating  conditions  for  each  mission.  Properly, 
the  mission  profile  should  include  both  ground  operations  and  flight 
operations  corresponding  to  the  particular  mission.  The  ground  opera- 
tions should  include  realistic  estimates  for  both  ground  crew  activities 
relating  to  engine  operation  and  flight  crew  activities  relating  to  taxi 
and  apron  holding  operations.  For  all  aircraft  types  and  mission  pro- 
files, ground  operation  of  tfu  propulsion  system  either  for  maintenance 
or  flight  operations  generally  represents  the  most  severe  environment 
for  the  accumulation  of  sonic  fuLiyUc.  damage. 

Typical  mission  profiles  Including  estimates  for  maintenance  activities 
are  presented  in  the  references  for  Section  3.  Fitch  (l)  presents  16 
mission  profiles  circa  1962  for  intercept  fighters,  tactical  fighters, 
strategic  bombers,  cargo  aircraft,  helicopters,  and  target  drones.  The 
engine  ground  operation  surmtary  derived  by  Fitch  for  various  aircraft 
types  and  engine  power  setting  is  presented  in  Table  3 . 3 ■ 1 ”1  - These 
values  must  be  taken  by  the  desiqner  only  as  a representative  classifi- 
cation system  rather  than  for  absolute  values.  The  tabular  form  sug- 
gested by  Fitch  (1)  for  classifying  the  operational  segments  of  mission 
profiles  is  presented  in  Tables  3-3. 1-2  and  3. 3-1-3  for  two  cargo  air- 
craft missions.  Again,  this  tabular  form  Is  presented  only  to  provide 
design  guidance  so  that  the  designer  should  understand  the  classifica- 
tion system  rather  than  place  emphasis  on  the  specific  times  quoted  In 
the  tables.  The  flight  operation  segments  of  Tables  3. 3-1-2  and 
3. 3. 1*3  have  been  left  intentionally  blank  so  that  the  designer  can 
proportion  the  flight  segment  to  a particular  specification  with  the 
only  restriction  being  that  the  mission  flight  time  be  constrained  to 
match  the  values  indicated  in  the  tables.  The  designer  should  note 
that  all  times  in  these  tables  have  been  "norm  i1 i :*cd"  to  operational 
hours  per  1000  flight  hours. 

Ungar  (**)  presents  estimates  for  both  mission  profiles  and  mission  mix 
for  fighter  aircraft.  The  estimated  mission  profiles  for  an  air 
superiority  fighter,  as  presented  by  Ungar,  Is  illu^tiaLed  in  Table 
3-3.I-1*.  Ungar's  approach  is  different  from  that  used  by  Fitch  (See 
Tables  3. 3. 1-2  and  3. 3.1"3)  in  that  g round  ope rat  ion  time  is  considered 
as  a lump  sum  quantity  rather  than  proi ated  over  each  mission  profile. 

As  such,  the  ground  operation  time  is  only  considered  when  accumulating 
total  time  for  the  aircraft  set  vice  life. 

For  multi-engine  aircraft,  it  is  possible  for  routine  maintenance 
activities  and  flight  operations  to  result  in  one  engine  accumulating 
more  operational  time  per  flight  hour  than  that  experienced  by  the  re- 
maining engines.  This  consideration  was  realized  by  Tietzel  (2)  In 
the  analysis  of  engine  operational  data  of  SAC  nirr.rnft  during  one  year 
of  flight  operation.  Smith  (l)  determined  that  this  aspect  oi  aircraft 
operation  was  significant  from  ’lie  standpoint  of  sonic  fatigue  accumu- 
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latlon  In  that  wing  structure  behind  one  engine  experienced  a signifi- 
cantly longer  exposure  time  than  structure  behind  other  engines  for 
KC-135  aircraft  although  this  seems  to  be  peculiar  to  SAC  operations 
circa  1963-  Smith  also  determined  that  consideration  of  only  thrust 
augmented  (water  Injection)  takeoff  operations  resulted  In  only  a 25* 
error  which  cnn  be  an  acceptable  margin  depending  upon  the  Inaccuracies 
In  estimating  absolute  sonic  fatigue  damage  and  any  factors  of  safety 
included  In  the  design. 


TABLE  3-3-  1-1 

ENGINE  GROUND  RUN  SUMMARY 

HOURS  PER  1000  FLIGHT  HOURS 

(REFEPXNCC  I) 


Aircraft 

Classification 


I filer  cept 
Fighter 


Power  Setting 

I0LC 

80-90* 

MILITARY 

MAX 

(Static) 

Takeoff 

267.33 

27.7) 

6.63 

5.91 

7.26 

250.72 

2 A.  76 

5.86 

5-21 

6.S2 

98.85 

m 

2.05 



I.89 

— 

1.58 

.4 

i 

\ 

s 

■1 

1 

I 


Tar  1 1 ca I 
Attack 


TABLE  3 3-  1-2 

CARGO  TRANSPORT  - MISSION  A 


SHORT  LIFT 

NORMAL  OPERATIONAL  CONFIGURATION 


Operat 1 on 

Oper 

Power 

Operat  loi 

Hr /1 000 

No. 

Sett ing 

M 1 n/M i ss Ion 

Mean 

Mean 

Fit  Hr 

(i) 

Operation  Description 

(Note  1.) 

(‘ai> 

Alt 

A/S 

(Note  2. ) 

i. 

Engine  Start 

IDLE 

1.5 

S.L. 

0 

7.50 

2. 

Taxi  out  + Taxi  In  and 

IDLE 

1*1.0 

S.L. 

0 

7P.  0 

Park 

80-90* 

3.0 

S.L. 

0 

15.00 

3. 

Power  Check 

MIL 

0.05 

S.L. 

0 

0.25 

A. 

Pre  T.0.  Interval 

IDLE 

3.0 

S.L. 

0 

15.00 

5. 

Take  off 

MAX 

0.8 

S.L. 

4.00 

6. 

Accelerate  to  Cl Imb 

Speed 

MIL 

7. 

Climb  to  Best  C ru 1 sc 

Alt!  tilde 

8. 

Cru  1 se 

CRUISE 

9. 

Descend  for  Landing 

IDLE 

10. 

Landing 

IDLE 

n. 

Maintenance 

IDLE 

.60 

S.L. 

0 

63.00 

80-90* 

0.60 

S.L. 

0 

3.00 

MIL 

0.60 

S.L. 

0 

3.00 

MAX 

0.60 

S.L  . 

0 

3.00 

10 

Mission  A riiyhl  Time  (T  « 

120 

600 

. 

Mission  A Total  Operational  Time 

1 1 

<TA0  1:3  E 

1 

156.75 

782 

NOTES:  1.  Max  power  sctlinys  w i thin  *.11  operatin'!  limits 

2.  Operation  hours  per  1000  flight  hours  ( f ^ . /TAF ) 600  hr  - 5-00  (t  ,) 


TABLE  3-3. 1-3 

CARGO  TRANSPORT  - MISSION  B 


LONG  RANGE  LIFT 

NORMAL  OPERATIONAL  CONFIGURATION 


Oper 

No . 

(I) 


I . 
2. 

3. 

5. 

6. 

7. 

8. 


Mis 


Operation  Description 

Power 
Set  1 1 ng 
(Note  1.) 

Opera t Ion 
H I m/M  i Ion 

Hean 

Alt 

Mean 

A/S 

Engine  Start 

IDLE 

1.50 

S.L. 

n 

Taxi  out  + Taxi  In  and 

IDLE 

lA.00 

S.L. 

Park 

80-90$ 

S.L. 

■9 

Power  Check 

MIL 

0.05 

S.L. 

Ml 

Pre  T.0.  Interval 

IDLE 

3.00 

SI. 

0 

Take  off 

MAX 

0.80 

S.L. 

Accelerate  to  Climb 

Speed 

MIL 

C 1 Imb  to  Cruise 

MIL 

Cruise  ■ l i mb 

CKUISt 

Climb  to  B*  s r Crul  xe 

Al t 1 tude 

MIL 

■ ul  se 

CRUISE 

Descend  for  (and | no 

I0LL 

Landing 

IDLE 

Maintenance 

IDLE 

12.60 

S.L. 

0 

eo  30$ 

0.60 

S.L. 

0 

MIL 

0.60 

S.L. 

0 

MAX 

0.60 

S.L. 

0 

slon  B F ght  Time  (TDr  » 
BF 

360 

■ ■'  - 

slon  B Total  Operational  Time 

13 

<tbo  - 

l tb.) 

396.75 

1 


NOTES:  I.  Max  power  settings  within  all  operating  limits 

2.  Operation  hours  per  1000  flight  hours  ■=  ( t /T  > LOG  h 

D!  HI 
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Ope rat i on 
Hr/1000 
Fit  Hr 
(Note  2.) 
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3.4 


AIRCRAFT  MISSION  MIX 


If  an  aircraft  is  designed  to  perform  only  a single  mission,  the  air- 
craft mission  profile  relates  directly  to  the  cumulative  exposure  of 
the  structure  by  a simple  direct  multiplication.  If  the  aircraft  is 
designed  to  perform  several  missions  - one  of  which  may  be  classified 
as  a primary  mission  - then  the  total  aircraft  service  life  Is  pro- 
rated between  the  various  missions.  A typical  fractional  allocation 
of  mission  mix  based  upon  the  total  flight  time  of  the  aircraft  Is  pre- 
sented in  Table  3 . i. 1-1  for  three  types  of  fighter  a i rcraft  (4».  The 
typical  data  presented  In  Tables  3.3- 1 — 4 and  3. 4. 1-1  will  be  used  to 
establish  the  estimate  cumulative  exposure  time  in  the  next  section. 


TABLE  3 .4. 1-1 

TRACT  I ONAL  DISTRIBUTION  OF  MISSION  TIMES 


(REFERENCE  4) 


Aircraft  Type  1 

Mission 

Air 

Superior! ty 

1 nterd 1 ct Ion 

Intercept  Ion 

Air-to-air  combat 

1/3* 

1/6 

- 

High  altitude  intercept 

1/6 

1/6 

1/2* 

Low  altitude  ground  attack 
(Lo-Lo-Lo) 

(Hi-Lo-Hi) 

1/12 

1/12 

1/3* 

- 

Miscellaneous  (training, 
navigation,  ground  run) 

1/3 

1/3 

-J 

1/2 

^Primary  mi  ssluri 


3.',  ACCUMULATION  Of  MO  I ‘if.  EXPOSURE 


The  accumulation  of  noise  exposure  for  an  aircraft  service  life  defined 
in  terms  of  the  mission  profi les  and  the  mission  mix  can  be  approacued 
from  two  standpoints  by  considering  the  total  effect  of  the  specified 
operating  conditions.  Each  operating  condition  is  usually  defined  in 
terms  of  the  engine  power  setting,  the  aircraft  speed,  and  the  aircraft 
altitude.  (Fitch  (I)  also  considers  weighing  the  service  life  In  terms 
of  ambient  temperature  to  assess  the  sonic  fatigue  damage.) 

The  first  approach  considers  each  operating  condition  to  be  a static 
environment  with  all  exposure  time  allocated  to  the  maximum  acoustic 
environment  encountered  during  the  operating  condition.  This  approach 
Is  easy  to  apply  since  the  number  of  conditions  required  to  estimate 
the  acoustic  environment  is  minimized,  but  this  approach  also  Intro- 
duces an  unknown  amount  of  conservatism  Into  the  sonic,  fatigue 
design  requirements. 

The  second,  and  more  accurate  technique,  Is  to  divide  the  time  Interval 
allocated  to  an  operating  condition  into  segments  and  redefining  the 
operating  conditions  at  the  ends  of  each  time  interval.  For  example, 
the  engine  power  setting  for  takeoff  will  be  maximum  or  100'T,  for  the 
total  time  Interval  allocated  for  takeoff,  but  the  aircraft  speed  may 
vary  between  0 and  300  knots  during  this  time  interval  which  will  de- 
crease the  sound  levels  at  a fixed  location  on  the  aircraft.  In  addi- 
tion, the  absence  of  ground  reflection  during  perhaps  A0%  of  the  time 
allocated  to  the  "takeoff"  condition  at  maximum  power  can  reduce  the 
sound  levels  at  a fixed  location  on  the  aircraft  an  additional  amount. 
These  two  parameters  alone  may  reduce  the  sound  levels  at  a location 
on  the  aircraft  by  as  much  as  20  dB. 

A method  proposed  by  Smith  (3)  and  based  upon  relative  damage  of  the 
structure  relates  the  time  Interval  of  a dynamic  aircraft  operational 
condition  to  the  time  Interval  allocated  for  static  aircraft  opera- 
tions In  terms  of  the  difference  In  sound  pressure  levels  between  the 
static  arid  dynamic  conditions.  Smith's  relationship  I oi  conventional 
metallic  aircraft  structure  is: 

D./D  - (t./t  )-10'°-i,(Lr'Ll)  (3.S.1-1) 

i r I r 

where  !'  denotes  damage 

i denotes  time  allocated  for  the  operation 
L denotes  sound  pressure  level  In  dB 
I Isa  subscript  denoting  the  dynamic  condition 
r Is  a subscript  denoting  the  static  condition 

To  use  this  result,  the  designer  must  divide  'be  total  time  allot  ited 
to  the  constant  engine  pow-r  setting  Into  Intervals,  determine  th  • 
sound  pressure  levels  at  the  end  of  each  Interval  by  correcting  the 
static  levels  for  effects  of  aircraft  motion  and  ground  reflection,  and 
assess  the  damage  effect.  An  example  will  Illustrate  the  point. 
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LAdii.p  1 e : Suppose  that  tor  a typical  mission  profile  the  maximum  or  100?; 

engine  power  setting  Is  proportioned  according  to  the  following  esti- 
mates: Power  Check,  3 seconds;  Takeoff,  48  seconds;  Maintenance,  36 
seconds.  Determine  the  relative  damage  resulting  from  the  Takeoff  seg- 
ment as  compared  to  the  static  conditions  of  Power  Check  and  Mainte- 
nance (39  seconds  of  maximum  exposure  at  static  conditions). 

By  estimating  the  aircraft  acceleration  during  takeoff  for,  say,  6- 
second  Intervals;  estimating  the  sound  pressure  levels  at  a location 
making  corrections  for  aircraft  motion  and  ground  reflection,  and  allo- 
cating the  highest  sound  levels  to  each  6 second  Interval  suppose  that 
tne  values  presented  In  Table  3.5. 1-1  are  obtained  ( t ^ - 39  seconds). 

TABLE  3 .5.1-1 
DATA  FOR  EXAMPLE  PROBLEM 


Time  from  Brake 


Release,  Sec. 

At  - t( 

AL  - I.  - 1 . 
r 1 

D,/D 
1 r 

yo./o 

I r 
I 

6 

6 

0 

0.154 

0.  154 

12 

6 

1 

0.061 

0.215 

18 

6 

2 

0.024 

0.233 

24 

6 

3 

0.010 

0.249 

30 

6 

4 

0.004 

0.253 

36 

6 

6 

0.001 

0.254 

42. 

6 

10 

0.000 

0.254 

48 

6 

20 

o.nno 

0.254 

Hence,  it:  Is  seen  that  the  takeoff  which  represents  over  50?  of  the  total 
time  at  maximum  power  for  the  mission  profile  results  In  appi  ox imately 
25?  of  the  sonic  fatigue  damage  relative  to  the  damage  associated  with 
static  yround  operations.  Hence,  a more  representative  estimate  (for 
son  I e fatigue  design)  of  the  aircraft  time  at  maximum  power  condition 
would  He  1.25(39)  “ 4y  sec.  rather  than  48  + 39  - 87  seconds. 

To  continue  the  example,  suppose  that  the  aircraft  structure  is  reyii  I red 
iu  suivive  I00U  operations  as  described  above.  Then,  depending  upon  the 
degree  of  ref  I ncment, the  sonic  fatigue  design  life  for  the  portion 
ot  structure  considered  In  the  example  would  be  either  13-6  hours  or 
24.0  hours  if  the  structure  is  assumed  to  exhibit  a resonant:  response 
at  300  Hz.,  then  the  sonic  fatigue  design  life  v/onld  He  clthci 
1.4/  x I07  or  2.61  x 10^  cycles  to  failure. 
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The  designer  must  not  maintain  the  position  that  ground  operation  of 
the  englne(s)  Is  the  only  condition  to  be  considered  or  even  that  Jet 
noise  Is  the  only  acoustic  source  to  be  Included  for  mission  analysis 
related  to  acoustic  fatigue  design  criteria.  Many  conditions  that 
occur  during  flight  can  result  in  sonic  fatigue  failures  (5).  (61 
or  alter  the  estimation  techniques  normally  used  for  sonic  fatigue 
design  methods  (7). 

From  an  overall  standpoint,  the  designer  must  consider  the  total  service 
life  exposure  of  the  aircraft  and  be  assured  that  all  operational  condi- 
tions have  been  properly  included  in  the  mission  analysis.  Table 
1.5- 1-2  presents  the  estimated  cumulative  exposure  time  for  an  air 
superiority  fighter  with  an  estimated  service  life  of  4000  hours  (4). 

The  mission  profile  for  this  aircraft  is  presented  In  Table  3 * 3 - 1 — with 
the  fractional  mission  mix  presented  In  Table  3. 4. 1-1. 


26 


REFERENCES  FOR  SECTION  3 


I.  Fitch,  G.  E.,  et  al.;  "Establishment  of  the  Approach  to,  and  Develop- 
ment of,  Interim  Design  Criteria  for  Sonic  Fatigue,"  ASD-TDK -62-26 , 

Air  Force  Flight  Dynamics  Laboratory,  Wright-Patterson  Air  Force  Base, 
Ohio,  1962. 

, Tietzel,  F.  A.,  et  al.;  "Time  Histories  of  Ground  Operations  of 

B-52F  and  KC-135A  Aircraft  Engines,"  ASD-TDR-6?-*f03,  Air  Force  Flight 
Dynamics  Laboratory,  Wr ight-Patterson  Air  Forr  Base,  Ohio,  1963. 

3.  Smith,  D.  L.;  "The  Effect  of  Operational  Data  on  Sonic  Fatigue  Esti- 
mates," rt.Sc.  Thesis,  School  of  Engineering,  Air  Force  Institute  of 
Technology,  Air  University,  United  States  Air  Force,  Wr ight-Patterson 
Air  Force  Base,  Ohio,  August  1 963  - 

*4.  Ungar,  E.  E.,  et  al.;  "A  Guide  for  Predicting  the  Vibrations  of 

Fighter  Aircraft  in  the  Preliminary  Design  Stages,"  AFFDL-TR-71-63, 

Air  Force  Flight  Dynamics  Laboratory,  Wright-Patterson  Air  Force 
Base,  Ohio,  April  1973. 

5.  Roberts,  W.  H.,  and  Willem,  D.  P.;  "Simultaneous  Application  of  Static 
and  Dynamic  Fatigue  Test  Articles,"  RTD-IDR-63_i)201 , A i r Force  Flight 
Dynamics  Laboratory,  Wright-Patterson  Air  Force  Base,  Ohio,  196*4. 

6.  Hay,  J,  A.;  "Shock  Cell  Noise:  Aircraft  Measurements,"  Paper  D.l, 
Current  Developments  in  Sonic  Fatigue,  A Conference,  Institute  of 
Sound  and  Vibration  Research,  University  of  Southampton,  England, 

1970. 

/.  Wang,  A.  P.;  "Random  Spectrum  and  Structural  Probability  of  Failure," 
Uournal  of  Sound  anJ  Vibration,  Vol . 1 7 , No.  3,  1971. 


SECTION 


LOADING  ACTIONS 

Prediction  of  acoustic  (or  fluctuating  pressure)  loads  leading  to  possible 
s 'Oic.  fatigue  failure  is  first  In  the  chain  of  four  major  tasks  related  to 
predicting  sonic  fatigue  life  and  designing  structures  which  are  sonic 
fatigue  resistant  for  a specified  and  predictable  lifetime.  The  other  throe 
major  items,  of  course,  are  (a)  the  prediction  of  structural  response,  in 
terms  of  stress  amplitude,  to  a given  acoustic  load,  (b)  the  prediction  of 
stress  concentraf ion  factors  for  a particular  structural  configuration  and 
(c)  the  prediction  of  fatigue  life  for  a particular  structure,  whatever  its 
material  composition,  for  a given  stress  distribution.  These  iast  three 
items  can  be  complicated  by  numerous  factors,  including  high  temperature 
environments  and  multiple  loading  actions.  These  considerations  are 
addressed  in  other  sections  of  this  report.  This  section,  however,  deals 
with  methods  for  determining  the  acoustic  loads  on  an  aircraft  structure 
due  to  the  many  possible  sources  of  high  sound  levels. 

It  is  impossible  to  set  "a  priori"  a specific  value  on  the  sound  pressure 
level  at  which  a designer  should  begin  to  worry  about  the  possibility  of 
sonic  fatigue  failure  in  a structure.  Air  Force  experience  shows  that  below 
an  overal 1 sound  pressure  level  of  1 kO  dB,  sonic  fatigue  failures  dre  not  to 
be  expected  (MIL-A-883,  para.  A . 3 . 1 , Reference  9).  At  levels  in  excess  of 
1*40  dB  overall  sound  pressure  level,  the  designer  should  include  sonic 
fatigue  considerations  into  his  design.  Factors  decreasing  the  fatigue  life 
of  structures  exposed  to  acoustic  loading  Include  (but  are  not  limited  to): 

• sound  pressure  amplitude 

• sound  pressure  frequency  spectrum  shape 

• correlation  area  of  acoustic  excitation 

• structural  flexibility  (or  rigidity) 

• structural  damping 

• structural  configuration  (e.g.  curved,  flat,  skin/stringer,  honeycomb) 

• fastening  methods  (e.g.  rivets,  bonding,  welding,  etc.) 

• stress  concentrations 

• environment  (e.g.  temperature,  etc.) 

Thus,  because  uf  the  complex  nature  of  the  problem,  this  section  is  not 
intended  as  a simple  rule-of-thumb  guide  on  operational  regions,  engine 
types,  etc.  to  avoid  os  a means  of  reducing  sonic  fatigue.  This  section  is 
instead  intended  as  a source  of  design  data  Tor  the  estimation  ot  all  the 
known  aspects  of  a particular  acoustic  source  as  it  relates  to  the  predic- 
tion and/or  prevention  of  sonic  fatigue  failures. 


4 . I ACOUSI  It  'jUUKCi'S 


Numerous  possible  sources  of  acoustic  loading  ef  aircr  I structure  can  be 
identified;  however,  these  various  sources  logically  are.  * lassified  as  to 
propulsion  system  noise  sources  and  aerodynamic  noise  so", ces  and  are  the 
topic  of  this  section.  Anothei  category  of  acoustic  souries  Is  that  related 
to  the  operation  of  external  and  internal  e.quipment.  Lquipment,  such  as  an 
auxiliary  power  unit,  wh i K noted  for  its  annoyance  to  humans,  is  not  a usual 
noise  source  for  inducing  sonic,  fatigue.  Thus,  equipment  noise  is  not  in- 
cluded as  a consideration  in  this  report. 

Propulsion  system  noise  sources  ii  ude  jet  noise,  fan  noise,  propeller 
noise,  shock  cell  noise,  etc.  From  the  standpoint  of  sonic  fatigue  design, 
near-field  jet  noise  is  by  far  the  most  damaging  to  aircraft  structure. 

Jet  noise  overall  sound  pressure  levels  In  excess  of  163  dB  have  been  noted 
by  various  experimenters.  The  methods  for  predicting  the  acoustic  loading 
icjulting  from  propulsion  system  upciutiun  are  presented  in  Section  4.2. 
Aerodynamic  noise  covers  a very  broad  classification  of  sources  including 
boundary  layer  noise,  cavity  noise,  shock  wave  noise,  noise  resulting  from 
separated  flow,  flow  imoingement  noise,  etc.  Prediction  methods  relating 
to  cavity  noise  and  boundary  layer  noise  are  presented  in  Section  4.3. 

There  are  several  parameters  which  must  be  calculated  prior  to  and  during 
the  actual  prediction  of  acoustic  loading  using  the  methods  of  this  section. 
It  is  necessary,  for  instance,  to  convert  octave  or  1/3  octave  sound 
pressure  level  to  a spectrum  level  as  input  to  the  stress  prediction.  Or, 
it  is  necessary  to  calculate  engine  operating  conditions,  such  as  jet 
temperature  and  exhaust  velocity,  when  one  is  given  the  plenum  temperature 
and  nozzle  pressure  ratio.  Or  el'.e,  one  might  require  the  speed  of  sound 
when  only  the  temperature  is  known.  Section  2.0  of  this  report  includes 
numeious  charts  and  conversion  factors  which  will  be  useful  t"  the  designer 
in  establishing  these  quantities  while  using  the  acoustic  loading  prediction 
methods  of  Section  4.0. 
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k . 2 PROPULSION  SYSTEM  NOISE 


The  majority  of  occurrences  of  acoustically  Induced  fatigue  have  resulted 
from  propulsion  system  noise,  with  the  primary  offender  being  near-field 
jet  noise  Because  of  Its  prominence  as  a structurally  damaging  noise  source 
much  more  * tudy  has  gone  Into  the  prediction  of  near-fleld  jet  noise  than  any 
other  type  of  noise  source  (with  reference  to  the  purpose  of  eliminating 
sonic  fatigue  of  structures).  Immediately  after  a list  of  symbols  and  defi- 
nitions, the  second  section  (L. 2.2)  Is  devoted  to  prediction  methods  for 
near-field  jet  noise.  Following  that,  prediction  methods  for  near-field 
propeller  noise  are  given.  Some  very  sparse  data  for  near-fleld  (in-duct.) 
fan  noise  Is  Included  and  finally  a section  discusses  the  effects  of  ground 
reflection,  structural  reflections  and  forward  speed. 
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A.  2.1  SYMBOLS  AMD  DIMMIT  IONS 

The  notation  used  in  this  section  is  as  follows: 
a - radius  of  fuselage  (Sect  Ion  4 . 2 . 5 . 2) 

a.  j - empirical  constants  for  Equations  (4. 2, 2-3)  and  (4. 2.2-4) 

a ambient  speed  of  sound 

o r 

B - number  of  blades 

C - correlation  coefficient  between  P and  P , 

r d 

Cf|^  - 1/3  octave  center  frequency 

C|  - empirical  constant  In  Equation  (A. 2. 2-1); 

- specific  heat  at  constant  pressure  of  fully  expanded  Jet  gasses 

c - chord  ut  downstream  rotor  or  stator  blade  (Section  *1.2. 4. 2) 

D - jet  nozzle  exit  plane  diameter  In  Section  4.2.2 

propeller  diameter  Iri  Section  4.2.3 

D(0)  - source  directivity 

ri  - separation  distance  between  rotor  and  stator  blades 

f i-  frequency  (in  Hertz  o.  cycles  per  second) 

f • the  multiple  of  the  fundamental  blade  passage  frequency,  fj 

H'  - height  of  source  above  ground  (Figure  4 .2.5)“  1 ) 

J - in''*1  older  Bessel  function  of  first  kind 

m 

K - empirical  constant  in  Equation  (4-2. 2-1); 

also  reference  SPL  in  Section  4.2.4. 1 

i\|  , - constants  in  Equation  (4.2.4- I) 

k - wave  number,  2nf/a  = 2n/X 

( ) 

L - Overall  sound  pressure  level 

l - normalized  octave  band  level 

n 

L - datum  overall  sound  pressure  level 

- octave  bam!  level 

Ly  • correction  to  L due  to  change  in  jet  velocity 
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level  of  1st  harmonic 

correction  to  L due  to  change  In  jet  density 
Jet  exit  plane  Hach  number 

propeller  tip  true  Mach  no.  (including  forward  velocity  effect) 

propeller  tip  rotational  Mach  no. 

propeller  rotational  speed 

mth  order  Bes  el  function  of  second  kind 

velocity  exponent  In  Sect  1 on  A . 2 . 2 (determined  from  Figure 

A. 2. 2-2  or  Figure  A .2.2-7) 

tip  Mach  No.  exponent  in  Section  A.2.A.1 

direct  pressure  at  receiver 

reflected  pressure  at  receiver 

ambient  pressure 

gas  constant 

distance  from  source  to  receiver  (Figure  4.2. 5“ 1 ) 

distance  from  Image  source  to  receiver  (Figure  4.2. 5_  1 ) 

distance  to  field  point  from  center  of  jet  exit  plane 
(Section  It  .2.2.3) 

radial  distance  from  nozzle  lip  to  "source"  location 
(Section  it  .2.2.3) 

distance  from  jet  noise  "source"  to  field  point 

Strouhal  Number,  fD/V 

thrust  developed  by  propeller 

jet  (static)  exit  plane  temperature 

ambient  temperature 

total  (or  stagnation)  t- mperature  at  jet  exit  plane 

jet  exit  velocity  - numl  -r  of  stator  vanes  in  Sect  Ion  1*  . 2 . A.  2 

aircraft  forward  speed 


- da  turn  v«*  1 c - i ty 


V 

Cl 

V{  - propeller  tip  rotational  speed 

X - fore/aft  distance  from  propeller  tip  to  computation  point 

X - source  axial  location  (Section  it. 2. 2-3) 

o 

(x,y)  - rectangular  Cartesian  coordinates  ul  point  in  near  field, 

relative  to  center  of  nozzle  exit  plane 

7.  - radial  distance  from  propeller  tip  to  computation  point 

a - empirical  constant  In  Equation  (it. 2. 2-1) 

(n) 

AL  ' - Incremental  levels  In  propeller  noise  prediction  method 

A - rotor-stator  Interaction  level,  decibels 

s 

n - angle  between  field  point  and  jet  exhaust  axis  with  the  nu/^le 

exit  plane  as  the  origin  of  coordinates 

O'  ■ angle  between  the  soU'Ce-lmage  source  axis  and  the  radius  R ' 

(Figure  1» . 2 . 5-  1 ) 

V - angle  between  field  point  and  Jet  exhaust  axis  with  the  source 

location  as  the  origin  ot  coordinates 

X - wave  length  a / f 

o 

p - da  i urn  dms  i ty 

- lecai  density 

p.  - jet  (static)  exit  plant'  density 

- ambient  density 

a - hub-to-tip  radius  ratio  for  a duct 

t - time  delay  between  direct  and  reflected  signals 

p - angle  between  field  point  and  propeller  plane  with  origin  at 

center  of  propeller  (see  Figure  I). 2. 3-10) 


b .2  ? NEAR-FIFL.D  JET  NOISE 


Numerous  studies  of  the  near  noise  field  of  jet  engines  have  been  made  In 
the  past  20  years.  All  the  work  has  been  experimental  In  nature,  with 
various  empirical  techniques  applied  to  the  experimental  data  In  an  effort 
to  predict  the  noise  for  other  operating  conditions  and  engine  types.  The 
tests  from  which  the  prediction  methods  have  been  derived  were  on  both 
full-scale  and  model  (both  cold  and  hot)  Jets.  The  model  Jet  data  seems  to 
scale  on  frequency  and  jet  diameter  to  a reasonable  degree  of  accuracy. 
However,  the  accuracy  limits  for  all  the  prediction  methods  seem  to  he  no 
more  than  '5  dB. 


Of  oil  the  prediction  methods  ji.udi.-d,  three  have  been  selected  for  inclu- 
sion In  this  report.  The  methods  are  presented  In  order  of  I ncrea  cd 
complication  and  sophistication. 


The  first,  adapted  from  Thomson  (1),  Is  relatively  simple  to  use.  The  pri- 
mary prediction  result  is  overall  SPL  contours.  Estimates  of  spectral  shape 
ait  given  in  terms  of  Strouhal  number,  St. 


The  second  method,  from  Cockburn  and  Jolly  (2),  Is  derived  from  the  data 
and  prediction  method  of  Hermes  and  Smith  (3),  based  on  a series  of  J - 5 7 
near  field  noise  tests.  This  method  gives  spectral  shapes  for  2b  different 
regions  In  the  near-fleld,  based  on  a smoothing  of  the  measured  spectral 
Information  from  Hermes  and  Smith  (3).  These  spectral  data,  and  conse- 
quently the  prediction  methods,  have  ground  reflections  Inherent  In  the 
measui ements . These  same  spectra  were  corrected  for  ground  reflection  by 
Sutherland  and  Brown  (b)  , but  were  not  Included  In  this  report  since  the 
proposed  level  variation  with  vclm  |ty  w,u  unjustified  and  scorned  somewhat, 
questionable.  However  a combination  of  the  Cockburn  and  Jolly  (2)  method 
and  the  Sutherland  and  Brown  (b)  method  would  ■ eem  to  be  a step  In  the  right 
direction.  Also,  neither  of  the  first  two  me  hods  has  any  experimental  veri- 
f I*  if  l"n  o|  effects  of  ■'  ampul  ulut  u on  llio  n.ai  lield  nurse.  i tie  iirst 
hypothcsl7os  a p.  dependance,  after  Llghthll!  (f!  for  th>  f ir-f  l«ld..  The 
• ecoiid  Ignores  temperature  altogether. 


- iltiid  method,  developed  by  Plumblee  (b),  Is  based  on  a series  of  tests 
with  a model  Jet  for  a wide  variance  In  both  temperature  and  exhaust  velocity. 
The  djtu  were  acquired  from  a fiee-fleld,  vertically  exhausting  jet  and 
I'lnji  I l'  i 1 illy  ' m(  j'r  ■ ) ; t cd  U slug  i he  beet  uve- liable  the  a e l I ca  I mode  lb. 

The  data  do  not  contain  ground  n .1  <*t  Ions , thus,  if  that  dlcct  I s lo  do 
included,  the  Image  source  method  for  a directional  sourc  ■.  should  be  used 
^ r r | bed  In  i-  c 1 1 on  k . 2 . 5 • i • 


b . 2,2.  I f/ve  rail  Near-fleld  Jet  No  i ,e  (With  Spectra  1 I . t i ma  t i on ) 

Introduction  and  Discussion:  This  method,  derived  by  Thomson  (l),  Is  pri- 

marily I n tended  to  give  an  overall  value  of  SPL.  The  accuracy  Is  estimated, 
l>y  Thomson,  to  be  withlii  l'j  dB  iur  overall  levels,  for  jets  operating  near 
/aOn  fgc  ire!  l?f.n‘’R.  The  ciccUr'Jcy  spread  could  be  scniiewi  i.i  l greater  at. 
temperature’;  or  velocities  significantly  higher  than  the  datum  (1?6?°R  or 
fc> y 6' ' K and  21)00  fps  or  610  m/s). 
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The  noise  levels  predicted  by  this  nicthoJ  , I ■ a-  lit  I t ,'ilues.  The  pre- 
diction is  not  valid  within  an  ingle  of  15“  from  the  jet  axis  Reflection 
corrections  should  be  included  by  means  of  the  methods  of  Section  4.2.5. 
The  method  is  inapplicable  to  the  case  ul  shock-cell  noise  which  results 
when  the  let  operates  in  an  "over-i hoked"  condition,  whether  the  nozzle  is 
convergent  or  convergent-divergent. 


Calculation  Procedure:  The  following  i nt  oriiia  t i ori  is  required  as  a basis 

for the  computation  of  the  sound  pressure  ieve)  at  some  point  in  the  field: 


jet  no.zle  diameter  D 

co-ordinates  of  the  point  (x,y) 

mean  I'll  1 y expanded  jet  velocity  V 
jet  p i pe  total  temperature  T . 

K 

(1)  Evaluate  x/D  and  y/D. 

(2)  From  Figure  4. 2. 2-1,  which  shows  the  free  field  datum  noise 
level  contours,  read  off  the  datum  overall  sound  pressure  level 
Lq  at  the  position  (x/D,  y/D). 

(3)  From  Figure  4. 2. 2-2,  which  shows  velocity  Index  contours,  read  off 
the  velocity  index  n at  the  position  (x/D,  y/D). 

(4)  Calculate  the  first  part  of  the  velocity  correction  term  At 

from  ’ 1 


At 


vl 


,on*,ogio  (y  • 


( '• ) Obtain  the  second  part  ol  she  velocity  correction  term  ALvy  from 
Figure  4. 2. 2-3,  which  shows  ALV?  plotted  against  log._(V/V  ) for 
different  values  of  n. 

(6)  Calculate  the  total  jet  velocity  coirtci'uii  I f 1 ■ .111 


(7)  Calculate  the  density  of  the  jet  gases  p.,  with  the  aid  of 
Figure  ? , I . 2- 1 , whet  c 1 


and 


= I 


V 

2C 

P 


for  all  jet  velocities. 


tabulate  density  correction  L , 


3h 


(8) 


REFERENCE  CC' TOURS  FOR  JET  NOISE  OVERALL  SOUND  PRESSURE  LEVEL  PREDICTION 


5.25 


CORRECTION  TO  OVERALL  SOUND  PRESSURE  LEVEL  FOR  CHANGES  IN  JET 
VELOCITY  FOR  VARIOUS  VALUES  OF  THE  VELOCITY  EXPONENT  n 


where 


L = 

P 

(9)  Evaluate  the  overall 
point  (x,  y)  as 

L " 

This  level  can  be  converted  to  a pressure  loading  by  the  use  of 
the  relation 

, u/  2 ,rt(0.05L-4.699) 

r.m.s.  fluctuating  pressure  In  N/m  = 10  , 

or  by  use  of  Figure  2. 1.1-2. 

(10)  For  a given  frequency  the  spectrum  level  in  decibels  relative 
to  an  arbitrary  overall  SPL  may  be  read  from  Figure  k.2.2-^, 
after  evaluating  St  “ fO/V,  and  x/D.  Alternatively,  If  the 
spectrum  level  Is  required  In  terms  of  pressure  loading,  this 
may  be  found  using  Figure  9. 2. 2-5.  Taking  values  of  St  and  x/D, 

the  normalized  spectral  density  in  (N/m  )/H /,  relative  to  I N/nr 
overall  SPL,  Is  read  from  the  ordinate  of  Figure  t* . 2 . 2— 5 and  is 
then  multiplied  by  the  value  of  L obtained  as  a pressure  loading 
in  step  (9).  This  gives  the  pressure  spectral  density  for  a 
specified  frequency  in  (N/m  )/Hz. 

Use  of  Calculated  Sound  Pressure  levels:  After  the  free  field  sound  pres- 

surelevels  have  been  estimated,  corrections  must  be  made  for  local  effects, 
for  example,  reflection.  When  the  wave  trouts  of  this  noise  field  strike  a 
structure  they  are  partially  reflected,  and  the  reflection  process  locally 
increases  the  pressure  loading  un  the  surface. 

When  the  wave  front  strikes  the  surface  at  right  angles  (normal  incidence) 
the  pressure  loading  is  doubled  (a  6 dB  increase  on  the  calculated  values). 
If  the  wave  front  moves  parallel  to  the  surface  (grazing  Incidence)  there 
Is  no  Increase  In  loading. 

To  allow  for  this  reflection  process,  It  Is  fairly  general  engineering 
practice  to  add  a mean  correction  of  3 dB  to  the  calculated  free  space 
levels  (however,  the  method  given  In  Sec  l ion  k.2.ri.2  can  be  used  if  more 
accurate,  corrections  are  required). 

Further  corrections  must  be  made  for  the  case  of  an  aircraft  In  motion  to 
allow  for  the  effects  of  the  aircraft  velocity  (see  section  It. 2. 5-3)  anil 
ambient  speed  ot  sound. 

Example:  Estimate  the  r.m  ■..  sound  pro-, sure  level  and  the  pressure  spectral 
density  at  30()  11/  at  a spec,  lie  point,  given  the  following  conditions: 


zo* Iu9io(t^ ) • 

o 

sound  pressure  level  (5PL)  at  the  ri  I red 


L + L + L . 
o v p 


hi) 


i 

i 

’ 

i 

i 

1 

1 

1 

\ 

1 

i 


,d 


F I ij'JRE  k.2. 2-5  NORMAL  : ZED  P^ESSUR:  'ECTRAL  DEN5ITY  ESTIMATION 

VAR  I A- i ON  IN  AX  I A STANCE  FROM  JET  EXIT  PLANE 


D = 0.6!  m, 


x 


5.5  m. 


y 


6.7  m, 


V = 670  m/s, 

V =610  m/s 
o 

R =.287  J/kgK 

p = 101  x 103 

First, 
and , 

From  F igure  4. 2. 2- 
and,  from  Figure  4, 

Now , 

and,  from  Figure  4 
n = 6.2, 

so  that, 

As 

then 

Or  al  ternati veiy , 


Tr  = 900  K, 

p =0.49  kg/m3  , 

C = 1160  J/kg  K, 
P 

N/m2  . 


x_ 

0 


5.3 

0~£T 


9.02  , 


1 

0 


6.7 

OT 


11.0  . 


L = 1 40  dB  , 

o 

2.2-2,  by  Interpolation, 
n * 6.2. 


»lvl.  10  « 6.2  lO9|0(|^).  2.5  dB, 


2.2-3,  for  1 oy  j q (V /V  _ > = 0.0407  and,  interpolating  for 


ALy2  = -0.9  dB, 


L - 2.5  - 0.9  *=  1.6  dB 
v 


670 


t onn  _ 

j J 2 x | 160 


= 707  K . 


101  x 1QJ  , „ 3 

pj = wr^m ' ^-"3  kg/m  ■ 


j _ 2000  _ , R 
a T 100"  ~ ’'82 


O 


3.06 


T 


R . 900  x 9/5 
530 


From  F i gu  re  2 . 1 , 2- 1 , we  find  M = 1.14,  T /T  =2.52,  p./p  = .397. 

o I O JO 

With  = .002378  slugs/ft  1 or  i.236  Kg/m3,  we  i.  ive 

Pj  = 0 . 000944  slugs/ft^  or  0.590  Kg/nt^  , 
which  is  In  close  agreement  with  the  computed  value  of  0.598  Ky/m  . 


Now 


Lp  = 20-log]0  (§^f8-)  = 0.15  dB 


and  so,  finally, 


L = 1 40  + 1.6  + 0.15  = 152  dB  . 


To  determine  the  corresponding  normalized  pressure  spectral  density  for  a 
frequency  of  300  Hz,  Figure  5*2. 2-5  Is  used.  The  Strouhal  frequency,  St  is 


and 


C,  _ fD  300  x 0.61 

bt  v 670 


0.273 


i=  9-02  • 


By  interpolation,  the  normalized  spectral  densi'y  relative  to  an  overall  sound 
pressure  level  of  1 N/m2  is  found  to  be  0.026  (d/m2)/Hz. 

In  this  Example  L = 152  dB,  which  from  step  (9)  or  Figure  2.1. 1-2  is 
equivalent  to  252  N/m2. 

So  the  pressure  spectral  density  = 0.026  * 25/  - 6.55  (N/m2) /Hz . 


5 . 2 . 2 . 2 Near  Field  Jet  Noise  Spectral  Estimation 

In  the  most  comprehensive  series  of  jet  noise  tests  conducted  to  date  on  a 
full  size  jet  engine,  Hermes  and  Smith  (3)  conducted  near  field  jet  noise 
tests  at  exhaust  velocities  from  1250  fps  to  2500  fps  in  five  increments. 
The  I.85  tout  diameter  J57-F21  turbojet  engine  was  tested  at  operational 
exhaust  temperatures  in  the  range  of  800  to  1150°F. 


From  this 
la  ted  an 
sec  t i un . 
measured 
point  in 
smoothed 


extensive  variation  in  jet  exit  velocity,  Ik- tines  and  Smith  formu- 
‘n'-field  contour  chart  similar  to  that  presented  in  the  previous 
Thi  chart  w.is , of  course,  to  be  used  in  conjunction  with  the 
spectra  at.  each  different  pos’tjon  t o pt  edict  the  SPL  at  a given 
'he  near  Meld.  Cockburn  and  Jolly  (2),  armed  with  this  data, 
and  averaged  the  spectra  in  various  regions  in  the  neat  1 i e 1 d and 
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developed  a yenerdlized  prediction  method  whirl,  I ■;  relatively  straight 
forward  in  implementation. 

(1)  Determine  the  non-d i tens  I ona 1 location  of  the  field  point, 

(x,y)  In  terms  of  nozzle  diameters,  that  Is,  (x/D,  y/D). 

(2)  Determine  the  overall  SPL,  L0,  from  Figure  A. 2. 2-6  at  the  desired 
field  point  (x/D,  y/D),  for  the  reference  velocity  of  1920  fps 
and  the  reference  exit  diameter  of  1.85  feet  (the  approximate 
exit  temperature,  T , for  the  reference  test  was  1!30°R). 

(3)  Based  on  at  least  two  known  exhaust  gas  conditions,  use  Figure 
2. 1.2-1  to  determine  exhaust  velocity  ratio  V/aQ  for  the  engine 
under  consideration.  Use  Figure  2. 1.2-2  or  other  sources  to 
determine  the  ambient  speed  of  sound,  a , end  then  determine  the 
velocity,  V. 

(h)  Determine  the  value  of  the  velocity  exponent,  n,  from  Figure 
I*. 2.2-7  at  the  field  point  (x/D,  y/D). 

(5)  The  overall  sound  pressure  level,  L,  at  the  point  (x/D,  y/D) 
for  the  new  engine  Is 

L = Lq  + 10n[log10V  - 3.283]. 

where  n Is  the  exponent  determined  in  Step  (I*)  above,  and 
V is  the  velocity  determined  in  Step  (3). 

(6)  To  determine  the  correct  octav-  spectrum  shape,  use  Figure 

L. 2. 2-8  to  Jetermlne  the  spectral  region  number  for  the  field 
point  (x/D,  y/D) . 

(7)  From  Figure  if. 2. 2-9,  find  the  spectrum  for  the  region  number  from 
(6)  above. 

(8)  The  octave  spectrum  levels,  l.t  , are  determined  by  adding  I he 
overall  SPL,  I,  to  'he  normalized  spectra,  , from  figUic  h.2.23 


(9)  The  frequencies  are  determined  from  the  relationship 


To  determine  the  standard  octave  levels  (listed  in  Table 
2,1. 1-1,  calculate  the  center  frequency  of  the  octave  bands 
in  terms  of  Stronh.il  number, 


St  - 


(<•']!) 

V 


If. 


Radial  Distance,  y/D 


FIGURE 


OVERALL  JET  NOISE 


FIELD  SHAPE  FOR 


RFFF.RFNCE  CONDITIONS 


4F 


Relative  Octave  Band  Level 


bliontvil  (Mmnlwf  IO/V 


Struiihiil  Nimibor  ID/V 


FIGURE  4.2.2-D  OCTAVE  SPECTRAL  SHAPES  FOR  EACH  SPECTRAL  REGION  (DEFINED  IN 
I KUIlL  J|.2.2--U) 


Relative  C rtave  Band  Level 


Examp  I e : Assume  a jet  engine  with  a 1.8b  tout  diameti  1 ( >|>t  1 .1 1 i ng  <31 

I 250  I ps  . Determine  tin-  m I <1  v l>.  1 1 1 < I m-.  11  -- 1 i < 1 1 . 1 M'l  < on  t < :i  1 1 . t <■ » 1 tin’ 
octave  band  with  I DO  Hz  center  frequency. 

(1)  Read  and  tabulate  the  overall  SPL  at  a sufficient  number  of 
field  points  front  Figure  ft. 2. 2-6  to  facilitate  later  replottlng 
of  the  octave  band  contours  (see  Table  A. 2. 21). 

(2)  Tabulate  the  spectral  region  for  each  field  point  from  Figure 
A. 2. 2-8. 

(3)  Tabulate  the  n value  for  each  field  point  from  Figure  ft. 2. 2-7. 

(ft)  Determine  the  non-dimensional  f rouhal  center  frequency 

( C f ) D ( 100) - ( I . 85) 

St  “ ~ 1260 •"8‘ 

(5)  Read  ana  tabulate  the  telative  octave  band  levels  in  each 

spectral  region  for  the  Strouhal  frequency  from  Fiqure  ft. 2. 2-9. 

(G)  Calculate  the  reduction  in  SPL  due  to  reduction  in  velocity  from 
the  relationship 

Lv  = I On [ I og | Q V - 3.283J. 

(7)  Sum  the  data  determined  in  steps  (I),  (5),  and  (6)  to  determine 
the  octave  band  SPL  at  the  specified  field  points. 

(8)  Plot  the  data  ■ field  plot  and  estimate  the  position  of  con- 
tours of  equal  as  shown  in  Figure  f*. 2. 2-10. 

(9)  Use  the  method  in  Section  4.2. 5-2  to  modify  the  SPL  for 
'pressure  doubling'  at  the  structure,  surface. 

(10)  The  data  Inherently  have  qround  reflections.  It  removal  or 

modification  of  ground  reflection  factors  is  desired  refer  to 
Section  f(.2. 5.  1 , in  conjunction  with  the  Smith  6 Hermes  (3) 

r**pi»r  f which  gives  details  oi  Lliu  test  set  up. 

4 . 2 . 2 . 3 Fffert  of  Temperature  arid  High  Velocity  on  Near  Field  Jet  Noise 

1 he  two  previous  prediction  methods  for  ne.ar-fleld  jet  noise  were  derived 
from  data  for  engines  operating  at  temperatures  not  exceeding  ]1G0"F.  No 
accounting  for  temperature  on  the  contour  shape  modifications  was  made  and 
in  fan  the  level  change,  was  assumed  lu  be  a function  of  (.y  in  the  4-  2.2.1 
method  and  was  not  accounted  for  at  all  in  the  l| . 2 . 7 . 7 met  hod. 

If  engines  ure  to  be  used  with  operating  conditions  considerably  removed 
from  the  conditions  1260  j_T:  ' I660°R  and  1200  Vj  2000  fps,  then  tire 

method  presented  below  should  be  used.  This  method  is  based  on  a series  of 
free-fu-ld  high  temperature  subsonic  and  supersonic  jet  noise  tests.  The 


TABLE  i}. 2.1-1.  EXAMPLE  CALCULATION  OF  OCTAVE  BAND  SPL  FOR  CCNTOJR  UAP (CONTINUED) 


M 


EXAMPLE  CALCULATION  OF  OCTAVE  BANC  3SL  FO-.  CO'lTCL5.  MAP  (CONCLUDED) 
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data  do  not  contain  ground  nt  lect  inns 
in  Section  k ■ 2 . 5 • 1 • 


A ground  i el  leet  ion  method  is  given 


Derivat  on:  This  near  field  jet  noise  method  is  based  on  a systematic 

series  oT  near  field  Jet  noise  tests  over  the  velocity  range  885  Vj  3888 
fps  and  the  temperature  range  390  T ■ ?750"R.  The  data  which  were  meas 
ured  in  the  aft  quadrant  (7.5  <_  u - 97.5"),  were  empirically  correlated, 
making  use  of  available  theoretical  models.  For  a complete  discussion  of 
the  correlation,  see  Rlumblee  (6,  7). 

Design  Equations:  The  sound  pressure  at  a point  in  Lhe  near  field,  with 

the  source  point  being  the  origin  of  coordinates,  as  shown  in  Figure  it . 2 . 2 - 1 1 . 
is  given  by  the  following  equation: 


_2 

P 


KTpMn  ( I + „V)5/2(,  + cos  ^ (i  ) 

K b 


/ \ 

P 

/ M cos  (!  J 

\ - s 

+ n2M2 

\ *c7rs) 

L\  1 + C,e  7 

b ' 


i + 


V 


■ctn 

5 s 


1+C6e 


■ c 7 r 7 4 J 


( ps  i ) 2 
(4.2.2-1 ) 


The  parameters  in  Equation  4 - 2 . 2 - 1 are  functions  of  Mach  number,  temperature 
and  frequency  (although  each  parameter  is  not  necessarily  a function  of  all 
variables).  The  temperature  parameter  used  in  the  correlation  was  total 
rather  than  jet  (or  static)  temperature.  The  equations  defining  lhe  param- 
eters are  given  below.  The  parameters  which  are  independent  of  frequency 
are  : 


C,  = M 


2.  j5 


C„  = 


(4.2.22) 


, 5(  V)1 

■ -4  inn n / 


.89 


0 . 890  (M  - 1 ) 


C6  ''  l7^'v3000y 


V0.566(MZ-1) 


f , = ( i . h 1 


The  parameter  s which  arc  depi  ndenL  on  f requency  are  (wlroi't:  the  subscripi  i 
refers  L * > the  i requeue'/  hand). 
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2 

a - a . 

1 

iid  i 
• 1 M 

■)  ^ 1 > r,i ; £1^ 

* (TR/ 1 000)  l,J  1,4 

a . 

>0  (Tr/100C)  1,7  1,8 

C , = a . 
if  1 

C5  “ 3i 

a . 

,9  M 

’ 1 * ° ( T / 1 000)  1,11  1,12 

K 

(14.2.2-3) 


f-u,’,1'’' ■ 


The  bounce  location,  as  determined  by  the  focal  poi  t on  the  7-5°  .jet 
boundary  of  the  5PL  contours,  is  given  by: 


X 

o 


r cos  0 
o o 


- a 


i ,13 


,1i* 


(Tr/1000) 


a,  ,r+a.  ,,M 

1,15  i,16 


(14.2.2-14) 


where  O was  taken  to  be  7-5°. 
o 

A field  point  \r,0)  referenced  to  the  jet  exit  plane  centerline  is  (see 
F i gurr.  if.  2 . 2-  I 1 I 


r 


+ 2r  r cos  (n  -n  ) + ,-  + r s!n0  + 

os  so  *4  o o 


r s i nO 
s 


and 


v + r slnO  + r 5 i nO 
2 o o s 

r cosO  1 r cost) 

o o s s 1 

The  constants  a.  . are  tabulated  in  Table  if. 2. 2-2  for  the  overall  and 
1 >j 

three,  net  ,vr  hands.  The  frecuency  limits  of  the  overall  band  are 
jd'J  < f /6,BU0  Hz,  for  the  5-5"  nozzles  te  ed . It  would  be  more  con- 
venient to  quote  frequency  in  terms  of  non -d miens i ona 1 Otrouhal  frequency, 
however  the  test  was  conducted  with  fixed  frequency  band  limits  and  fixed 
nozzle  diameter.  Thu.;  each  velocity  would  result  in  a different  Strouiial 
frequency  limit.  Ilowevei  , in  thij  case  the  non- d linens i ouu 1 Helmholtz  num- 
be'-,  = fD/a^  is  .078125  < < 20.  The  limits  of  the  three  frequency 

bands  of  no  1st  analyzed  and  i,  .luded  in  the  computer  program  are  .15625  - 

.3125,  . 3 i 2 F - .625,  and  .625  -1.25. 

1 . ai  [ hi  i/  r -m:  Til:;  m"  lyric  hr-:  tor.oil  ' ciupl  :i>  ly  'uvli-d  for  i-MiMuiit.-ii  inn. 

For;  'an  program  1 i t i ■ •■c,  , evaluating  the  near  field  r.oisc  equation  and 
producing  a 7I!  x 10"  plot  containing  contours  of  ions  taut  SPL  is  included 

it  the  end  ol  this  section.  The  fulloviinq  is  a description  of  the  progr-mi. 
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Useage,  features  and  limitations:  The  program  requires  two  sets  of 

input  data.  The  first  set,  the  a ; j j coefficients  which  are  read  in  at  lines 
|4  and  15,  is  fixed  and  is  not  to  be  changed.  These  data  are  stored  in  the 
main  program  in  lines  453  through  465.  The  fixed  data  are  derived  from  the 
jet  noise  tests  and  are  used  to  calculate  the  coefficients  required  in  the 
prediction  formula.  The  second  set  of  input  data  consists  of  three  cards 
and  is  read  at  lines  19,  35,  and  41.  These  data  are  not  part  of  the  stored 
program.  The  data  required  and  the  formats  toilow. 


Col . 

1 

HI 

21 

31 

B 

43 

mm 

Format 

BB 

F10. 9 

B 

F 1 0 . S 

Ca  rd  1 

Rl 

R2 

TH  ( 1 ) 

DTH 

N 

D 

Card  2 

XL 

XH 

YL 

- - 

1 FL 

‘ 

Col  . 

ii 

IB 

23 

Format 

FIO. 9 

FIO, 9 

12 

12 

Card  3 | 

1 

DM 

T 

MM 

MO 

The  input  variables  are  defined  as: 

Card  1 

Hi  is  the  smallest  value  of  radius  from  the  source  location,  rs,  to  t>~ 

used  in  calculating  contours.  Rl  is  not.  to  be  less  than  1.5  ( R 1 

is  normalized  to  exit  diameter). 

R2  Is  the  largest  value  of  radius,  r (P,2  is  normalized  to  exit 

d i ameter) . 

TH  ( I ) is  the  beginning  value  of  angle,  in  degrees  and  is  not  to  be 
less  than  7-5u- 

DTH  is  the  Increment  in  angle,  fl  , in  degrees. 

N is  the  number  ov  times  the  increment,  PTH,  is  to  be  added  to  TH ( 1 ) 

The  maximum  angle  is,  then,  R|njx  = TH  ( I ) + N OTH  and  should  Lie  on 
the  order  of  1 80’-’  in  order  to  construct.  ..  complete  contour  plot). 


5/ 


D 

i s 

the 

increment  between  5PL 

contours 

i n dec i be  1 s . 

Card  2 

XL 

i s 

the 

smal lest 

value  printed 

out  on 

1 he  hor i zon ta 1 

plot  a;<i  1 

XH 

i s 

the 

largest 

value  printed 

out  on  the  horizontal 

plot  axis. 

YL 

i s 

the 

sma 1 lest 

value  on  the 

vert i ca  1 

plot  axis. 

YH 

is 

the 

largest 

value  on  the  vertical 

plot  axis  . ( 1 

n order  to 

the  same  scale  in  both  directions,  use  YH  - YL  = 0.7  * (XH  - XL).) 

IPL  = 1 uses  the  Input  values  of  XL,  XH,  YL,  and  YH  to  determine  the 
scale  of  the  plot. 

= 0 uses  the  maximum  and  minimum  values  of  y & x based  on  R2 , 

Tfl(l)  and  6 , to  determine  the  scale  of  the  plot. 


Card  3 

OH 

T 

MM 


is  the  nozzle  Mach  number 

Is  the  exhaust  gas  total  temperature  in  Yu. 

= I gives  a plot  for  the  overall  band.  The  band  limits  aie 
fD  = 1050.  to  268,800.  Hertz-inches. 

= 2,  3,  or  1)  gives  an  octave  band  plot.  The  band  limits  are: 

MM  = 2 ft)  = 2100.  to  4200.  Hertz-  Inches 

= 3 fO  = 1)200,  to  8400.  Hertz-inches 

=4  10=  8400.  to  16,800.  Hertz-inches 

to  obtain  the  actual  f 1 eguency  limits  of  the  overall  and  octane 
bands,  divide  the  normalized  band  limits  by  the  nozzle  diameter  In 
i nches . 

M0  = I gives  an  abbreviated  output  and  is  usually  all  that  is  required. 

= 0 g I ves  fu 1 1 output . 

As  many  as  desired  of  Card  3 can  be  put  in  without  including  Cards  i and  2. 
If  DM  is  set  to  0.,  the  program  returns  to  the  card  2 READ  STATEMENT  for  a 
new  set  of  plot  limits.  If  [PL  in  Card  2 is  set  to  -1,  the  program  returns 
to  Card  1 for1  a complete  new  set  of  input  data. 


Numerical  Example:  Typical  short-form  < -inputs  arc  included  as  rig.urc 

4.2.2-12  through  4.2.2-14.  Figure  4.2.2  12  is  a far-field  contour  plot  for 


LOStST  TO  THE  EXHAUST  »OU*OAlT 

T-E  :*C*E,,E*T  Sr‘Tmlr'-'  C*n*CU»3  13  m.  Z 
T-E  -il  SBL  I * !4«.  :•  :3CA*E“  AT  1C. 


a Mach  1.00  engine  nporat'ng  ,<•  2h  30  Kantiue  ioi.il  temperature.  the  SPL 
plot  is  lor  the  overall  band.  I lie  lor.oions  of  um  point  on  the  ma.  i mum 
and  minimum  SPL  contours  an  given  in  the  heading  .md  the  contours  n.'st 
be  drawn  in  by  hand.  The  actual  con  tout  shapes  are  usually  apparent  at  to 
outer  limits  of  the  plot.  If  these  are  drawn  tri  first,  thou  t ho  oiin-r  c ■ i 
tours  are  more  readily  detectat.  1 <■ . f ignre  f| . 2 . 2 I i show-,  an  expairiori  ol 
the  small  area  outlined  in  Figure  ft.?  ?-!?,  Note  the  vaiiahle  input  dat.., 
Cards  1-},  are  listed  at  the  top  left  hand  corner 

Figure  9.2.2-19  illustrates  the  long-form  output  . The  nia.v.mum  and  minimum 
SPL  is  given  for  each  radial  line,  which  originates  at  the  source  location 
(also  printed).  The  constants,  which  are  used  in  evaluation  of  the  equa- 
tion 9 . n. . 2 - I ore  also  listed. 

The  near-field  jet  noise  computer  program  is  listed  in  table  9. 2.2- 3- 

NOb  The  term  "SP"  in  subroutine  "S0NO"  is  the  directivity  index  in 
ref  a rune  2 to  90" 


TABLE  4.2.2-? 


COEFFICIENT  MATRIX, 


0.8239 

-1.24 

-2.3019 

1.4745 


2.1086 


0.4176 

-1.7269 

-1.3226 

1.3507 

’8.932 

3.2199 

1-32/6 

0.1765 


0.32555 

0.2482 

-4.0206 

2.6807 

202.88 

3.8424 

10.520 

-8.0248 


0.74038 

-3.4538 

-4.7181 

3.2662 

331-55 

0.53204 

9.5965 

-6.829 


2.808 
1 .8167 
1.7894 
1.1641 

8.4045 
-1.5494 
-.  16571 
0.22007 

10.491 
-0.019983 
0. 73551 
-0.76495 

10.429 

0.36732 

0.89132 

-0.87600 

4.512 

5.2846 

4.5428 

2.6963 

0.028729 

0 . 789 

1.3015 

O.85II6 

0.20763 

0.27691 

1 .8687 
3-0174 

0.51772 

_ 

-0.60053 

0.036298 

2.1329 
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NEAR  FIELD  JET  NOISE  EOMPOl  ER  PROE.RAM  (CONTINUED) 


/DISPLAY  JF.TNOS 

ACTION  III  PROOKESS, 

/jor  no,  nui i a r , T i n r = i o 

I)  Hires  ION  F(ll>,  37),!!(  10,  3 7),C(  17,4),TH(  5 7),  III!  57), 

IX  ( (>0l) ) , Y ( liOl) ) , VT(  0 0 ) , I E ( 0 00  ) 

common  i no,  i pr,  c,  alp, mi,  t,  C4,  cs,  n>,  C7,  mii,  r,  it,  vt 
i,sm  , :,lo, jsii,  jsl,i>, tii, xo,  yo 
c 

c ///////////////////////////////////////////// //////////// 

I (til » s 

I PR»0 

C I HI)  » SYSTEM  INPUT  UNI  I DATA  SET  NUIIIIi  I! . 

C IPK  n SYSTEM  OUTPUT  UNI  T DATA  set  I IIIMIl I It . 

c ///////////////////////////////////////////////////////// 

c 

m aik  i ill),  1 1 ) ( v r<  i ) , i *i,  ou ) 

II r AIK  I III),  1 X ( C<  I ,.)),  J"l,  it),  I *1,  17) 

c 

C THESE  ARE  THE  CO  EE  MCI  TUTS  TOR  THE  NEAR- 1 I I LI)  lUUCIIUNS. 

e 

')')  READ  ( I III) , 2 ) 111 , P2  , TH  ( 1 ),DTII,  II,  D 
I r(  in  -i  . )*in,  'll  . n i 
'JO  WRITE!  I PR,  17) 

STOP 

01  ir  ( Til!  i)-7.  S )')2,  100,  100 

02  Will  Tl  ( I Pit,  13) 

SI  1)  P 


c 

C 111  is  THE  SMALLEST  VAIIIE  01  RADIOS  EDI’  CAI.CN  LA  I I NO  SPL,  All!) 

C 112  IS  THE  LAUCfST  VAIUE.  Ill  IS  ALWAYS  ClirATEP.  TUAN  l.'HI. 

C Tl!  ( 1 ) IS  THE  SMALLEST  VALUE  OE  THETA  I- OH  CA I CO  L AT  I I Pi  SPL. 

C TIKI.)  IS  ALWAYS  011  EAT  f II  TIIAII  7.  SO  OrOHIES.  I)  HI  Is  THE 

C I NCR  Ell  ITJTA I VAIIIE  01  TIITTA.  IT  WILL  III  AUDI  I)  I!  TIMES. 

I)  I)  I!,  Mil  I lit. ill. I ll  111  LOP  )U  | II I llll:. shim  LI  VI  I CO  III  Olll!  S . 

C 1)  I S III  HI  Cl  DELS. 

C 

10  0 READ!  I III),  2 ) X L , XII,  YL,  Yl!,  I PI. 

C 


SI  I PLOT  X ItOlHIIJI  I OR  IN  I I III  I I Oil  01  THESE  VARIABLES. 

SEI  IPI  TO  - l II  NEW  VAIUIS  | OP.  UJ  ,117,  II I ( 1 ) , III  1 1 , II,  U , ARI 
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Mil 
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c 

MM 

- 2, 
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4 70  0 . 0 . 

r 

1-111 
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1 0 =■  4200.U  TO 

«400 . 0 . 

L 
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I!  I'o  2 0(0100. 


Ill) 
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II 
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- I l/VCI l No.  - o 
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TABLE  4. 7. 2-3  (CONTINUED) 


I R DM) 1U1 , 100, 101 

ml  call  miui 

»ll  = l 

CAI  L U I CT  ( 1(1 , It  2 , MM , Tl  I ( l),1',  111(1)) 

DO  2(H)  1-2,11 
I. mi  -(  I / 4 ) * 4 + i 
COTOC'in,  201,  203,  2(12  ),  |,l 
2 II  5 R W,‘>  *1(1 

goto  ?(>4 

2 0 2 I!  > = 1 . *K  i 
GOTO  2 04 
201  It  5 - 111 

204  ril(  I ) » ril(  i -1  ) +DTII 
Nil -I 

CAL  I.  C I C T ( It  5 , 1(2  , ’III , Tl  I ( I ) , D,  I I!  < I ) ) 

200  CO  I IT  I f 1U I 

II  (111)  ) 400,400,402 
400  Will  TT  ( I I’l! , 0 ) 

IPtl  TI  C I PU , 7 ) 

402  Nl  1*0 
K =0 
I -l  i:  i 
c 

c cAitriMAii  cnuiiii  i ii/ull  hi  suiinii  i.'Miitci:  location. 

c 

XO  =C(  15,  1 ) *DI'.**  C(  1 4 , I ) * ( T*.  001 ) •*(  C(  IS,  I ) + C(  1(>,  I )*')!’) 

Yo  -.15 l o •> X * X(M  . 40 
DO  300  0 -1,1! 

L = I II  ( .J  ) - 1 

li  ( HO  ) 4 30, 4 30,  4 I I 

4 30  WO  I TT  ( I Pit,  I:  ) | ')(.l),Tli(  J),  C(2,.l),  TC.',  D),l>(  l.,.l)  ,1  ( L,.l) 

4 11  III  I = 111 1 + L 

CT  =CO!,(  Tll(  .))*  . 0 1 24  '.32  ') ) 

:>  r i perm  .J)» . 01  /u 320  > 
c 

C Ciilivritl  T 1(1  II I I'd  LAI!  Ill  CAItTIMAII  COO  1(1 1 1 HAT  I !.  . 
c 

1)0  ’,(10  I - 2 , L 

i.  -o;  1 1 

X(  K)  = cr*l((  I ,.))♦  XO 
I T ( I PI.)  30  1,  3 01,  30  3 
C 

c it  i I’l  - o no  hot  ourm  v,  pourr-,. 

C II  ll't  ID  GKIAIII!  1 1 IAN  2.11(0  IIII1IIIAII  ALL  I’O  I HID  OUT', 101  III 
C PICTOKI"  I KAMI  D I’l  C I I IIP  HY  I Ill'll  \ DATA  Xt  AMO  XII. 

f, 

hi  cai  i.  ki  0 1 oik  xi , ;<n, ;:( n , i .) ) 

(ill  ! 0 ( 501 , 50  2 ) , I J 
50  1 Y ( 1 . ) - DT«U!  ( I , >J ) + YM 

Yl'.  I -X  f I ) « I 5 li. ..  ',(> 

CAI  L HR;  I DIM  Yl'.  L,  Yll,  Y(  K ) , ID) 


r.o  in 

( 51,0 

51,0  II  (1) 

TCI, 

00  [.) 
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TABU  (( T ( CON V I Nlll  L) ) 


jili)  coin  l imi 
vn  nnin 
!.<■  m . 

ltd  LOL  1-1, 1 

I I ( M'-L-l  1(1)  ) III)', ,1.11',,  1.(1  1 

1.111  =■(  l ( I ) 

j.mui 

nu'j  ii(ii(l)-;.  lo'iiil,  lul,  lo  J 
Mi :,im--l  l ( l ) 
j:,  t =■  I 

||!)I.  CO UT I I K) I 

II  ( lit)  )l.l|  I)  , l.l.  0,  l|l|  j 
1.1.0  UK  I Tl  ( I I’ll,  I.  ) 

im I tc(  I kii,  r.  )ni*„  r,  a i k,  cl,  c,,  ci.,  r 7, ni 

UK  I I r ( I KK  , 11  ) XU,  VO 

I|!il  CAM.  PLO  T X ( X,  Y,  K,  XL,  XII,  Yt„  VII,  I KL) 

IK)  ID  181) 
l I DUMA  I ( M 1U  . ) 

7 r OKI ia  i ( ill  1 1).  >],  I :;x,  l it). ') ) 
j i urhaT  ( xv  in . '),  x I 2 ) 

||  I ()  III  1 A I ( I ll , M 8 . ’>  ) 

'j  I'OKIIAT  ( /I'l  Ml  ) 

C I OKI1A  1(5  /III)  I1ACII  NO  Tl'fll’l'l!  ATUKF  Al  I’llA*  *7 , 8 X,  .MIC*1 , 1 1 X , 
17II0L,  1 IX,  7110!.,  I IX,  71 1C 7 , 7X,  XIII 111) 

7 l:OKMAT(  Llll  NO.  TIICTA  K(7,.l)  SPIT?)  K(L,.J)  S R L ( I. ) , 

1/ , Oil  PTN  ) 

8 FORMAT  ( bllOXO  - ,lK.L,/H  YO  - ,l:8.l|) 

>1  rOKMATC  1111) 

11  I'OKIIAT  ( H0A1  ) 

T7  I'miMAT  ( 'i  Hill  I IN  LI  V.  THAI'  ! . . YOU  I)  I o III' I KI'AI)  Mil  , 

1 1 HI  I IK.'TKUC  r I l)|l!,  . ) 

1J  HlllMA  T ( J JIITIK  l ) I!,  LI  V,  TM  All  / . !>  DINKIM,. 

1 5 0 HYi  >0  DID  HOT  I'.F  Al)  Till'  I NS  TKII CT  I OH!.  . ) 

TNI) 


MIliKDlIT  1 III 

I’Ll) T X ( X , Y , II,  X 1 , XI 1 , Y L,  Yl  1,  1 1 ) 

HI  III  II!, 

ion  a<  ioi ),  ;<(  i ),  Y(  l),  ax  I :,( ) , vi  ( i.o),  r( 

.1 1 , ') ) , 

11  ( 1 1. , 

/),K(1I|,  J 7 ) , ril(  57) 

1 111  1 II 

K lid  1 

i , ii l in, , in  ( , cko, i n:;,A 

COI II  toll 

1 HI), 

1 KK,  C,  Al  r,  on,  T,  CL,  c,,  CO  , I:7,llll,  1 , K 

,Vf 

1,  UNI  , :,  l.o,  .1', 

II,  ,IK  L,  0,  Til,  XO,  YO 

l 111)--1, 

r. 

l I'lf -i. 

c 

No  rr  id  i n r.'. 

01  VI  II  NT  ID  NO  1 HI  1 0 0 III)  I It  - rill  !) 

knot i mi 

Kl- 

c 

OKI)  i i(N 

ri  i r 

DATA  AS  lircnn.AKY  . Illli:,,  Al  l i lt  1 

lot  ri  no. 

im 

c 

i | Vl.l' 

111  1 III 

Ain.  no  i mi  ci.:,:, aim  ly  in  mi  kami 

OKI))  It  A', 

INI  Y 

c 

wi  k r ii 

1 i OKS 

hi  u.  Hour  ini  wa:,  cam.  n. 

c 

x i : 

rm 

AltKAY  or  X CO-OKI)  1 II A 1 1 :,  . 

Y i :, 

rill' 

AIIKAY  OF  Y CO -01(1)1  MAI  R.  . 

J 

N l 

TUT. 

no.  or  ( x , y ) id  hit;,. 

l i 

1 1 - 

1 rill  N 

XL  1 ' 

mi 

lUC.lNNINO  VALID  01  X PK  1 II  1 1 ll  Of)  III!  X A X 1 : 

. 

1 

XII  1 S 

no 

LA!,  f VAHII  or  X I'KINTro  ON  TIN  X 

AX  IT.. 

YL  M 

Till' 

III  r.  1 Mill  UN  VATU!  01  Y Pit!  NTI'I)  ON 

Tl  1 r Y AX  1 

!!  . 

YU  I I 

Till 

last  valui-:  or  y print td  on  tin  y 

AX  I !,. 

f»6 


TABLE  A. 2. 2-3  (CONTINUED) 


C 

C 

C 

C 

C 

c 

c 


c 

c 

c 

c 

c 

i; 

c 

c 

c 


c 

c 

0 

c 


c 

c 

c 


1. 

I 


II  “0  I.'IIL  CAIJLr  Till  LOUT ST  Arm  highfst  valhis  in  thf  * and 
Y ARRAY  TO  [IF  IISFII  FOR  THF  LIMITS  OF  TlT  X A’;"  r AXFS  OF 
THF  PR  I HOT)  GRAPH . 

-1  WILL  CAW  o F Till  VALWFL  Til  XL,XH,YL,  YM,  I >. 

THF  CALLING  SFOHFNGF,  TO  «F  USFf)  AS  THF  LOOTS  F''0  THT 
X AND  Y AXFL. 


Ill)  I I — ■!  1 liS.31.1  ?H 
RLI1K  * 10  7 7')  5 2 S 7b 
I!  I T - 1 2 b 2 b o X 'J  ■,  2 
CRH-1  5 1 2 M 5 '.1,00 
F MS  - 1 b 1 U 8 2 J i.  8 8 

OH  jYjTUIj  WHERE  DATA  STATfHFhTb  AiM  P|  I s:.  1 •»  L I , OILLTt 
Till'  A CAR  IIS  Alinvr  Alii*  1 1 L r THF  ".-TA  r;  T A T F " • " * 'MC1  • 
OTIIFRWI  OF,  W:.F  TIIF  CARDS  A P I) V F 1,'ITn  For  powpr”  'irri-st 
FDll  I VALFrjTS . LITERALLY,  ll.'/LI  - I,  n L H K • , AIT  - . , 

CRD  * ♦ , FIR.  - - 

DATA  HD  I.  I , I'  LI1I-,  II I T,  CRH,  I MS/ II M , III  , HI . , 1 1 ' ♦ , 1 H - / 

NLY-b  7 
HI  X - llll) 

N Yl-HLY+l 
NLX1  - IJLX*  1 

Mi.  y I :.  rur  iiwiii'.ri:  or  linf:.  on  thf  vertical  axis, 
ni  x i thf  rntimri!  or  coi.inn:,  or  Tiir  Him  i /dotal  axis. 

wh  ITI.U  Pit,  1UU  ) 

1011  lORMAT ( llll  ) 

Will  T I ( I I'll , 10  0) 

mn  t r ( i pit,  io7)i)M, t 
II  (1111-1)31,  31),  31 
50  l.'R  I Tl'(  I l>l! , 108  ) 
oil  TO  32 
5 1 I 1 1 = 7 * * ( I III  - ? ) 

I HI  7 1 0 U , * I II 
I'D:'  •2»l'lll 

UR  I T F ( I I’ll,  10') ) I'll  1 , IT) 7 
57  Wl!  I TI  ( I Rll,  110)1) 

Will  T I ( I I’ll,  111  )GLG,  Xf  J.M  ) Y(  .11. 1.) 

UR  I T F ( I I’ll,  112  )SI!L,  XU  Git) , Y(  .Kill) 

Will  ll  ( I I’ll,  11.  '.);«),  YO 
Xl.ll-X  ( 1 ) 

XI.A“X(  1 ) 

LI  -H-  1 
DO  2 10,1  I 
L7 -I *■  1 


***•■*  llll  I,  SrCTIOI!  II  FARR  AMO  I S THF  GIVI  II  DATA 

in  oiii) i'r  or  iii  cri  a:. I no  y valiii  :,,  i . e . , 

YIIAX  “Y  ( 1 ) AMI)  Ylll  Il-Y<  N)  . 


0/ 


Dll  7 .1-17,11 


TABLE  1*.  2.2-3  (CONT  INUEU) 


I  K Y(  I )-Y  ( AJ  ) ) 1, 2 , ? 

1 1)1)11  -Y  ( I ) 

Y ( I )-Y( J) 

Y ( J ) -llllll 
l)UII«X(  I ) 

:<(  i ) -X(  j ) 

x(  j)  -mm 
i coiiTi  imr 
r ***** 

HMD  ID*  10*11 

II  XI.M-XL 
X LA  -XI I 

y:;m-yl 

Y LA  >YI  I 
no  to  i .’ 

10  1)1)  r.  L?-1,M 

I I ( x:,l1-x(  L7  ) Mt,L*  5 
J X0II-X(L2) 
k IK  X L A - X ( L 7 ) ) '.*  0*0 
0 X L A = X ( L ) 

0 COIITI  i J.  1 1 
YM I - Y ( II ) 

YLA-YC 1) 

I X DX-(  XI.A-XSI1 ) / HI. X 
DY-<  YLA- YD:  1 ) / IILY 
YilAOl  -NLY  + 1./0. 

I !>•!) 

Li  n-o 
A(  DDK)  LI 
M LIN-UfHl 
I M «() 

DO  lit  I -7  * 14  LX  l 
1U  A(  \ j - IILNO 

IK  LI  II  - 1!  LY  ) 1 S , 1 0 * 75 
U-  I I’ -I  I’D 

11(1  I’-ll)  10*  II.*  xo 
10  HAT -Yll  AO  I -LIN 

I K Y<  I IM-YCII-DY-RAT  )7  0,  17,1/ 

1/  DO  1>)  | -*7,1,’  t.X  1 
RAT  "I  - 0 . 0 

HUH  D ) - X Si  I - DX  -RAT  ) 111,  HI,  10 

III  A(  I ) — IT  I T 

111  -MAXD(  I . Ill) 
no  TO  1!. 
io  conn  inn: 
nuro  io 
7(1  I I* -I  P-1 

I K LI  ll-l  m,  XI,  2B 
7 K ||  (IKHK  ( IILY  1-  L I ID  , 0)  ) n . 21, 77 
1 RAT  ’IILY  1-  L 1 1! 

diiiky:;m+dy*i 

ur i ti  ( not*  in  i ) vr(  li  in  ,ro;i,  cro.  C A ( l ) * l K*  i M) 

ONTO  K 

7 7 lilt  I TK  I lot*  11)7  ) V r ( LI  II)  , ( A<  I ) , I -1*  HD 
ONTO  M 


\h 


f.B 


(rnfJTiMiii.n) 


TAOf  r 

1 no  7 5 I -1,ML>  1 
AC  I )-l  MS 

i i (none  i , io)-i :*4,  ? s 

2 4 AC  I ) -CHO 
2'j  CONTINUE 

HIM  TIC  I PIC,  101  ) VTC  LI  II),  YSH,  ( AC  I ),  I - 1 , MLX  L ) 

IJ»<  NLX-l  )/10H 
DU  2 0 1-1,10 
KAT-C  I - 1 >-10 
21,  A X I S ( I ) - XS/ 1 + 0 X * If  A 

WRI  TEC  I Pit,  103)  C AX  I SC  | ) , 1*1,  I it) 

UK  I TEC  I PH, 10  5 ) 

1U1  F OKI  I AT  ( 11X,A1,2X,F4.0, IX, 1 0 1 A 1 > 

10  2 FORMAT < l IX, Al, 7X, 101A1  ) 

103  FOItMAT < 11X,  lliriO.O) 

1U!5  FORMAT  ( / 1*  I)  X , 30IIAX  I AL  DISTANCE  Ml  JET  EXIT  I)  I AIM  Tilts  ) 

1UO  EOltMATC/ 3I1X,  ‘.'illllEAll-E  I ELI)  SOUND  PRESSURE  LE  VEL  CONTOURS  FOR, 

11  511  A U F AT E I ) JI  T ) 

lo/  io«HAr(/40X,i?iiHArii  tin.  I r>  , C4.  ?,  mil  tempi haiuri  is  ,F5.o) 
lot;  FOIli  IAT  ( 4 1)  X , 4 2 MO  VER  ALL  IIAHD,  Fll  ■ 1DSO.  TO  El)  » 2 1.  H , )1 0 0 . ) 

100  FORMA T( '» OX , lEIIOCTAVE  HAMM,  El)  - ,15.0,01!  TO  ED  - ,1'O.M) 

110  FC/KflA  T ( / r*  *',X,  ft  2HTUF  ED  1,  LOW  I H(j  DATA  AP.F  IISEM  |M  OF  I TIUI I II  M'< 

1 1KII  TUT  VALUES  TO  ME  ,/ 

I’liSX,  SOIIASSIE.IIED  TO  HIE  SI’L  CONTOURS.  THE  MAXIMUM  ALWA'i  CUTUI 
■/ 4 5 X,  32IICLU5ES  T HI  THE  EXHAUST  IIOIHIHAKY.  , / 

440  X,  54IITIir  I ME.lt  171 FMT  IIETWI  Ell  CONTOURS  IS  , E5.0, 

son  oi  r 1 1: i i s ) 

111  l-ORI  IATC  40  X,  15HTIII  MAX  SI’L  IS  ,F4. 0,1511  HE  LOCATED  Al  ,10.1, 
113H  IMA.  AX  I ALLY , / SOX,  /HAND  AT  ,E0. 1,150  IMA.  1 ATTI1A1.LY  ) 

112  EUIIIIATC40X,  J sllTIII  Mill  SIM.  IS  ,14.0,1511  HE  LUCAIIO  AT  ,IMi.l, 
11511  IMA.  AXI  ALLY, /SOX,  7IIAIID  AT  ,|0.1,1MI  0 I A . LA  T I HA  I I Y ) 

115  EORIIA  TC  40  X,  55IIRI  I EUEI/CEI)  TO  Till  SOUlirr  LUCA  f I nil,  / 

1 5 5 X , 4 II  A I ,14.1,  Till  IMA.  AXIALLY  AMD  AT  ,E4.1, 

2 loll  HI  A.  LATERALLY.  ) 

RETURN 

END 

SllllltUUT I II I 0 I ere  Rl,  112,11,  111,1),  I I!) 

0 

c this  uuiirint  uses  a Ricuitsivn  n:ri  immii  at  ion  sciiiiii  mum;  as 

L KERIM  A l:  A I SI  ( IALSE  I’HSIJIUH),  AllllUlJlill  CUMVI  Rr.EI.'CI  IS 

C TIIEURI'  El  RALLY  CUAKAIJ'f  I I'll,  CEIMAIH  SPECIAL  CASES  MAY  CUIIVERCI 

C VERY  S LOW  I Y I /IICII  IlY/IIX  IS  RELATIVELY  LARI',  E. 

C 

1)111  EIIS  I (III  I ( lo,  3//, K( 10, 5 / ) ,/C  5),  Y(  5),  EEC  I / , 4 ) 

COMMON  I Rl),  I PR,  CC,  Al.l>,  DM,  I , C4  , C5,  TO,  C /,  MM,  I ,1! 


E •*.  0 1 
I R -0 

XI  All  I IMC  R1,R  ’) 

xii  ■aha;;:  (ii  i .r  ■ > 

10  CALI  r,0ND(TH,XL  .YL.SP) 
CALL  S0HD( EM.XH.YH.SP) 
C -Alts  * u ) 

I ( I , IM  Yl  -AIHJHC  YL,  C) 


c n (t  n o -)  n one  non  non 


TABLE  4. 2. 2-3  (CONTINUED) 

f, 

C FC1,H)  HOW  FOUALL  THF  LAMGFDT  MOlTIPir  OF  n \ 1 H 1 f.  t ' ! 
C LESo  THAN  YL. 

C 

X ( 3 ) =1 . 0 

!F(YF-YL)11,12,  12 

11  c— r 

F ( 1,  tl)»F(  1,  U)-C 
X( 3)=-l  .n 


CO.  u'lJT  E ALL  I .'J  f FIOUAL  MULTIPLES  OF  0 WHICH  Lll  HCTWEEIi  YL  AMI)  YH. 

12  00  2 0 

I 11  = 1 -1 

F(  l,H)«F(  lll,tl)  + C 
I F((  F ( I , II ) -YH  ) » X(  3)  ) 2 0 , 20,  21 

20  CONTINUE 

21  C*X( 3 ) 

I F ( I R-15)2L,32,27 
27  I R»15 
GO  TO  32 

20  I F(  I 11-1 ) 31, 31, 32 
32  00  100  0-2,  i i( 

X ( 1 ) = X L 
X C 2 ) = XI I 
Y ( 1 ) »Y  L 
Y ( 2 ) -YH 

THE  NEXT  STATEMENT  OFT  Fill!  I MTS  THF  MAXIMUM  HO.  OF  I T F HAT  I OHO  , 

00  9<J  UK-1,  20 


x(3/  - (X(l  )+X  (2  V;  * . 50 

CALL  D0tl!)(T!l,X(3),Y<  5)  ) 

1111  -( i ( o,  i; ) -y  ( 3 ) ) * r 

1  F ( Alio  ( 111?  )-E  ) 2'J,  2‘J,  2 3 
23  I E ( 1111 ) 25 , 2'J , 21, 

2  X i ) = X ( 3 ) 

Y( i)=Y( 3) 

GOTO  9 9 
2 5 X < 2 ) = X ( 3 ) 

Y(2)*Y( 3) 

90  CONTI  HOF 


Will  T r C I Pll,  1 ) Til,  F<  0,  I')  , I’ll 
1 FORMAT  ( 3l)H  DOF-1-  NOT  CONVERGE  AT  Tti  FT  A = ,ll.  .2, 

11 2 H Ann  F ( J ) = , F 1 0 , L , 1 7 i i WITH  RESIDUAL  = , F t> . 3 ) 
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on  o o o o ~ n o 00000 


TABLE  k.2.2-3  (COMT I NUEP) 


goto  inn 
2‘)  R(U,  f.')=X<  j) 

100  couti  t.ui: 

31  I I!  = I It*  1 
F(  I K,  fl)=YI! 

>’(  I It,  111  = XI ! 

F ( 1,  II ) = Y L 
R(l,  ID-XL 
HETUlif: 

Elll) 

jumuiu  r I HE  jf)i:i)(TH,R, SPL  ,SP) 

DIMENSION  C(17,ii) 

COIL  Kill  I It!),  I Pit,  C,  ALP,r>M,T,  di,  C5,  Cl.,  C7,  I". 

THIS  SU IMtOUT I l.'i:  CALCULATE!)  THE  SOUND  PRESSURE  LEVEL. 

I II  Pi)  T ItEHm  RED  IS  THE  A’JC.L  E TlirrA,  All)  THE  RADIUS  R . 

SfJ  111)1  CALCULATES  ALP,  C4,  C i> , CO,  AMD  C7. 

C.l  =ALP*I>’U*  2 

r,2  =»CUS(  . 01  74  S 32 ') * Tl ! ) 

RAT-1.  D + C(i*EXP(  -r 7*11/ 1* . n ) 

G3  = 1.0*Cl.*E;<P(-C7*lt) 
r,u  »l)f,*C,2 

ns  = l,n+CU*EXP(  -CS- TO *.01 74  S3 20  ) /"AT 
r,Ei*(  (1.  O + C.l  )/((1.0-C4/C,3)..2*C,l  ) )**2.E> 

G7  = ( 1. 0 + C2  **4  >/C5 

SP=lo.  u » a luc lu ( c,o*c,/ ) 

r,l  = I!M* * 7 . 340/1!*  » 2 

02  =10. 0 SO*  ( T/ 5 3U  . 0 )**.')  30/  0 **  4 

0 3 * 1 5 . 1 i)  0 » I'l  i * * . o U 0 * ( T/  f>  3 U . 0 1 * * 1 . 1 1 0 / It  * * 0 

PL  =10.  0 * AL0010  ( (51  ♦02-1.3  ) 

STIt  = 10  . II* ALOC 1 0 ( C ( 17, 1 )*T**1.  !i U «*')!'.** 4 ) 

SPL -SP  + PL  + GTI 1 

It  I TU  It  II 

Elll) 

suiutouT  1 ::i:  soiiiu 

DIDEIJN  101.  C(17,it) 

cum  to;;  I ;tl),  I PK,  C,  ALP,  Dll,  T,  Cli , Cr.,  04 , C7 , K 

THIS  StJHNOIIT  I HE  COMPUTES  VALUES  Fill’  AL P, 04, 0 5, CG,  AUI)  07 
EOlt  USE  III  Slllir),  THE  SOUIS)  PPESSUltE  LEVEL  SUPItOlJT  I IIF . 

MUST  HE  (1!  VEII  THE  C ( I , K ) MATRIX,  I = 1,17,  K •*  1 ,4,  All!)  A 
VALUE  E OR  It.  THE  VALUFS  COMPUTED  Alt E F Oil  SFFCiriri)  VALUFS 
OF  1)11  Ann  T. 

W=T* . 001 

ALP-C(  1,K)  *1)11**  C(  2,  K)*W**(  C(  3,  K)+C(4,  it)*  Ult) 

C4=C(  5,  K) *!)M* *C(  0,  K >*'..'**<  C(  7,  I.)  Mt(  II,  K)  = OK) 

C5=C(  0,  K)*|)M**C<  10,  K ) - V .'  * * ( C(  ll,n  tC(  12,  K)»I)M) 

CO  =17 . 5*  ( W/  3 , 0 ) **  ( .IS'J  1*  ( D!’**  2 -1  ))) 

C7  = . it  1 0 *(  U/  ’ . CO  ) ** ( . 5 fill  * ( DM**  2 - 1 .0)1 
It  F.T’JFt  I) 

FIJI) 

SUnitOUTIIIF  DEC,  I OIK  A,  H , X,  I ) 

THIS  SHU  POUT  I HE  IlFTFItM  I MEN  WHETHER  X IS  ! I)  Till'  CLOSED 
INTERVAL  (A,R). 
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TABLE  h. 2.2-3  (CONCLUDED) 


C IF  X IS  IN  TIIF.  I NTEHVAL,  I - 1 IS  RETURNED. 

0 IF  X IS  MOT  IN  TIIF  I MTFRVAL,  I » 2 I • UPTURNED . 

C 

I * 1 

IF ( A- X) 1,2, 3 

1 IF(X-0)2,2,3 
3 I =2 

X-A 

2 RETURN 
Ft;n 


/DATA 

LATERAL  DISTANCE  I IJ  JFT  EXIT  DIAMETERS 


. 8 2 3 'J  3 

. 4170 

.32555 

„ 74  033 

-1.24 

-1.7200 

. 2402 

-3.4533 

-2.  30  l'J 

-1 . 3200 

- 4 . 0 2 0 G 

-4.7131 

1 . 4 74  5 

1.3507 

2.G807 

3.2002 

45.750 

18.032 

202.38 

331.55 

-2. 1080 

-3 . 2 1 J 0 

3.8424 

. 53204 

3.  3(i‘l 2 

1.327C 

10.  52 

0.5083 

-2 , 3804 

-.1705 

-8.0243 

-0.820 

12.308 

8.4045 

10.401 

10.420 

-1.811)7 

-1.5404 

-.010083 

.30732 

-1.7804 

- .10571 

.73551 

.801 32 

1.1041 

. 22007 

-.71.405 

-.3  70 

4 . 5 1 2 

5.2340 

4.5428 

2 . 0 0 0 3 

-.028720 

1.3015 

. 20  71.3 

1 .3087 

. 780 

.85110 

. 27001 

3.0174 

-.FI  7 77  -.  00  OF  3 

1.4  0 OUI1.15  Oil* 

ACTION  CUMRLETE. 

Ill- fill!  ACTIVITY. 

. 030  20;: 

1 

- 2.132" 

5.5  E >00  4 . 78  F + 0 8 

n 
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4.2.3  PROPELLER  AND  ROTOR  NEAR-FIELD  NOISF 


The  following  section  on  propeller  (and  rotor)  noise  cont.iins  two  design 
methods  based  on  theory,  but  liberally  modified,  by  expe r i men t a I obser- 
vations. Only  a brief  description  of  the  origins  of  propeller  noise  in 
included.  However  an  excellent  review  of  and  bibliography  on  noise  from 
propellers,  rotors  and  lift  fans  is  given  by  Mnrte  and  Kurtz  (l).  Also, 
a very  comprehensive  study  of  VTOL  effects  on  propeller  and  rotor  noise  is 
given  by  Sutherland  and  Brown  (2). 

The  noise  from  propellers  is  generally  assumed  to  have  origins  from  four 
sources.  Three  of  these  are  dipole  in  character.  These  are  torque  and 
thickness,  which  in  an  aerodynamic  reference  result  in  induced  drag  and 
form  drag,  and  result  in  a lateral  dipole  acoustic  source.  Noise  from 
propeller  vorticity  is  broadband  in  nature  and  is  a longitudinal  dipole 
acoustic  source.  Propeller  thrust  generates  noise  as  an  acoustic  quadru- 
pole.  Thrust  as  well  as  torque  and  thickness  generate  discrete  tone  sound. 

Lowson  (3)  and  Wright  (4)  have  recently  developed  general  theories  for 
propeller  noise  generation  which  account  for  unsteady  and  unsymme t r i ca 1 
circumferential  blade  forces.  However  t ase  theories  have  not  been  reduced 
to  general  design  handbook  useage.  The  harmonic  content  is  of  great  concern 
and  if  the  accuracy  of  the  prediction  methods  presented  in  the  following  two 
sections  is  inadequate,  theri  the  Lowson  and  Wright  methods  should  be  incor- 
porated in  the  user's  des i gnp rocedures , in  the  form  of  .omputer  programs. 

In  the  following  sub-s< ct i ons , two  similar  propeller  noise  prediction  methods 
are  presented.  The  first,  which  has  its  origins  with  Metzgar,  et  al, 

(5),  has  been  developed  for  multi-engine  conventional  propeller  driven  air- 
craft. The  second  prediction  method  is  based  on  Lowson1 s (6)  work,  but 
relies  on  empirical  relationships  derived  from  published  near  field  pro- 
peller noise  data.  The  method  is  not  accurate  in  the  rotor  plane,  but  is 
satisfactory  at  angles  greater  than  15°  from  the  rotor  plane.  Harmonic 
roll-off  rates  arid  maximum  levels  at  angles  away  from  the  propel  lei  plane 
have  been  de rived  from  experimental  data. 

4.2.3- 1 Gene  ra I i zed  ’rope  I ler-Noi se  Estimating  Procedure 

A simple  generalized  method  of  estimating  near-  and  far-field  propeller 
noise  based,  in  part,  upon  data  in  the  open  literature  has  been  developed 
by  Metzgar,  et  al.  (5)  and  is  also  included  in  the  Marte  and  Kurtz  survey 
report  (1).  This  method  is  presented  here. 

The  near-field  for  sound  level  estimates  is  defined  as  locations  within 
one  diameter  of  the  propeller  tip.  The  accuracy  of  the  sound  level 
estimates  was  determined  by  comparison  of  predicted  and  measured  sound 
levels  for  several  propeller  configurations  during  both  List  stand  and 
flight  operations.  In  general,  the  accuracy  of  the  predicted  near-field 
overall  and  fundamental  frequency  sound  levels  were  found  to  be  within 
-•  4 to  -9  dB  of  the  rm  asured  levels  (5)-  However,  for  propellers  up  to 
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15  ft  in  diameter,  where  the  tip  Mach  number  to  horsepower  ratio  is  less 
than  0.0C3  (l.e.,  M /HP  ' 0.003),  estimated  overall  and  fundamental  fre- 
quency noise  levels  were  within  i3  dB  of  Pleasured  leve's. 

Estimate  of  Near-Field  Propeller  Noise:  The  steps  in  determining  near- 

field  prope  1 1 e r-noi se  levels  or.  the  fuselage  (see  Figure  4.2.3~ia)  during 
static  and  dynamic  conditions  are: 

(1)  Obtain  a reference  level  L]  from  Figure  4.2. 3-2.  This  gives 
a partial  level  based  on  the  power  Input  to  the  propeller. 

(2)  Calculate  the  correction  to  the  partial  level  for  number  of 
blades  and  propeller  diameter;  add  20»log  4/B  where  B is  the 
number  of  blades;  and  add  40*1og  15.5/0  where  D is  the  pro- 
peller diameter  In  feet. 

(3)  Obtain  the  correction  factor  from  Figure  4.2.3~3-  This  accounts 
for  the  rotational  speed  of  the  propeller  (M^  = in-plane  tip  Mach 
number)  as  well  as  the  distance  from  the  point  of  Interest  to  the 
prope I le r disc. 

(4)  Obtain  the  correction  factor  i rom  F I gure  4 , 2 . 3-4 . This  corrects 
for  fore  and  aft  (with  reference  to  the  plane  of  propeller  rota- 
tion) iuseiage  position. 

(5)  Obtain  the  correction  factor  from  Figure  4. 2. 3-5-  This  accounts 
fer  the  effect  of  a reflecting  surface  (fuselage)  in  the  sound 

f i e 1 d . 

(6)  Sum  the  data  from  steps  1 through  5 to  estimate  the  overall 
sound  pressure  level  at  the  point  of  interest. 

(7)  The  harmonic  distribution  of  the  noise  estimated  in  steps  1 
through  6 is  found  in  Figure  4.2  3-6  (Ml  » true  tip  Mach  number, 
Including  th'  forward  flight:  component.) 

(8)  The  harmonic  levels  of  step  7 are  combined  using  the  chart  in 
Figure  4. 2. 3*7  to  derive  octave  band  levels.  If  more  than  two 
levels  are  to  be  added,  add  in  pairs  to  increase  the  accuracy. 

Sample  Calculation  of  Near-Fieid  Noise:  A sample  calculation  of  near-fleld 

noise  (see  Figure  4.2.3-lb),  using  the  method  described  in  the  preceding 
paragraphs,  is  presented  here. 


A i ret  u T L jpecu  (V  / : 
Propeller  diameter  (d): 
Power  to  propeller: 

*J\JC  1 1 L i ipt-LU  (1J)  • 
Number  of  blades  (B) : 


125  knots  ■ 210  ft/u 

9 ft 

300  hp 

i - p i, 

r , r f in 

3 


lb 


1.25  ft 


Radial  d! stance  (Z)  from 

propeller  to  Interest  point: 

Fore/aft  distance  (X)  from  0 ft 

propeller  to  Interest  point: 

Speed  of  sound  (a^):  1125  ft/s 


Part ial 
Not  se 
1 eve  1 , 
dB 


Step  1 . 

From  Fig.  *4. 2. 3-2,  L, 

121.0 

Step  2. 

Add  20  log  (*t/3) 

+2.5 

Add  Ao® log  (15.5/9) 

+9-5 

Step  3- 

Z/D  - 1.25/9  - 0.139 

Vt  - tt-D-N/60  - 3 . 1 A • 9 ■ 1 58Z4/6O  - 7*46  fps 
M - V /a  - 746/ 1 125  - 0.66 

t to 

Then,  from  Figure  *4.2. 3“3,  the  correction  is:  - I 

Step  *4 . Z/D  = 0.139 
X/D  «=  0 

Then,  from  Figure  *4.2.3'*!,  the  correction  Is  0 

Step  5-  X/D  « 0 

The  fuselage  has  a circular  wall. 

Then  from  Fig.  *4.2.3~5,  the  correction  is  +*4 

Step  6.  Thu  summation  of  steps  1 through  5 gives  u_. 

the  overall  sound  pressure  level  on  the 
fuselage  at  location  Z - 1.25  ft, 

X - 0 ft.  136.0 

Step  7-  Overall  sound  pressure  level  * 136.0 
The  fundamental  blade  passage 
frequency  - B-N/60  « 79  Hz 


tv' 


Mh  = 


..  2,1/2 

Vf  5 


(7^6  + 21  ) 

iTT[ 


r\  1 / r» 


= 0.69 


yt> 


Harmon i c 
order 


F requency 
Hz 


Harmon i c 
level,  d B 
re  overall  SPL 
( f rom  Fig.  *4. 2 . 3*6) 


Ha  rmon i c 
level,  d B 


13*4.0 

127-0 

23.0 

20.0 

18.0 
17-0 

16.0 

16.0 

116.0 

1 16.0 


Step  8.  The  octave  band  levels  are  derived  by  grouping  the  harmonics 
(step  7,  column  *0  of  the  blade  passage  frequency  within  the 
associated  preferred  octave  bands  and  combining  the  levels 
using  Fig.  *4 . 2 . 3-7. 


Pre  ferred 
oc  tave 
passbands , 
Hz 


355-710 

710-  1*400 
1*100-2800 
2800-3600 
5600-1 1 ,200 
Overa 1 1 


Harmon  1 cs 
of  blade 
passage 
frequency 
(step  7, 
column  2) 

Harmonic  levels,  dB 
(step  7,  column  *4) 

Octave 
band 
level , 
dB 
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13':.  0 

1 3*:.o 

158 

127.0 

127.0 

237,  3 | 6 

123.0,  120.0 

12*4.7 

395,  *47*4 
553,  632 

118.0,  117.0,  116.0,  116.0 

123-0 

711.  790 

116.0,  116.0 

1 n.o 

- 

7 35  • 5 
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(a)  GENERAL  CASE 


300  HORSEPOWER 


F I liUKt  k .2. 5-  1 


(b)  EXAMPLE 


‘EAR-FIEID  AX  If.  SYSTEM  FOR  PROPELLER  SOUND  LEVEL  ESTIMATES 


Partial  Leva!,  L»,  dS  ra:  0.0002  dyn/cm2 


138 


136  -- 
134 
132  -- 
130  - 
128  -■ 
126  -■ 
124  - 
122- 
170  - 


Shaft  Horaapowar 


FIGURE  4. 2. 3-2  PROPELLER  NOISE  REFERENCE  LEVtL  SHAM  HOKbEPOWER. 
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FIGURE  k. 2 . 3"3  CORRECTION  FOR  SPEED  AND  RADIAL  DISTANCE 
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FiGURE  4. 2, 3"5 


EFFECT  OF  REFLECTIVE  SURFACES  IN  THF.  PRESSURE  FIELD. 


Harmonic 


FIGURE  ^4.2.3 -6  HARMONIC  1 1 5TR  I BUT  ION  OF  ROTATIONAL  NOISE 
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U . 2 . 3 . 2 Prediction  of  Propeller/Rotor  Near  Field  Noise  Levels 

k 

For  this  section,  the  near  field  of  a rotor  or  propeller  Is  the  spatial 
region  within  a radius  of  one  rotor-diameter  from  the  center  of  rotation. 

In  this  region,  the  predominant  noise  components  occur  at  the  blade  passage 
frequency  (f(,Hz  ) and  at  multiples  thereof  (fj,  fj,  etc.).  These  fre- 
quencies are  calculated  from 


f 

m 


m x 8 x N 

So 


Hz 


(A. 2. 3-1) 


where 

m *=  1 , 2,  3,  etc. 

R d nijfnhpr  nf  hlaHps 

N = rotational  speed  (revolutions  per  minute) 

The  noise  level  prediction  method  presented  requires  the  first  harmonic 
level  (l. (d B ) at  f,(Hz))  to  br  found  by  means  of  Figures  4. 2. 3-3  and  4.2. 3“9 
for  a position  In  the  plane  of  the  propeller  at  the  desired  radius  from  the 
propeller  center.  The  level  at  other  azimuthal  positions  on  this  radius,  and 
the  levels  of  other  harmonics  (for  m » 2,  3 and  4)  at  any  desired  azimuth, 
will  be  calculated  by  the  use  of  corrections  ( dB)  applied  to  the  value  of 

Lr 

Prediction  Method: 

(l)  The  required  parameters  are: 

B - the  number  of  blades  on  each  propeller 
T - the  total  thrust  developed  by  each  propeller  (lb) 

N - the  rotational  speed  of  the  propeller  (in  rpm) 

D - the  propel ler/rotor  diameter  (ft) 

Mt  - the  blade  tip  Mach  number 

i or  VTOL  aircraft,  the  maximum  thrust  is  generated  at  takeoff. 

In  this  case,  the.  following  approximations  can  be  used  to  give 
a preliminary  estimate  of  the  thrust  and  tip  Mach  no.: 

T - Aircraft  gross  we i ght/number  of  propellers 


k 

This  method  is  reproduced  from  work  by  Sutherland  and  Brown  (2). 
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and 


M 


n DM 

t ' 50"  * H20 


(4. 2.3-2) 


(2)  Compile  or  plot  a matrix  of  field  points  at  which  sound  level 
estimates  are  required.  For  each  point,  calculate  the  radius, 

r (ft)  from  the  center  of  the  propeller,  and  the  axlmuthal  angle, 
^(degrees)  from  the  disc-plane  of  the  propeller  (see  Figure 
4.2. 3— 1 0 for  coordinate  system  definitions).  Sound  levels  w 11 
now  be  estimated  for  each  point  at  coordinates  (r/D,  i />). 

(3)  From  the  estimated  thrust  per  blade  (T/B)  and  propeller  diameter 
(D)  , find  level  L|  from  Figure  4 .2.3-8  or  from 

L j =*  110  + 20*log10  (T/B)  - 40.log  D dB  (4.2.3‘3) 

(4)  For  the  aesired  field  point  radius  (r/D,  (0.5  r/D  <_  1,0),  find 
incremental  level  AL  ^ from  Figure  4.2. 3_9  or  from 

AL(1)  = -40* log  0 [r/D  - 0.35)  - 6 dB  (4.2.3"4) 

(5)  For  each  of  the  harmonic  frequencies  f « Hz, 

(2)  m 60 

find  the  incremental  level  AL  from  Figure  4-2.3-11  for  the 

m 

appropriate  values  of  and  r/D,  respectively. 

(t)  For  <J/  = 0,  that  is,  for  levels  in  J:he  disc-plane,  the  sound 

pressure  levels,  SPL  (dB  re  2GpN/mn  at  each  frequency  f (Hz) 

, . m TP 

are  given  by 


5PLm(r/D,  <L) 


L | + 


Al 


(I)  A , (2) 


+ AL 


(3) 


mb 


dB 


(4.2. 3-5) 


where  AL^mB  ^ is  obtained  from  Figure  4.2.  12  for  the  appro- 

priate values  of  mB  and  ip , respectively. 


(7)  For  structural  surface  sound  pressure  levels,  add  6 dB  to  each 

va  I ue  ii  tlic  curvccc  i -j  tl.jf,  or  Z Ln  4 dii  fm-  . i i ^ ■ f ' -nrf. ire", 
(see  also  Section  4.2,5). 


(8)  For  field  points  at  1.0  r/D  - 3.0  a more  elaborate  procedure 
h c been  developed  by  Sutherland  and  3rown  (2)  which  should  be 
r f-rr-'d  to  If  prediction  in  fhls  reqion  is  required.  For 
field  points,  r/D  > 3,  far-field  theories  such  as  those  of 
Lowson  (3)  and  Wright  (4)  ate  generally  applicable. 


Rf, 


, First  Harmonic  Sound  Pressure  Levet,  dB  re:  20  ^N/m 
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4. 2.4  BYPASS  FAN  ENGINES  AND  DUEILO  PKUHELl  LKS 


Although  bypass  tan  engines  tiave  been  in  service  for  near  ly  1 ‘j  years,  no 
generally  applicable  methods  have  been  developed  for  predicting  noise  within 
fan  ducts.  However,  It  Is  significant  to  note  that  sonic  fatigue  failures 
In  Internal  fan  duct  structure  hav  been  noted.  Hancock  (1)  reports  the 
results  of  noise  measurement  tests  within  the  TF- 3**  nacelle  and  shows  an 
empirical  correlation  of  the  data.  There  is  no  reason  to  believe  that  this 
correlation  is  generally  applicable  to  other  engines;  however,  the  results 
are  included  In  this  report  as  being  representative  of  the  best  available 
data  and  rnay  be  used  as  a guide  for  order  of  magnitude  only.  It  is  strongly 
recommended  that  measurements  be  made  In  an  operational  system  If  fatigue 
problems  are  suspected. 

A method  was  developed  for  estimating  near-field  noise  levels  for  ducted 
propellers  (outside  the  duct)  by  Sutherland  and  Brown  (2).  The  method, 
very  preliminary  in  nature,  Is  applicable  to  VTOL  propulsion  systems  such 
as  ducted  propellers,  tip-turbine  lift  ins  and  other  propeller/fan  con- 
figurations. It  Includes  gross  effects  of  rotor-stator  interactions  and 
duct  mode  characteristics.  The  method  requires  the  use  of  the  propeller 
noise  calculation  procedure  of  Section  4. 2. 3. 2. 

4 . 2 . 4 . 1 Inlet  Duct  Multiple  Pure  Tone  Noise  Level  for  a High  Bypass 
Ratio  Tutbofan  Engine 

The  lack  of  available  data  and  methods  for  predicting  sound  levels  inside 
turbojet  and  turhofan  engines  has  forced  engineers  and  designers  to  resolve 
sonic  fatigue  inlet  failures  on  a case-by-case  basis.  The  description  of 
one  such  effort  is  presented  by  Hancock  (1).  He  presents  an  experimental 
program  based  upon  a series  of  full-scale  tests  to  determine  the  effect  of 
both  engine  and  aircraft  operational  parameters  on  nacelle  internal  sound 
levels.  An  empirical  correlation  of  th  data  resulted  in  an  order  of 
magnitude  estimate  for  the  peak  narrow  band  sound  level.  This  empirical 
correlation  Is  presented  in  the  form  of  a design  chart. 

Derivation:  During  the  development  program  of  an  airciaft  utilizing  a 

TF-34  turbnfnn  engine,  sonic  fatigue  cracks  occui red  in  the  inlet  structure 
and  resulted  in  a dor,  ign  change.  I he  forcing  function  was  In  the  range 
of  1 kHz  and  was  assumed  to  be  Multiple  Pure  Tones  (MPT)  generated  by  the 
supersonic  fan  blade  tips  at  high  power  rather  than  the  blade  passage  at 
low  speeds.  These  lower  frequency  tones  have  been  variously  called  buzz 
tones,  combination  tones,  and  multiple  pure  tones.  They  originate  as 
shock  waves  at  the  blade  leading  edges  and  appear  several  blade,  chord 
lengths  forward  of  the  blades  at  orders  of  rotational  frequency  rather  than 
at  the  blade  passage  frequency.  this  phenomenon  has  been  desr.rihe.d  in  the 
literature  (o.y.(  references  3 and  4). 
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Hardware  Description:  A cross  section  showing  relevant  englne/inlet  condi- 

tions is  given  In  Figure  4.2.14-1.  The  Iniet  extends  forward  from  the  A-4 
engine/lnlet  mating  flange  shown  to  approximately  27  Inches  forward  of  the 
TF-34  fan  tip.  The  shroud  Inner  diameter  at  the  fan  tip  Is  43.6  inches. 

The  fan  is  single  stage  with  28  blades  of  6 1/4  Inches  chord  at  the  tip  and 
a bypass  ratio  of  6.23.  Other  pertinent  engine  characteristics  are  sum- 
marized in  Table  4. 2. 4-1.  This  engine  has  no  inlet  guide  vanes  (iGV),  and 
outlet  vanes  (OGV)  are  located  far  enough  behind  the  fan  not  to  affect 
inlet  levels  appreciably. 


TABLE  4. 2. 4-1 


TURBOFAN 

CHARACTERISTICS 

TF-?4 

TF-41-A1 

No. 

of  First  Stage  Fan 

Blades 

28 

25 

No. 

of  Fan  Stages 

1 

3 

Fan 

Bypass  Ratio 

6.23:1 

0.75:1 

RPM 

at  My  ■ 1.20  (Std . 

Day),  RPM 

6550 

7450 

Fan 

Diameter,  Inches 

43-6 

37  - d 

F dll 

Mass  flow  (Approx. 

) . 1 h /sec 

250 

260 

F an 

Tip  Chord,  Inches 

6.25 

6 

RPM 

at  Tip  Rad i a 1 M = 

1 .0, RPM 

5760 

6650 

Acoustic  Measurements:  Microphone  locations  .->re  identified  in  Figure 

4.2. 3-1  as  to  three  circumferential  and  five  axial  stations.  The  micro- 
phones were  0.080  Inch  In  diameter  and  were  Installed  through  tne  sFln  to 
sense  surface  pressure.  Those  In  the  Inlet  portion  of  the  structure  were 
Installed  through  1/8  inch  diameter  flush  h.-j.l  rlv‘  t<,  ,(nd  "looked"  at  the 
lnn>r  surface  through  0.040  inch  diameter  holes  approximately  0.030  inch 
lung  to  pr  ent  slippage  Into  the  Inlet.  This  resulted  In  o cavity 
resonance  of  about  7000  Hz,  but  sharp  enough  so  that  data  to  S KHz  wei e 
riot  affected.  Resolution  of  higher  frequency  data  would  be  better  done  by 
mounting  the  dlaphrarn  flush. 


ENGINE/INLET  A4  MATING  FLANGE 


INSTRUMENTA1  ION  KEY 


MIC  NUMBER 

ll 

2 

3 

4 

S 

B 

7 

8 

9 

1C 

STATION 

A 

n 

C 

D 

E 

R 

B 

1 

D 

D 

b4° 

1)4° 

40° 

.ir.° 

4B" 

210° 

300° 

50° 

225° 

31! 

DIST  FROM  FAN 

+ 18.08 

+ 8.31 

+.7S 

3.44 
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FIGURE  4.2.U-1  ENGINE  INLET  CONFIGURATION  AND  MICROPHONE  LCMM'lONS 


Structural  response  was  the  primary  consideration  tor  these  measurements, 
and  amplitude  definition  above  5 KHz  Udi  not  considered  relevant.  Pressure 
measurements  were  complemented  with  a number  of  accelerometers  and  strain 
gages  located  both  near  and  remote  from  tbe  microphones.  Those  were  impor- 
tant in  verifying  shaker  determined  local  responses  and  assessinq  fatigue 
life  properties  under  the  actual  environment,  but  were  not  overly  important 
from  the  standpoint  of  environment  definition.  They  did,  however,  allow  the 
early  conclusion  that  failure  was  caused  by  local  response  rather  than 
major  hoop  or  entire  panel  section  response  between  main  frames. 

Data  were  measured  on  a number  of  runs  with  the  engine  mounted  in  a test 
cell  to  simulate  Its  aircraft  mounting.  Engine  centerline  height  duplica- 
tion became  a relevant  point  because  of  an  inlet  vortex  generated  by  the 
presence  of  the  ground  plane.  Its  presence  was  similar  In  effect  to  any 
other  duct  obstruction,  such  as  1 G V or  other  protrusion.  Inlet  levels 
were  increased  about  2 dB  with  the  vortex  present  and  varied  +2  dB  circum- 
ferentially. In  general  the  pressure  perturbation  area  at  the  base  of  the 
vortex  covered  several  square  inches  with  an  essentially  random  charac ter i s- 
t i c . 

This  vortex  is  present  during  static  runs  arid  disappears  at  a forward  air- 
craft velocity  of  about  30  Kts.  For  data  recording,  fan  r pm  was  slowly 
vai ied  f i urn  idle  to  maximum  power  for  individual  runs.  Several  cel)  runs 
./er<  made,  covering  an  ambient  temperature  range  of  40°F  to  55°F.  This 
esulted  in  maximum  attainable  fan  rpm  (N^.)  variations  from  6400  to  6800 
for  specific  runs. 

Figure  4. 2.4-2  illustrates  narrow  band  noise  spectra  obtained  at  microphone 
location  2 (8.3  inches  forward  of  the  fan)  at  subsonic  and  supersonic  tip 
speeds.  Blade  passage  (28  N^)  dominates  the  subsonic  case.  With  super- 
sonic tips,  blade  passage  ha.,  been  submerged  in  the  MPT's  which  now  dominate 
the  spectrum.  Kester  (3)  and  Philpot  (5)  have  ascribed  this  phenomenon  to 
non-uniformities  between  blades  and  resulting  non-uniform  sjwtooth  shock 
patterns,  with  non-linear  propagation  serving  to  redistribute  the  energy 
originally  generated  wi th  the  blade  passage. 

Various  authors  (references  5,  6,  7)  have  proferred  methods  to  calculate 
overall  levels  forward  of  the  fan,  including  MPT  contributions.  And 
recently  Pickett  and  Kester  (references  B,  9)  have  shown  a general  predic- 
tion of  spectral  levels  based  on  a statistical  model  related  to  types  of 
blade  geometry  and  manufacturing  tolerances.  For  this  design  problem, 
however,  it  was  deemed  advisable  to  empirically  define  the  maximum  harmonic 
lev.  Is  around  1 KHz,  since  I espouse  in  tiiis  i anye  had  already  been  deter- 
nined,  Fiyuic  3.2. 4-3  shows  the  relation  between  oveiull  level,  blade 
passage  and  .he  maximum  MPT  spectral  component  level  occurring  between  800 
and  2000  Hz  as  a function  of  engine  rpm.  This  latter  is  to  he  distinguished 
fror,  !,  rid  I-'."'.'  lo'/'d  To  ay  fond  *h-"  d.,|  ■ . - e-.m  j -.  g-  j on  , .I'M  i 1 .'Mg  HPT  daU. 
for  t ha  TF-41  engine  was  utilized.  The  TI-41  is  a three-stage.  0.75  by- 
pas  ■ latlo  fan  with  25  first  stage  blades.  Each  stage  has  outlet  guide 

The.  variation  of  overall  sound  levels  with  engine  KPM  is  shov/ri  for 
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reft!  re  nee . Oata  in  this  figure  ore  averaged  lor,  the  v<u  ion:,  inlet  locu- 
tions. Overall  levels  generally  follow  an  (RPM)'"'  slope.  1 he  figure  clearly 
shows  that  in  ail  cases  the  inlet  levels  pass  through  a peak  wi th  increasing 
rpm.  I he  peak  for  these  dura,  am!  iliai  shown  in  Lin.  literature  (e.g,  ref- 
erence 3 and  5),  occurs  at  the  rpm  corresponding  to  a tip  relative  Math 
number  (My)  of  I 2,  i.e.,  vector  sum  oi  axial  Inflow  velocity  and  up  radial 
velocity.  The  axial  velocity  is  a function  of  inlet  airflow  character i s t l cs 
and  p rssure  losses,  and  requires  interpretation  in  combination  with  fan 
per  fen  innnCt  curves.  As  shown , the  peak  for  the  c.uxi.r.u"  200-2000  Hz  compo- 
nent is  extremely  sharp.  It  was  fou.id  that  with  different  ambient  condi- 
tions, causing  1.2  tip  M to  occur  at  a different  rpm,  the  1.2  M peak  also 
moved  along  an  (RPM)®  slope.  This  was  later  confirmed  over  a wide  range  of 
ambient  conditions  during  flight,  as  was  the  sharpness  of  the  800-2000  Hz 
component  peak  at  1.2  My.  Access  to  a limited  number  of  points  in  flight 
and  test  ce'l  data  at  different  ambient  conditions  allowed  this  point  to  be 
plotted  at  engine  speeds  ranging  from  5800  to  6800  rpm.  This  extremely 
sharp  peak  existed  in  all  cases.  It  was  found  to  vary  with  an  My  exponent 
approximating  +40  in  the  range  down  to  5 dB  either  side  of  the  peak  (My  = 

I . 1 6 - 1 .24)  and  tapered  to  an  exponent  of  +24  at  20  dB  down.  No  ready 
explanation  can  be  offered  for  this  degree  of  dependence.  The  TF— 4 1 maximum 
spectral  component  In  the  same  frequency  range  was  found  to  follow  a similar 
trend,  although  the  exponent  was  not  determined.  A comparison  of  spectra 
at  1.20  My  is  given  in  figure  4. 2. 4-4  for  the  microphone  location  just  for- 
ward of  the  blade  (5.62  in.  for  the  TF-41  and  8.31  for  the  TF-34).  Blade 
passage  tone  for  the  TF— 4 1 remains  strong,  but  the  MPT  levels  are  not  as  high 
as  for  the  TF-34.  Apparently  more  energy  is  extracted  quicker  from  the 
original  blade  passage  tone  in  the  case  of  the  TF-34  than  for  the  TF-41. 
Reference  y shows  UraL  in  ccrtuin  cases  bind'-,  suction  surface  geometry  can 
affeC'  e process  - a blade  with  a larger  radius  of  suction  surface  curva- 
ture 1".  more  nearly  flat)  will  generate  a shock  pattern  extracting  more 
energy.  Both  fan  blades  exhibited  very  nearly  flat  surfaces  to  about  the 
three-quarter  chord;  so  obviously  this  idea  did  not  apply.  This  is  a com- 
plex process,  and  no  attempt  was  made  to  explain  this,  beyond  a literature 
review,  since  TF-41  data  were  used  only  in  this  problem  to  illuminate  the 
general  phenomenon. 

Extrapolation  to  Flight.  Once  the  static  test  cell  noise  was  defined  for  a 
range  of  operating  variables,  it  remained  to  extrapolate  these  or  otherwise 
anticipate  the  levels  during  flight  to  predict  life  fur  the  new  inlet  design. 
Based  on  available  information  and  a static  reference  level,  a simple 
empirical  relation  was  developed  to  describe  the  maximum  MPT  spectral  level 
between  800-2.000  Hz.  in  terms  of  flight  parameters: 

p2  - KMn  n2  N6(BDl)  (VP) 

1 1 *3 


— 1" dii  Tip  Vcciur  Fiticli  No. 


Tf-41  11,?'? 


n “ Experimentally  determined  exponent  varying  lnlw.iri  *10  at  5 dB 
down  from  the  peak  value  at  1.20  ^ and  24  at  20  dB  down  from 
the  peak. 

(ja  - Locul  dens  It/  near  th<  fan  rip 
N •=  Fan  rotational  speed 

BD I = Blade  Difference  Index  - a measure  of  difference  between  blades 
of  one  engine  and  those  of  another  - assumed  j.  1 dB  averaged 
over  an  octave  band  at  high  blade  loading  and  ±3  dB  at  low 
loading  (Reference  8) 

VP  ” Vortex  Presence  near  the  ground  - disappears  at  forward  speeds 
near  30  Kts  - probably  on  the  order  of  +2  dB. 

These  parameters  o e interrelated  to  a large  extent,  and  it  is  probable 
that  a number  of  other  expressions  could  be  developed  of  equal  merit.  In 
any  event,  these  variables  have  been  enumerated  for  reference  and  have  fit 
the  available  data  well.  In  terms  of  Narrow  Band  Sound  Pressure  Level  (10 
Hz),  the  above  expression  is  (within  5 dB  of  the  M..  peak): 

H p 

Max  SPL  (800-2000  Hz)  » K,  - K2  | Log  -p-^-  j - 20- log(-£.)  - 60-  Log(^°.)i3  db 


(4. 2. 4-1) 

The  last  term  combines  the  B0 I and  VP  which  should  average  out  to  about  ±3 
dB  for  production  engines  flown  in  the  nacelle.  Recent  flight  test  data 
have  confirmed  the  expression  at  altitudes  of  10,000,  19,000  and  30,000 
ft.  within  3 dB.  At  the  two  higher  altitudes  it  gave  levels  3 dll  higher 
than  measured.  It  was  therefore  accepted  as  valid  fer  fatigue  life  pre- 
diriori  of  the  inlet.  (It  is  to  be  emphasized  that  the  137  dfi  reference 
'cvel  is  a function  of  engine  and  nacelle  design  and  If  a problem  is  sus- 
pected, then  tests  should  be  run  on  the  actual  engine). 

Design  Chart:  The  chart  presented  in  Figure  4. 2. 4-9  is  a solution  Lo  the 

equation  (which  gives  the  SPL  In  a 10  Hertz  bandwidth) 

where  the  constant  Kj  should  in  principal,  be  determined  for  each  engine, 
hut  for  present  purposes,  was  determined  to  be, 

K,  = 157  , (4. 2. 4-2) 

for  the  TF-34  engine.  The  constant  Kp  was  determined  to  be,  K.^  = 400 , until 
the.  term 


K2  I lug  y—  I _ 20 


(4. 2.4-3) 


and  then  the  constant  was  empirically  determined  to  be  ■■  240, 

The  other  parameters  in  the  equation  are  defined  m the  list  of  symbols 
above . 


100 


k.2.^.2  Noise  from  Ducted  Rotors 


In  Section  .2.3-2  a method  was  presented  for  determining  the  near-f  ield 
noise  levels  for  a free  propeller  (or  rotor).  Sutherland  and  Brown  (2) 
have  extended  their  propeller  noise  prediction  method  presented  there  with 
some  very  approximate  concepts  to  permit  a gross  determination  of  the  effects 
of  a duct  on  the  near  field  rotor  noise  (outside  the  duct).  Rotor-stator 
interactions  are  also  Included  in  the  prediction  scheme.  This  prediction 
method  was  compared  with  limited  experimental  results  by  Plumblee,  et  a!., 

(10)  and  was  found,  In  that  comparison,  to  be  reasonably  accurate.  However 
no  absolute  accuracy  or  error  estimate  is  possible  because  of  the  limited 
comparisons  with  experiment. 

Prediction  Method:  The  method  is  designed  to  be  used  in  conjunction  with 

the  free  rotor  prediction  method  of  Section  k.  2. 3-2  The  following  correc- 
tions are  api  lied  to  the  free  rotor  near-field  nols'-  levels: 

■ Duct-Transmission  Loss  ( TLm ) 

Rotor-stator  Interaction  (A?) 

• Directionality  Corrections 

The  additional  design  parameters  required  for  estimation  of  these  corrections 
are : 

V » the  number  of  stator  vanes  in  close  proximity  to  the  rotor  disc. 

(d/c)  » the  separation  distance  between  the  rotor  and  stator  blades 
(trailing  « dge  to  leading  edge)  divided  by  the  chord  of  the 
downstream  blade. 

(x/R)  = the  axial  duc.t- length  between  the  rotor  disc  and  the  duct 
leading-edge,  divided  by  th-  duct  radius  (R) 

n ■=  the  hub-ro-tip  radius  ratio  of  the  duct. 

(1)  Calculate  the  sound  harmonic  levels  for  a field  point  in  the  disc.-plane, 
at  the  required  r/D,  by  steps  1 through  6 of  Section  L.2.3-2 

SPL  (r/D,  if  = 0lJ)  * L]  t AL<’>  + AL^’^  dB 

These  levels  require  the  following  duct  corrections. 

(2)  Calculate  the  duct  transmission  loss,  TL  , as  follows: 

If  d/c  - 2.0,  find  the  lowest  value  of  #.  = | mB  - sV|  , for  each 
fi a rmori i c order  m. 

s = 0 , I , 2 , 3 , etc  . 
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If  d/c  _ 2 . 0 , or  if  rio  stators  are  present,  l • mB,  for  each 
harmonic  order  rn. 

For  each  harmonic  order  (m) , find  the  value  of  (kj/r^  R)  from 
Table  *t. 2.4-2  for  appropriate  values  of  o and  l. 

If 

mBM  > {l4r'>R) 

then 


if 

mBM  < (k<r)R) 

t X 

f hen 

Tl  ^ » 8.68  (x/R)  /(k^r^R)^  - (mBM^)^ 


(4.2.4-<i) 


HB  (4  2.4-5) 


TABLE  4. 2. 4-2 

CUT-OFF  VALUES  Of  (kjr)R)  FOR  DUCT  SOUND  TRANSMISSION 
(from  Reference  11) 


Huh- to- Tl p 
Kad  i Us  Ratio 

) =* 

(mB)  or 

| mB  1 sV| 

a 

2 3 

4 

8 

12 

16 

37 

0 

3.06  If. 2 

5.3 

9-7 

14.0 

18.  1 

34 . 6 

. Z 1 > 

3.01  f| . 7 

5-3 

9.7 

14.0 

18.  1 

3*t.6 

• 50 

2.63 

5.7 

9.6 

1*1.0 

18.1 

3*1.6 

• 75 

.30  T . r. 

f) . 6 

9.5 

13.9 

17-9 

m ~ blade  passage  harmonic  order 
B - number  ol  blades 
v = number  ot  vanes 

R = 
s = 

outer  (tip) 
any  integer 

rad  i 

(0, 

us 

1,  2,  3...  . 

(3)  Calculate  the  rotor-stator  interaction  (A  ),  a.  follows: 

s 

1 f 


d/c  > 2.0  , 


then 


As  = 0 


(4. 2. 4-6) 


1 f 


d/c  < 2.0  , 


then 


As  - 3 - 20  log  (d/c)  dB  4.2. 4-7) 

(4)  The  corrected  sound  pressure  levels  In  the  disc-plane,  at  the 
requl red  r/D - are  , 

SPL  ( r/D , iji  - 0°)  - L,  + AL(1Wal(2)  - IL  + A.  dB  (4.2.4  8) 
m I m ms 

where  the  first  three  terms  are  found  fiom  Section  4 . 3 • 3 - 2 . 

(5)  For  f t 0°,  that  is,  for  levels  outside  the  disc-plane,  the  sound 
pressure  levels  are  corrected  to: 

SPL  (r/D,  if)  - SPL  (r/D,  0°)  +AL(3)m„  , dB  (4. 2-4-3) 
(3) 

where  AL  „ is  obtained  from  Figure  4.2.3-12,  tor  the  appropriate 
niB  ( ip 

values  of  J.  (instead  of  mD)  found  in  step  2,  and  for  angle  i|>. 

(6)  For  structural  surface  sound  pressure  levels,  add  6 dB  to  each  value 
If  surface  Is  flat,  or  3 d3  for  curved  surfaces  (or  cl-e  refer  to 
Sect  ion  4.2.!>.2)  . 
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b.  2.5  NOISE  PREDICTION  ON  A I KCR.AF  T SUREACtS 


Most  of  the  methods  presented  In  the  previous  sect  it. ns  are  based  on  predict- 
I ng  noise  In  the  free  field.  In  actual  situations,  there  are  several  effects 
In  the  radiation  field  which  alter  the  tree  field  sound  pressure  level  and 
distribution.  The  most  critical  effects  are  those  due  to  fl)  ground  reflec- 
tion, (2)  structural  reflections  and  (3)  aircraft  forward  motion.  There- 
fore, this  section  will  concen' rate  on  a description  of  sh  . I I f i ed  predic- 
tion methods  characterizing  these  three  effects. 

b . 2 . S . 1 Ground  Reflection  Effects  for  Jets  and  VTOL  Jels 

There  Is  no  doubt  that,  ground  reflections  can  cause  the  most  drastic  modi- 
fications of  the  sound  level  and  spectrum  shape  at  a point  of  any  of  the 
effects  discussed.  The  sound  pressure  can  increase  to  tire  point  of  doubling 
and  at  the  other  extreme  can  be  completely  cancelled  tor  a monopole  type 
of  source.  And,  the  problem  of  ground  reflection  Is  of  even  more  signlfl- 
1 ance  for  highly  directional  sources.  For  Instance,  on  VTOL  aircraft  which 
may  have  0 vertically  oriented  jet  the  ground  reflection  completely  domi- 
nates the  sound  field  forward  of  the  jet  exhaust. 

The  problem  of  ground  reflection  exists  for  all  types  ot  aircraft  noise 
sources  in  one  of  two  manners.  First,  in  performing  near  Field  noise 
tests,  especially  with  Full-scale  hardware,  the  data  to  be  measured  Inher- 
ently contain  ground  reflections  to  some  degree.  The  height  above  the  ground, 

the  distance  i i uni  iutr  suUiuu  iu  tin.,  i IlIu  pu  i ii  l uiiJ  the  i Ilipcduilcc  ui  tile 

ground  surface  all  have  major  effects  on  the  reflected  contribution.  Unless 
the  situation  for  the  near  field  noise  prediction  exactly  duplicates  the 
test  set  up,  the  ground  reflection  contribution  will  be  erroneous,  with  a 
high  probability  of  significant  errors  In  SPL  and  spectral  shape.  Second, 
in  the  rase  where  the  near-field  noise  prediction  method  Is  truly  f ree- 
field,  ground  reflections  must  be  evaluated  and  included  if  thr  prediction 
or  the  sliuatiori  warrants  it. 

The  usual  method  for  determining  ground  reflection  effects  is  to  assume  an 
Image  source  which,  In  effect,  presumes  a rigid  ground  plane.  This  technique 
has  been  used  for  quite  some  time  and  was  initially  1 oposed  as  the  method 
to  account  for  jet  noise  ground  reflection  by  Howes  (l).  The  most  recent 
study  of  ground  reflections  was  presented  by  Sutherland  and  Brown  (2).  They 
derived  a technique  for  accounting  for  source  directivity  thus  providing 
the  mos t general  technique  available.  Other  studies  ol  g uund  ref  lection 
effects  are  q i ven  by  Hoch  and  Thomas  (3),  Eldred  (V),  Franken  (5)  and 
Morgan  , e t a 1 . (6 ) . 

De  r i va  t Ion:  The  source,  image  source  and  teceiver  are  illustrated  in 

Figure  1) . 2 !. S - I . The  derivation  to  follow  is  after  Sutherland  and  Brown 
(?)  Source  directivity  Is  included,  however  the  ground  plane  is  assumed 
to  be  rigid,  which  is  not  unreasonable  for  most  surfaces  ovei  which  ait- 
craft  operate. 

Rrferi  Iny  to  riyure  b . 2 . 5 - 1 , the  mean  square  sound  pressure  at  a receiver 
in  the  sound  field  of  a point  source  and  its  image  '.nunc  dn  to  a perfect 
reflection  can  he  expressed  as 
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UGUKE  b.2.1)-  1 NOMENCLA I URL  AND  COORDINATE  SYSTEM  TOR 
HI  ELECTING  SOURCE  ABOVE  INEINITE  PLANE 


10/ 


+ 2r  C] 


(4.2 .5-0 


P2  - (P ",  + P )2  - P2[l  + r2 
dr  d 


where 


P^,  Pf  “ direct  and  reflected  pressures  respectively  at  the  receiver 
2 —2—2 

r « Pp/Pj,  ratio  of  mean  square  reflected  to  direct  pressures 


and 


/_5  'nr- 

C *»  P.P  //P.P  , the  correlation  coefficient  between 

dr  dr 

P,  and  P 
d r 

( ) signifies  a long  time  average 


For  a directive  point  source  with  a directivity  factor  D(fi),  the  ratio  rl 
Is  g i ven  by 

,2 


R“"  D(O') 

-^7  ■ WT 


14.2.5-2) 


where 


and 


R'  = R j 1 + j " cos  °J  • t^e  distance  from  the 

image  source  to  the  receiver 

1 


tan 


,in  0/(  ? ~ - cos  (jj  J , the  angle  between  the  source- 


image  axis  and  the  radius  R' 


H'  * source  elevation  above  the  ground  plane 


If  the  source  consists  of  an  Ideal  band  of  white  noise,  the  correlation 
coefficient  C can  be  shown  to  be  (1,6) 


s 1 n [ ii  f ib]  . / n 1 

C „ — — co3  2 ir f - / 1 + (b/2) 

n f r b I c I 


(4. 2.6-3) 


whe  re 


i “ (Rl  - R)/a  , time  delay  between  dirert  and  reflecled  signals 
b = At/f 


f = renter  frequency  of  band 


I0« 


Af  «=  bandwidth  of  noise  (Ideal  filter) 

a “ ambient  speed  of  sound 
o 

for  plotting  purposes.  It  is  convenient  to  transform  the  coordinate 
system  to  rectilinear  coordinates  x,  y where  x Is  the  vertical  distance 
below  the  jet  exit  plane,  and  y Is  the  lateral  distance  parallel  to  the 
ground  plane.  Furthermore,  by  expressing  distances  In  terms  of  nozzle 
height  and  frequencies  in  terms  of  the  ratio  of  source  height  ( H 1 ) to 
wavelength  X » a /f  , then  for  an  octave  band  of  noise,  b 0-707,  and 
one  obtains  ‘ 


2 

r 


(R/H'P 

[ (R/H  ' ) 2 + lt(l  - x/H  ' ) ] 


D (6  1 ) 

wr 


c 


sin  B 
B 


cos 


3B 


(4. 2. 5-4) 


whe  re 

B - rrG  j / (R/H 1 ) 2 + 4(1  - x/H1  ) - R/H'  ] / /2 

G r-  f ‘ H'/a^  " H'/X,  t he  ratio  of  source  height  to  wavelength 
R/H'  - [(x/H1 )2  + (y/H1 )2]  1/2 

U = cos  1 (4. 2.5-5) 

and 


tquations  (14.2.5-4)  and  (4. 2. 5-5)  arc  used  in  tquation  (4.2, 5-1)  to  determine 
contours  of  constant  values  of  the  quantity 

A - I0.lu<f[l  + i2  + 2 1 C]  dB  . (4.2. 5-6) 


This  is  simply  the  chanye  in  sound  le”"!  in  decibels  due  to  1 11  Li  odue  L I On  of 
Lhe  ground  plane.  Contours  o!  this  r<  1 lection  correction  were  computed  (2) 
for  three  general  cases: 

(1)  A nondirective  point  source, 

(2)  A "point  source"  simulating  the  far  field  directivity  oi  an 
ambient  air  jet , and 

(3)  A "point  source"  simulating  a turbojet  engine  as  a heated  jet. 
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For  the  nond  1 rec  t i onu  1 (monopole)  source,  D(c)  = u(O')  I.  For  an  ambient 
air  jet  source,  the  uirectiv:iy  factor  can  be  approx  1 n.  . Lt-H  as 

0(e)-  — SSlL SL rr—  (4. 2. 5-7) 

j(!  - M cos  0)2  + (aM)2 \ljJ1  jl  + C^e  fj  j 

where 

M is  the  eddy  convection  Mach  number 

K = 0.56,  an  arbitrary  constant  selected  so  that  /d(8  ) • s i n'df)  = 1.0 
2 

a = 0.3,  a correction  factor  for  finite  eddy  decay  time 

» 2,  an  empirical  constant 

= 12.3  pti  radian  t Oil  iricul  constant 

This  directivity  factor  is  based  on  the  theoretical  model  derived  by  Rlbner 
(7)  and  modified  by  an  empirical  exponential  term  in  the  manner  proposed  by 
Plumbiee  (8)  to  account  for  the  decrease  in  directivity  near  the  jet  axis. 

The  following  constants  are  used  in  Equation  (4.2.5~7)  to  simulate  the 
far  field  directivity  of  a full  scale  turbojet  engine. 


K = 0.37  ' 
a2  = 0.3 
C,(  = 310 


Directivity  constants  for  heated  jet  . 


To  give  an  idea  of  the  effect  cf  source  directivity  and  reflection  on  the 
sound  field,  typical  results  for  a monopole  source  and  a nearly  vertically 
oriented  jet  are  shown  in  Figure  4. 2. 5-2  (from  Sutherland  and  Brown  (2)). 

The  sound  field  for  the  mono-ole  source  is,  foi  the  case  chosen,  modified  by 
a maximum  of  ±4  dU  due  to  1 1 to  reflection.  However  for  the  source  with 
directivity  of  a vertically  oriented  jet,  an  increase  of  10  dB  is  observed, 
1'hit;  1 1 lust  rntlng  tho  f inn t finance  nf  including  qround  reflections  in  a 
noise  estimate  procedure. 

Tables  and  Computer  Program  for  Reflection  of  Octave  Bands  of  White 
Noise  from  a Rigid  Reflecting  Plane:  Tables  and  the  computer  program 

utilized  for  their  generation  are  provided  for  calculating  the  change  in 
octave  band  levels  due  to  ground  reflection  from  a rigid  plane  for  n point 
source  which  simulates  the  directivity  ot  3: 
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;</H’  Vertical  Distance/Source  Elevation 


y/H’;  Lateral  Distance/Source  Elevation 
(a)  Change  in  SPL  (in  decibels)  for  monopole  source  above  ground  plane 


y/H1  , Lateral  Distance/Source  Elevation 


(b)  Change  in  SPL  (in  decibels)  for  jet  above  ground  plane 

FlUbKE  A.2..S-2  EFFECT  uF  bOUKCE  D!  KELT  IV I TY  ON  lUUMlKO  ' OIICU  ni'IIl  (II 


• Non-d i rect Iona  I monopole  source 


• Jet  noise  source 


The  computer  program  prints  tables  In  a geometrically  arranged  matrix 
array  of  either  or  both  of  the  following  quantities  (A  t h).  Ihe  relevant 
equations  are  derived  In  the  previous  section.  The  geometry  of  the  prob- 
lem Is  illustrated  In  Figure  4.2. 5*3. 


A 


10.log 


Mean  Square  (Direct  Reflected  Pressure) 
Mean  Square  Direct  Pressure 


dB  (4. 2. 5-8) 


The  change  in  sound  level  due  to  introduction  of  the  rigid 
reflecting  plane,  arid 

B - Lq  - 20- log  (j^)  + 1 C«  1 og  (D  <Q ) ) dB  (4.2.  5*9) 

the  sound  level  at  a position  R,  6,  in  t hie  absence  of  a reflecting 
plane,  of  a point  source  with  a directivity  factor  D(0),  and  space 
average  sound  level  L0  at  a reference  distance  H.  For  printout, 
the  polar  coordinates  are  converted  to  rectilinear  coordinates 
x and  y. 


To  simulate  a jet  noise  source,  the  computer  program  assumes  a directivity 
factor  for  the  point  source  as  given  in  Equation  (4.2.5*/). 

Tables : Tables  are  provided  for  the  case  of  a monopole  source  only.  Table 
4. 2. 5"l  presents  a set  of  matrix  tables  of  A (Equation  4.2. 5-8)  for  a mono- 
pole source  for  the  following  range  of  variables. 

■ For  each  table: 

x/H  = -2  to  +1  in  steps  of  0.2 
y/H  = 0 to  6 in  steps  of  0.6 

■ Separate  tables  are  provided  for: 

H/X  - 0.25,  0.'.,  1 , 2,  4,  8 and  100 

The  case  of  H/X  = 100  approximates  the  condition  for  which  phase 
eiiccts  arc  negligible  in  the  r«1 i net  inn  ami  the  total  direct  and 
reflected  sound  fields  are  added  on  an  Intensity  basis. 

Table  4. 2. 5~2  presents  a matrix  table  of  A + B for  H/X  - 100  with  the  refer- 
ence space  average  sound  level  of  the  direct  sound  field  (L  ) arbitrarily 
set  equal  to  50  dB. 

For  convenience,  by  suitable  choice  of  the  Intervals  for  the  rectilinear 
position  variables  x/H  and  y/H,  the  tabular  values  appear  in  a geometrically 
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FIGURE  1*.2. 


'j-  T GEOMETRY  FOR  REFLECTION  BY  RIGID  PLANE  OF  OCTAVE  BANDS 
UP  WHIiL  NOISE  P HUH  A DIKtu'l  lUHrtL  POiNi  SOURCE. 


WAVELENGTH  AT  CENTER  FREQUENCY  OF  BAND  = A 


TABLL  4. 2.5-1 


CHANGE  IN  OCTAVE  BAND  LEVEL  DUE  TO  Rtf  LECTION  E ROM  RIGID 
PLANE  FOR  MONOPOLE  SOURCE  AT  ELEVATION  II  WITH 
WAVELENGTH  A AT  CENTER  FREQUENCY  OF  BAND 


Vertical 
D i stance 
X/H  0. 

,0 

.6 

(Decibels) 
1.2  1.8 

2. 

4 

Y/ll  (lateral 

3.0  3-6  4. 
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3 
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.4 

-2 

0 

6 

, 6 

i 

5 
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3 
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-1.8 

-3 

2 

-3. 

5 

-4 

1 

-4. 

1 

-3. 

.0 

- 1 

5 

- 

1 

1 

,0 

l 

9 

2. 

,6 
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-1.6 

-3 

, 1 

-3. 

4 

-4 

0 
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8 
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9 
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1 

5 

2 

.3 
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,0 
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-2 

9 
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2 

-3 

8 
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4 
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,0 

- 

3 

1 

0 

2 

.0 

2 

8 
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3 
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u 

-1.2 

-2 
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1 

-3 

7 

-3. 

0 
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,3 

3 

1 

5 

2 
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3 

,2 
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.7 
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-2 

3 
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9 

-3 

4 
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4 
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9 

2 

1 

2 

.9 

3 

.5 

4. 

.0 
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A 
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-2 

.0 
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-3 

1 
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.9 
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5 
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TABLi  A. 2. 5-  I (Continued) 
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2.9 

1.5 

. 2 

- .0 

.6 

-3 

1-9 

2.  1 

3-7 

4.0 

3.0 

1.3 

- .9 

-3-1 

.4 

.6 

. 1 

1 .6 

2.3 

3.9 

3.2 

1.0 

-2.0 

-4.5 

-4.7 

-3.3 

.6 

.8 

1 .0 

3.0 

3-1 

. 1 

4.0  • 

4.6 

2.3 

.3 

1 . 1 

2. 1 

.8 

2.7 

1.5 

-3.9 

-3.3 

.4 

2.4 

3.5 

4.1 

4.6 

4.9 

5-  1 

-1.0 

— 6.0  — 

6.0- 

-6.0- 

-6.0  — 

6.0— 

6.0— 

6.0 

-6.0 

— 6.0 

—6.0 

-6.0 

Plane 


TABLE  4. 2. 5-1  (Continued) 


Vert  1 ca 1 
0 i stance 

X/H  0.0  .6  1 

(Decibels) 
.2  1.8 

2.4 

Y/tl  (Ldteral  Distance) 

3.0  j.6  4.2  4.8  5-4 

6.0 

-2.0 

1.1  1.1 

1 . 1 

1.4 

1.3 

1.8 

2.2 

2.0 

2.7 

7.7 

2.5 

-1.8 

1.0  1.0 

1 . 1 

1.6 

1.5 

1.9 

1.8 

2.3 

2.3 

2.7 

2.0 

-1  .6 

.9  .8 

1 . 1 

1.5 

1.7 

2.1 

1.8 

2.  1 

2.8 

2.  1 

2.3 

-1.4 

.8  .7 

1.0 

1 . 1 

1.5 

1-7 

2.1 

2.4 

2.3 

2.  1 

2.7 

-1.2 

■ 7 .6 

.9 

1 . 1 

1.8 

1 .6 

2.0 

2.6 

1.9 

2.6 

2.4 

-1.0 

.6  .9 

1.1 

1.3 

1.7 

2.0 

2.5 

1.8 

2.5 

2.4 

2 9 

u 

-.8 

.5  .9 

1.0 

1.3 

1.4 

2.0 

2.0 

'•■3 

2.4 

2.9 

3.3 

n 1 

r - *» 

-.6 

.3  .4 

-7 

1.6 

1.7 

2.3 

2.0 

. .3 

2.9 

3.2 

2.1 

-.4 

.2  .3 

• 9 

1.2 

2.  1 

1.6 

2.3 

2.8 

3-0 

1 .8 

2.0 

-.2 

.1  -5 

1.2 

1.4 

1.4 

2.2 

2.8 

2.7 

1 .6 

7.4 

3.0 

Source 

-.0 

O 

b 

.9 

1.7 

2.1 

2.8 

2.2 

1.8 

2.8 

2.8 

2-5 

. 2 

. 1 .G 

1 .6 

1 . 0 

7 „R 

1 5 

■>  4 

2.8 

2 . 4 

7.0 

3.8 

.1) 

. 1 .8 

1.6 

2.6 

1.6 

2.7 

2.4 

3.3 

4.2 

4.4 

’..9 

.6 

.5  1-1 

1.2 

2.5 

2.4 

3.9 

4.3 

3-3 

1 .6 

-.6 

-7.9 

.8 

1.7  1.8 

3-5 

3.6 

.4 

-3.8 

-4.6 

-7.3 

-.2 

1.2 

2.2 

P 1 ane  - 

1.0- 

— 6.0— 6.0- 

-6.0- 

-6.0- 

-6.0- 

-6.0- 

-6.0- 

-6.0- 

-6.0 

-6.0- 

-6.0 

-2.0 

.9  1 . 

,0 

1 . 1 

1.5 

1 • 7 

1.8 

2.0 

2.  1 

2.7 

2.3 

2.5 

-1.8 

.8  1. 

,0 

1 .0 

1.7 

1.5 

2.0 

2.0 

2.1 

2.5 

2.4 

2.7 

-1.6 

.7 

9 

1 . 1 

1.3 

1 .6 

1.7 

2.  1 

2.2 

2.1 

2.4 

2.4 

-1.4 

.6 

.0 

1 .0 

1-3 

1.6 

1.8 

7.  1 

2.3 

2,4 

2.6 

2.6 

-1.2 

.5 

.7 

1 .0 

1.3 

1.5 

1.9 

2.2 

2.3 

2.6 

2.4 

2.5 

-1.0 

.4 

/ 

.9 

1.3 

1-7 

2.0 

1.9 

2.4 

2.2 

2.5 

2.7 

CD 

« 

-.8 

.3 

.5 

.9 

1.4 

1.8 

2.2 

2.  1 

2.  1 

2.4 

2./ 

2.5 

-.6 

.2 

.4 

1 .0 

1.3 

1.7 

2.0 

7.7 

2.5 

2.6 

2.6 

2.6 

-.4 

. 1 

3 

.9 

1.5 

1.7 

2.3 

2.3 

2.4 

2.6 

2.7 

2.9 

-.2 

.0 

■ 3 

.8 

1.5 

2.0 

2.2 

2.3 

7.6 

3.0 

2.3 

2.7 

Source  — 

- . 0 

O-0 

• 3 

-9 

1.6 

2.1 

2.0 

2.4 

2.8 

2.3 

2.8 

2.8 

.2 

. 1 

.5 

1.0 

1 .8 

1.8 

2.5 

7.0 

2.8 

2.8 

3-5 

2.6 

.4 

-3 

8 

1-5 

1.9 

2.6 

2.6 

2.8 

3.2 

1 .8 

7.4 

3.1 

.6 

.8  1 

. 2 

1.8 

2-3 

.3.0 

2.0 

7.5 

3.0 

2.6 

3.0 

3.8 

.8 

1.3  1 

.8 

1.8 

2.8 

2.6 

4.0 

4.4 

3.5 

1-7 

-•5 

-2.8 

1’  1.  w 

l.n- 

— 6.0—6 

.0  — 

6.0- 

6.0' 

—6.0- 

-6.0- 

—6.0- 

—6.0- 

-6.0- 

-6.0 

i W- 


lAHLt  A. 2.5-1  (lone  1 uded ) 


Source  — 


P lane 


Vert  i ca  I (Dec  1 be.  1 s) 

Distance  Y/H  (Lateral  Distance) 


X/H 

0.0 

. 6 

1 . 2 

1.8 

2 . <i 

3.0 

3.6 

A.  2 

A. 8 

5.  A 

6.0 

-2.0 

1.0 

1.0 

1.2 

l.A 

1.6 

1 .8 

2.0 

2.2 

2.3 

2.  A 

2.5 

-1.8 

.9 

.9 

1 . 1 

1.3 

1.6 

1.8 

2.0 

2.2 

2.3 

2.  A 

2.5 

-1.6 

,8 

■ 9 

1 . 1 

1.3 

1.6 

1.8 

2.0 

2.2 

2.3 

2.5 

2.5 

-l.A 

. 7 

.8 

1.0 

1.3 

1.6 

1.9 

2.  1 

2.2 

2.3 

2-5 

? 5 

-1.2 

.6 

.7 

1.0 

1.3 

1.6 

1.9 

2.1 

2.3 

2.  A 

2.5 

2.6 

-1.0 

.5 

.6 

.9 

1.3 

1.6 

1.9 

2.1 

2.3 

2.  A 

2-5 

2.6 

-.8 

.3 

.5 

.9 

1.3 

1.7 

2.0 

2.2 

2.  A 

2.5 

2.6 

2.6 

-.6 

.2 

.A 

.9 

1.3 

1.7 

2.0 

2.2 

2.  A 

2.5 

2.6 

2.7 

-.<! 

. 1 

.A 

.9 

1 .A 

1.8 

2.  1 

2.3 

2.5 

2.6 

2.6 

2.7 

- ‘ 

.0 

.3 

.9 

1 -5 

1.9 

2.2 

2 . <i 

2.5 

2.7 

2.7 

2.7 

— *-  - . u 

O-o 

3 

1.0 

I .6 

2.0 

2.3 

2-5 

2.6 

2.6 

2.7 

2.8 

.2 

. 1 

■ 5 

1.2 

1.8 

2.2 

2 . <i 

2.6 

2.7 

2.8 

2.7 

2.8 

.<4 

-3 

.7 

1.5 

2.0 

2.3 

2.5 

2.6 

2.7 

2.8 

2.8 

2.9 

.6 

. 7 

1 .2 

1.9 

2.3 

2.6 

2.7 

2.8 

2.8 

2.9 

2.8 

2.8 

.8 

1.6 

1.9 

2 . <t 

2.7 

2.8 

2.8 

3-0 

3.0 

3-0 

3-0 

3.2 

— *-l . 0 

— 6.0— 

0.0  — 

6.0— 

6.0 

—6.0- 

-6.0 

—6.0- 

-6.0 

-6.0 

-6.0 

-6.0 

TABLE  <t.2. 5-2 

OCTAVE  HAND  LEVEL  FOR  MONOPOLL  SOURCE  OK  WHITE  NOISE 
AT  ELEVATION  H ABOVE  RIGID  PLANE  WITH  SPACE  AVERAGE 
OCTAVE  BAND  LEVEL  = 50  dB  AT  RADIUS  = H 

(H/>  - 100) 

Vertical  (Decibels) 

Distance  Y/ll  (Lateral  Disiance) 


X/H 

0. 

0 

.6 

1 . 

2 

1 . 

8 

2. 

A 

3. 

0 

3- 

6 

A. 

1 

A. 

8 

5- 

A 

6. 

0 

-2.i 

AA 

9 

AA 

6 

A3 

8 

<42 

8 

A 1 

7 

AO 

7 

39 

/ 

38 

8 

38 

0 

37 

2 

36 

5 

-1.8 

A5 

8 

A 5 

A 

AA 

A 

A3 

2 

A2 

1 

AO 

9 

39 

9 

39 

0 

38 

1 

37 

3 

36 

6 

1 .6 

A6 

7 

A6 

2 

A5 

0 

A3 

7 

A2 

A 

Al 

7 

An 

1 

39 

1 

38 

2 

37 

A 

36 

7 

- 1 .A 

A7 

8 

A7 

1 

A 5 

7 

AA 

2 

A2 

7 

Al 

6 

AO 

3 

39 

3 

38 

A 

37 

5 

36 

8 

-1.2 

A 9 

0 

A8 

I 

A 6 

A 

A A 

6 

A3 

0 

Al 

7 

Ao 

r, 

i° 

5 

38 

5 

37 

7 

36 

P, 

- 1 0 

50 

5 

A9 

3 

A7 

0 

A5 

0 

A3 

3 

Al 

9 

AO 

/ 

39 

6 

3P 

6 

37 

7 

36 

9 

.0 

52 

3 

50 

5 

A? 

7 

A5 

A 

A3 

6 

A2 

1 

AO 

9 

;9 

/ 

38 

/ 

3/ 

8 

3/ 

0 

- . 6 

5 A 

7 

5i 

9 

A8 

3 

A5 

8 

A3 

9 

A2 

3 

Al 

0 

■;9 

8 

38 

8 

37 

9 

37 

1 

-.A 

58 

1 

53 

2 

A 8 

8 

A 6 

1 

AA 

1 

A2 

5 

Al 

1 

AO 

0 

38 

9 

•,:i 

0 

37 

2 

- . 2 

6 A 

0 

5 A 

3 

A9 

? 

A 6 

3 

A A 

3 

A? 

6 

Al 

o 

I,, 

0 

n 

0 

• 1 

_•  1 : 

( 1 

3 7 

1 

Sou  (CC 

— - . 0 

o 

5A 

8 

A9 

A 

A6 

i 

A A 

A 

<12 

/ 

Ai 

A 

An 

1 

4 1 

0 

38 

0 

.3  7 

.2 

6A 

0 

5A 

A 

A9 

5 

A 6 

6 

A A 

■> 

<i  2 

>1 

Al 

r 

An 

2 

3o 

1 

38 

1 

3/ 

0 

.A 

58 

2 

53 

6 

AO 

A 

A6 

7 

A A 

f. 

A 2 

Al 

c 

Ao 

2 

39 

1 

38 

1 

37 

\ 

6 

55 

2 

52 

6 

A 9 

3 

A 6 

/ 

A A 

7 

Al 

n 

Ai 

'i 

Ao 

3 

jo 

1 

1(3 

1 

3 7 

.8 

53 

r 

u 

51 

9 

A 3 

2 

AC 

n 

o 

A A 

/ 

A ■; 

0 

<i  i 

l, 

An 

A 

( 

j.y, 

1/ 

PI  unt*  - 

-1.0- 

- S 6 

0- 

5A 

7- 

-52 

1 

A 9 

/ 

A/ 

/ 

A 6 

0 

A A 

/ 

5 

i 

7 

A 1 

At) 

3 

I 1 / 


scaled  pattern  normalized  by  the  source  heigin.  u . r ii i iiii',  L.ib  I ■_  , th-  po>.  i - 
tlons  x and  y me/  be  normalized  in  terms  cn  wavelength  by  mu  1 1 1 p I y i r.q  the 
x/H  and  y/H  values  by  H/A  . 

Lomputer  Piujiam..;  Two  computer  programs  are  presented  for  calculating 
ground  reflection  tables  such  as  Illustrated  in  Tables  'i. 2.5-1  and  4. 2. 5-2. 
The  first  program  listed  is  presented  in  Table  4. 2. 5*3  and  is  coded  for 
operation  on  a remote  computer  terminal  utilizing  a direct  input  to  a time- 
sharing computer  service  (2).  Table  4. 2.5-4  presents  a modification  of 
the  code  listed  in  Tabic  4 . 2 . 5 “ 3 that  Is  compatible  with  the  computing 
facility  at  Wright-Patterson  Air  Force  Base  (private  communication: 

R.  C.  W.  van  dcr  Heyde,  W.P.A.F.B.,  1974).  This  modified  code  tabulates 
only  the  matrix  A or  8,  or  A * B as  described  below. 

I nput  File  Name 

The  user  types  the  file  name  on  which  is  stored  the  following 
variables  separated  by  commas  (,). 

XL,  Lowest  Value  of  x/H 

XH,  Highest  Value  of  x/H 

XD,  Interval  In  x/H 

YL,  Lowest  Value  of  y/H 

YH,  Highest  Value  of  y/H 

YD,  Interval  in  y/H 

MC , Value  of  M in  Equation  14.2,5-7 

2 

AL  , Value  of  a in  Equation  4 . 2 . 5 — 7 

C4,  Value  of  in  Equation  4. 2. 5~7 

C5  , Value  of  In  Equation  4 - 2 . 5~  7 

K,  Value  o!  St  in  Equation  5-7 

LO,  Value  of  Lq  in  Equation  4 . 2 . 5 - 7 

G,  Value  of  y,  Incidence  angle  (in  radians)  of  "jut"  axis. 

(See  Figure  4-2. 5~3) 

I CODE,  An  integer  from  1 to  7 to  define  the  output  form  deslied 
e . Hef  J ni-H  be  1 ow 

NU , Value  of  H/A 


TABLE  4.2. 5-3 


LISTING  FOR  PROGRAM  TO  COMPUTE  GROUND  REFLECTION  TABLES 
(FOR  REMOTE  ACCESS  TERMINALS) 

10  DIMENSION  X(50),YY(1I),A(11,50),B(1I,50).AB(11) 

IS  STRING  F ( 10) 

20  REAL  K ,MC , 10 , NU 
25  10  WRITt(l.ll) 

30  II  FORMAT (3/) 

35  12  ACCEPT  'INPUT  FILE  NAME  • fF 
40  0PEN(3,F , INPUT, SYMBOLIC, ERR-20) 

45  GO  TO  30 

50  20  DISPLAY  'ERROR  IN  FILE1  . F 
55  GO  TO  12 

57  30  READ  (3)  XL,XH,XD,YL.YH,YD,MC,AL,C4,C5,K,I.0,G,IC0DE,NU 

65  M“ (YH-YL) /YD+ I 

70  N- (XH-XL) /XD+1 

75  X ( 1 )=XL 

80  PI-3- 1415926536 

85  DO  40  1-2  ,N 

90  40  X ( I ) -X ( I - 1 )+XD 

95  41  Y-YL-YD 

100  DO  1000  1=1, M 

105  Y-Y+YD 

1 10  YY ( I )«Y 

I 15  DO  100  J = 1 , N 

120  2=X(J) 

125  R-SQRT (Z*Z+Ys*Y) 

130  IF(R-NE-O-)  GO  TO  55 
135  A( I , J) — -0! 

140  B(  I ,J)—  -01 

145  GO  TO  100 

146  55  ARG-Z/R 

147  ARG-ARG* I ■ E+10 

149  ARG-TRUNC(ARG) 

149-1  ARG-ARG/ ( 1 • E+ 10) 

150  T= (ACOS (ARG) ) - G 
155  TP-ATAN (Y/(2--Z))-G 

ICO  CALL  DTHETA(K,T,MC,AL,C4,C5,0) 

1G5  IF(D-EQ-O-)  D- 1 • 

170  IF  ( I CODE  • EQ-  5)  GO  TO  80 

175  CALL  DTHLTA(K,TP,MC,AL,C4,C5,DP) 

1 SO  IF (DP-EQ-0-)  DP-1- 

105  IM 1=SQKT (R*R+4-* ( 1 • -Z) ) 

190  SMALL R-SQRT (DP/D) * (R/TM 1 ) 

195  IF(TMI-NE-R)  GO  TO  60 

200  A ( I , J ) -20-,'<AL0G  1 0 (SMALLR  + 1 • ) 

205  GO  TO  70 

2 I U bU  bb  I A=P  UNLU  (TMI-P.)  / I ■ 41  42 1 35624 
2 is  L = SlN(bhlA).H;0S(3'*BETA)/BETA 
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TABLE  4.2. 5-3  (CONTINUED) 


220  A( I , J) - 10* aALOG 10  I •■*-SMALLR*SMALLR+2,*SMALLRaC) 

225  70  ! F ( I CODE  • EQ.*  1 ) GO  TO  100 

230  80  B(l  ,J)-LO: 10'AAL0G10(D/(R*R)) 

235  100  CONTINUE 
240  1000  CONTINUE 

245  GO  TO  (500,500,500,500,550,550,600)  . IC'DE 

249  500  L-l 

250  CALL  XHED(MC,AL,C4,C5,K.G,NH,YY,M,L) 

255  DO  200  J-1,N 

260  200  WRITE(1 ,210)  X(.J)  , (A(  I , J) , 1*1  ,M) 

265  210  F0RMAT(F4- 1 , 1 IF5- 1) 

770  GO  TO  (900,550,600,550)  .ICODE 

275  550  CALL  XHED(MC,AL  ,C4,C5,K,G ,NU ,YY ,H,2) 

280  DO  300  J-1 ,N 

285  300  WRITE(1 ,210)  X(J),(B(I,J),I-1,M) 

290  I F ( I CODE- EQ*  2*  OR- I CODE  * EQ- 5)  GO  TO  900 
295  600  CALL  XHEO(MC,AL,C4,C5,K,r.,NU,YY,M,3) 

300  DO  420  J-l , N 
305  DO  410  l-l ,M 
310  410  AB ( I ) *A( I , J) +B ( I , J ) 

315  420  WRIT!  (1  ,?10)  v (.1)  „ (AR(l)  , l-l  ,M) 

320  900  RCAD(3,FND-950)  NU 

321  I F (NU- GE- 0- ) GO  TO  41 

322  ICODE— NU 

323  READ (3, END-950)  NU 
325  GO  TO  41 

330  950  CLOSE (3) 

335  GO  TO  10 

336  336  FORMAT  (IF  70*64) 

340  END 

345  SUBROUTINE  XhED (MC , Al.  ,C4 ,C5 ,K,G ,NU ,X ,N ,M) 

350  DIMENSION  X ( 1 1 ) 

351  REAL  MC.K.NU 
155  STRING  F ( I 2) 

360  GO  TO  (1,2,3)  ,M 
365  1 F='A~MATRIX 
jj 0 GO  fO  4 

375  2 F* ' B-MATR I X 1 

380  GO  TO  4 

385  3 F-'A+B  - MATRIX1 

I,  1 iri  1 T|“  / 1 1“  \ C 

“t  Wi\  « 1 «_  \ 1 , j§  > 

395  5 FORMA  I (3/.T3 1 ,A1 2 ,2/) 

400  wui  I (1,10)  iv:,al,c4,l.5.1'.,g.mm 

410  10  FORMAT (T6.'MC  ALPHA  C4  C5',7X,'K 

bX.'NU'  ,/, I 2,5 (F6- 2 ,2X) ,F  6*  4,F8*  2 ,2/) 

41 1 WRITE(I ,20)  (X ( I ) , 1 = 1 ,N) 

415  20  FORMAT  ( T 3 1 ,'Y/H'  ,/  ,T2 , 1 X/ll 1 , I 1 F 5 * l) 

420  DISPLAY  1 1 
425  RETURN 
430  LND 
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GAMMA  1 , 


TABI  E 14.2.5-3  (CONCLUDED) 


1(35  SUBROUTINE  DTHETA  (A  , B , CM  , AL  .C^t  ,C5  ,D ) 
1(1(0  C-COS(B) 

'(1(5  TOP=A;'(l  . +C**4) 

'(50  BOT=  ( ( ( I .-CH''C)>’.*2)+AL*CM*CM)**2.5 
1(55  B0T»B0T*(1  .+C4*EXP(-C5*B)) 

1(60  D=TOP/BOT 
'(65  RETURN 
1(  70  END 


TABLE  1( . 2 . 5~k 

LIST  I NT.  FOR  PROGRAM  TO  COMPUTE  GROUND  REFLECTION  TABLES  A,  B,  OR  A+B 

(CONTINUED) 

PROGRAM  GRREF ( I NPUT .OUTPUT , TAPES- INPUT) 

REAL  K.MC.LO.NU 

DIMENSION  X (50) , YY(II),  A ( I I , 50)  ,B  ( 1 I , 50)  , AB ( II ) ,NF I LE (7) 

PI- 3.  I '(1 65266  36 
READI  , NF I LE 
I FORMAT (7A 10) 

PR  I NT 6 I , NF  I LE 

61  FORMAT (I  HI.  /AlO) 

READ-  , XL  , XH.XD , YL  , YH , YD  ,MC  ,AL  ,Cl(  ,C6  , K ,L0  ,G  , I CODE  ,NU 
( YH - Y L ) /YD+ 1 
N=  (XH-XL) /XD  (-1 
X ( I ) -XL 
DO  I 101=2 ,N 
X ( I ) — X ( I - I ) +XD 
I 10  FONT  I NUT 
III  Y=YI_ -YD 

DO  I 36  I-  I,  M 
Y-Y+YD 
Y Y ( I ) — Y 
DO  I 33J-  I , N 
2-X(J) 

U ~i  OR  I ( / *'  l » Y - ( ) 

I F ( R . N I . 0 - ) GO  TO  116 
A (I  , J ) —.01 
B (I  , J )=- . 0 I 
GO  TO  133 

116  ARG-Z/R  I .(10 
I A=ARG 
A/  I A 

ARG-ARG-AZ 
ARG  -ARG  ' I . E 10 
I (ACOS  (AM IT) ) -G 
I I’-ATAN  (Y/  (2  . -7) ) G 


TABLE 

(CONTINUED) 


CALL  DTHETA(K.,T,MC,AL,CA,C5,D) 
if(d.eq.o. )d=i . 

I F ( I CODE . FQ. 5 ) GO  TO  132 

CAL  LDTllETA(K,TP,MC,AL,C5,C5,DP) 

IF (DP.CQ.O. )DP=1 . 

TM I = SQRT  (R  ' R+A  . •'■  ( I . - Z) ) 

SMALLR-  SQRT  (DP/D)  -■  (R/TMI ) 

IF(TMI  . NE  . R)  GO  TO  127 
A ( I , J ) = 20 . >ALOG 10 ( SMALL R+ I .) 

GO  TO  131 

127  BE  TA=P  I NU  ' (TM1-R)'.  707 1 06781 
OS  IN  (BETA)  *COS  (3- ■••BETA) /BETA 
A ( I , J ) = 10  . • ALOG  10(1.  +SMALLR':SMALLR+2  . >SMALLR*C) 

131  I F ( I CODE . EQ. 1 ) GO  TO  1 33 

132  TM1 =R*R 

B ( 1 , T)=L0+10.  •' ALOG  1 0 (D/TMI ) 

133  CONTINUE 
I3*»  CONTINUE 

GOTO  ( I '(0,  I AO  ,1'tO.l  <40,160,1  60, 175)  , I CODE 
I AO  L=  I 

CALL  XIIED  (MC  ,AL  , CA  ,C5 , K , G ,NU  , YY  , H , L ) 

DO  1'lGJ-  1 ,N 

PR  I NTS  1 , X ( J ) , ( A ( I , J ) , 1 = 1 , M ) 

I 'id  COriTINU! 

51  FORMAT (E3A. 1 .11F5.1) 

GO  10(150.160,175,160) , ICODE 
150  READ  ( 5 t " ) NU 

IF(E0F(5) .NE.0)ST0P 
I F (NU . GE . 0 ) GOTO  I I I 
STOP 
160  LA=2 

CALLXHEO(MC»AI  , C 5 , C 5 , K , G , NU  , YY  , M , L A ) 

DO  1/0  J— 1 , N j 

I /(I  PRINI5I  , X ( J ) ,(B(|  ,J)  ,1-1  ,M)  I 

IF(lC0DE.FQ.2.0R. I CODE. EQ. 5) GOTO  150 
1/5  LA=3 

CALI  XHED (MC , AL , CA ,C5 , K,G ,NU  , YY  ,M  ,LA) 

DO  1 820  I,  N 
DO  181 1 = 1 , M 

AB(I ) -A ( I ,J) !8(! ,J) 

1 81  CONTINUE 

PR  I NT 5 I ,X(J)  , (AD ( I ) ,1  = 1 ,M) 

182  CONTINUE 
GO  TO  150 
FND 
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TABLE  b.2.5-U 
(CONCLUDED) 


SUBROUTINE  XHED (MC ,AL ,CU ,C5 , K ,G , NU , X , N , M) 

DIMENSION  X ( I I ) 

REAL  MC.K.NU 

PRINT52,MC,AL,C<«,C5(K,G,NU 

52  FORMAT (T9,*MC*,T2 I ,*ALPHA*,T33,*C4* ,1^5 ,AC5* ,T57,*K* ,168 ,*GAMMA* , 
•'  T 8 1 ,*NU*/2X, 7FI2.it) 

GOTO (101 ,103. 105) ,M 
101  F="A-MATR I X 
GOTO  106 

103  F="B-MATRIX  " 

GOTO  106 

105  F="A+B-MATR I X 

106  PRINT5I ,F 

51  FORMAT (// , T 3 1 , 8A 1 0 , //) 

PRINT53, (X ( I ) , 1=1 .N) 

53  FORMAT  (T61  32  ,*X/H* , ! 1F5 . 1 ) 

RETURN 

END 


SUBROUTINE  DTHETA (A , B , CM , AL , Ck ,C5  . D ) 
C 'COS  (b) 

T0P=A  - ( I . +C-->'<4) 

BOT=  ( ( ( I . -CM,,;C ) ;V*2)  +AL'-LM*CM)  :V*2 . 5 
BOT=BOT  - ( I . +CV'EXP  (-C5*B) ) 

D=TOP/B0r 

RETURN 

END 


The  input  file  may  be  extended  to  allow  additional  cases  to  be  run 
for  different  values  of  H/A  with  or  without  a nange  in  output 
code  in  the  following  manner. 

For  no  change  in  output  code,  add  additional  values  of  NU  (H/A) 
after  the  first  value,  separating  each  by  a comma  (,). 

For  a subsequent  change  in  output  code  for  any  values  of  NU  except 
the  first,  add,  In  the  same  manner,  the  following: 

-ICODC,  the  negative  of  the  new  desired  output  code 

NU,  etc.  the  new  values  of  NU  for  new  output  code 

This  extension  may  be  continued  for  as  many  new  values  of  NU  and 
ICODE  as  desired  for  the  same  values  of  all  other  variables.  The 
output  code  allows  the  following  combinations  of  output  for  a 
given  value  of  NU. 


ICODE 


2 

3 

k 

5 

6 
7 


Matrix  Tables  Printed 
(See  Equations  k ■ 2 . 5~8  and  9^ 

A 

A and  B 
A and  A + B 
A,  B and  A + B 
B 

B and  A + B 
A + B 


Special  Instructions 

For  the  case  of  a monopole,  set  K and  G (c)  =■  0.  Th i c se i s the 
directivity  Index  to  unity  and  properly  orients  the  cooidinates 
for  a non-d i rect i ona 1 source. 


tor  a B or  A + U output  1 the  value  ui  LO  (L  ) should  be 

less  than  about  80  to  malt"  in  at  least  one  space  between  rows. 

For  a geome t r i ca 1 1 y scaled  printout  on  a standard  teletype 
terminal  or  computer  printer,  the  interval  YD  (Ay/H)  must  be 
three  times  XD  (Ax/H) . 

The  program  prints  out  the  values  of  Mr.  through  K,  G and  NU  at 
the  too  nf  each  tabb  whore  At  (u^)  is  identified  as  ALPHA  and 
Ci(y)  is  identified  as  GAMMA. 
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The  value  of  K may  be  selected  arbitrarily  but,  for  physically  rational 
results,  should  be  adjusted  so  that  the  integral  of  D(0)  • sin  ft  from 
0 to  n is  unity.  Suitable  values  of  the  directivity  parameters  in  Equa- 
tion ^.2.5-7  which  satisfy  this  constraint  are  given  In  the  derivation  to 
simulate  far  field  directivity  of  an  ambient  air  jet  and  a turbojet  engine. 

After  Inputting  the  first  file  name,  the  computer  prints  the  requested 
tables  and  then  requests  a new  file  name.  Any  number  of  additional  files 
may  thus  be  provided  for  new  cases  with  new  directivity  constants. 

Termination  of  the  program  Is  executed  by  the  normal  abort  procedure  for 
the  remote  terminal  system. 

b.2.'j.2  Pressure  Level  on  Fuselage  Structures 

The  noise  prediction  methods  In  Sections  *t.2.2  through  k.2.b  are,  In 
general,  for  free-field  radiation.  In  this  section,  a method  will  be 
developed  for  computing  the  Increase  in  sound  pressure  on  a circular  fuse- 
lage for  wing  or  fuselage  mounted  engines.  The  order  of  magnitude  of  the 
effect  is,  oF  course,  to  increase  the  sound  pressure  level  up  to  a maximum 
of  6 decibels,  so  that  it  is  not  nearly  as  severe  an  effect  as  the  ground 
reflection  from  a vertically  oriented  jet.  The  details  are,  however,  worth 
considering  in  a final  design  study.  Otherwise,  an  estimated  factor  varying 
from  0 - 6 dB  should  be  added  to  the  free  field  levels.  This  factor  Is  In 
addition  to  the  ground  reflection  factor. 

For  mu  1 1 1 -eng  1 ries , the  sound  field  from  each  engine  !s  solved  independently 
and  the  levels  are  added,  assuming  that  the  sources  re  uncorrelated  (thus 
equal  levels  at  a point  will  Increase  the  SPL  by  3 Jti). 

The  following  derivation  was  taken  from  Cockburn  and  Jolly  (9). 

Derivation  for  W1 ng-Houn ted  Engines:  A typical  fuselage  and  engine  conflgu- 

idiiun  fur  this  case  is  shown  in  Piguie  The  distance  between  the 

confer  lines  of  the  fuselage  and  engine  is  assumed  to  be  at  least  fifteen 
jet  diameters  and  the  location  of  a typical  source  in  the  exhaust  flow  is 
Indicated  in  the  figure.  The  initial  problem  Is  to  define  the  sound  field 
for  a single  source  in  the  jet  flow,  S,  and  determine  the  sound  field  at  a 
point  on  tiie  fuseliuv'  surface,  Q. , for  a frequency,  01.  The  coordinate  system 
adopted  is  shown  Iri  Figure  k.2.5  5-  Tfn  acoustic  wave.  Is  considered  o be. 
a plane  wave  of  strength  PD  at  the  point  where  it  reaches  the  fuselage,  and 
L’lc  plCjjUrc  fluctuations,  wi  tlioul  scat  let  iiiy  effects  hh-  given  by; 
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ao 

Is  the  speed  of 

sound 

t 

Is  time 

and  x 

is  the  distance 

4. 2. 5-5) 

in  the 

d i rect i on 

of 

propagation  (see  Figure 

The  wave 

d i rec t ion  is  such 

tha  t 

the  normal 

to 

the  wave  makes  an  angle 

to  the  norma]  to  the  axis  of  the  fuselage.  The  point  on  the  surface  of 
the  fuselage  is  given  by  (a,  z,  ij> ) , where  a is  the  radius  of  the  fuselage, 
z Is  the  dimension  along  the  axis,  and  if  is  the  angle  around  the  fuselage 
measured  from  the  projection  of  the  line  joining  the  source  to  the  fuselage 
on  the  perpendicular  cross-section.  When  the  angle  if  Is  zero,  the  point  is 
on  the  far  side  of  the  fuselage,  completely  hidden  from  the  source. 

The  solution  for  th  ■ scattering  case  was  shown  by  Potter  (10)  to  be; 
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where  C'  and  y'  are  functions  of  ka  cos  8, 
m m - ’ 
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(4.2.5-12) 
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(4.2.5-13) 

(4.2.5-14) 

(4.2.5-15) 


where 


J and  N are  Bessel  functions  of  the  first  and  second  kind. 

::  is  th'1  axial  distance  along  the  fuselage 

if  is  the  angle  around  the  fuselage  from  the  projected  direction  of 
propagation  of  the  wave  on  a circular  section  (l.e.,  the  wave 
Impinges  directly  on  the  cylinder  at  the  angular  point  iji  - n radians). 


i 

s 


1 VH 


This  result  was  developed  from  that  given  by  Morse  In  Reference  11,  for  a 
normally  Incident  plane  wave  scattered  by  a cylinder,  by  Potter  In  Reference 
10,  and  proved  mathematically  by  Wenzel  In  Reference  12. 

The  actual  pressure  var  ation  on  the  fuselage  surface  Is  given  by  the  real 
part  of  Equation  (4.2.3-11).  It  should  be  noted  that  this  expression  Is 
only  applicable  to  wing-mounted  engines  where  the  sound  field  for  a given 
source  can  be  approximated  as  a plane  wave  at  the  point  where  It  strikes 
the  fuselage.  The  equation  describing  the  pressure  fluctuations  Is  limited 
to  some  extent  by  the  fact  that  the  effects  of  spherical  radiation  have  not 
been  Included.  Furthermore,  the  surface  of  the  fuselage  was  assumed  to  be 
perfectly  rigid,  which  Is  not  the  case  In  practice.  The  complete  solution, 
Involving  the  scattering  of  an  obliquely  Incident  spherical  radiation  by  a 
finite  non-rigid  structure  will  be  extremely  complicated  and  Is  not  consid- 
ered In  the  present  study. 

Equat I on (4. 2 . 5" 1 1 ) can  be  reduced  to  a simpler  form  for  presentation  and 
computation  as  follows. 

The  pressure  at  a point  on  the  fuselage  surface,  due  to  ari  obliquely  Incident 
plane  wave  of  frequency  f Is, 
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and  - f r o <j - f i e 1 d pressure  calculated  from  the  source  methods  of  Section 

° 4.2.2  and  4-2.3. 

Derivation  for  Fuselage  Mounted  Engines  : In  this  case  the  engines  will  be 

so  close  to  the  fuselage  that  the  technique  of  scattering  is  not  suitable. 
However,  since  the  structure  adjacent  to  the  jet  is  loaded  by  the  sources 
in  the  i mined i a e vicinity,  the  source  allocation  method  can  be  used  for 
determining  the  free-fleld  sound  pressure  level  and  conversion  to  fuselage 
pie1 sure  loadings  may  be  achieved  by  use  of  a simple  equation.  For  an 
obliquely  incident  wave,  as  shown  in  Figure  4. 2.5-6,  the  pressure  at  a 
point  on  the  fuselage  surface  may  be  determined  from  the  equation; 

P = Pq  (£os_2a_t_3_j  (4.2.5-18) 

where  a is  the  angle  between  the  wavefront  and  the  tangent  to  the  surface, 
-n/2  < a s n/2,  and  P is  the  free-field  pressure  calculated  from  the  source 
methods.  The  resulting  pressure  loading  on  the  fuselage,  obtained  from 
Equation (4. 2. 5"l8)is  shown  in  F igure  4. 2. 5-6. 

4. 2. 5-1  tttects  ot  Aircraft  F orward  Motion  on  Hear  F le Id  Noise 

Although  there  is  a quality  ot  uncertainty  surrounding  the  prediction  of 
neat -field  acoustic  loads  for  propulsion  system  noise  sources  most  of  the 
median i sms  controlling  both  the  noise  generation  and  radiation  are  reason- 
ably well  understood.  That  is  to  say,  the  physical  mechanisms  controlling 
the  noise  generation  have  been  postulated  and  experimentally  verified,  or 
else,  pji.jiiiLtrlc  studios  h.j'.'s  been  conducted  in  LI  I I i C I ell  t detail  to  permit 
a valid  "curve-fitting"  exercise  over  a sufficient  range  of  the  control 
parameters  to  permit  prediction.  Hut,  in  t It  case  of  forward  flight  effects 
on  aircraft  noise,  and  in  particular,  near-lielri  noise,  this  is  not  the 
case.  Not  very  much  conclusive  experimental  evidence  exists  on  the  effect 
of  t light  on  propulsion  system  neat-field  nois--. 

i\  number  of  ohservut  ions  do  exist  , however,  and  tl  y will  he  mentioned. 

I liese  observations  primarily  relate  to  the  subject  of  tar-field  noisi  pre- 
diction, however  some  can  be  carried  over  to  the  near-field  region. 

There  are  two  categories  of  aeons ic  sources,  i.e.,  those  attached  to  the 
Hying  vehicle  arid  those  convecting  away  from  the  vehii  le  with  the  jet  flow. 
Most  sources,  stub  as  propeller  noise,  fan  noise  and  shock  cell  noise,  are 
attached  to  (or  di.igyed  along  by)  the  vehicle.  How<*v>  i , jet  noise  sources 

ore  < Oliver  I i nr  j . UMV  I p 'III  • h- ■ ve|,  i . I e .it  ill"  j t ■ I t i u : 1 1 | e n i . ' . Olive  i t i < • 11 

velocity. 


Then-  are  also  two  major  effects  ot  forward  v<  len  Ity.  Tliest  are  source 
a I t e i at  ion  due  Lu  lligle  and  sound  propagation  mod i t i ca t i on . 


It  has  been  assumed  in  the  past  liiat  the  je 
modi  lied  by  a relative  velocity  I at  t or  . In 
Was  . 1 1 1 1 j i ox  jm.i  t e I y |ji  opo;  t i ona  I to  V j , I he 
lie  (V  V ) ' - V ' . [lie  li'lal  IVc  Vrloi  ily 
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been  experimentally  verified,  even  in  the  far-fleld.  One  reason,  suggested 
by  Kobrynski  (13),  is  due  to  the  change  I r.  jet  mixing  length  with  forward 
motion.  After  accounting  for  this,  he  found  that  the  total  sound  power 
from  the  jet  could  be  expressed  as 


P 


Kp2  A V.8 

_J L_ 


which  results  in  a dependance  considerably  less  than  V Kobrynski ‘s  paper 

contains  many  practical  expressions  relative  to  jet  noise  due  to  forward  motion, 
however,  these  will  not  dealt  with  In  any  more  detail  here  because  of 
the  far-fleld  derivation.  However,  the  above  expression  could  be  used  as  a 
guide  in  determining  the  total  sound  power  reduction  as  a result  of  vehicle 
mo  1 1 on . 


forward  motion  effects  on  propeller  and  fan  noise  source  alteration  are 
accounted  for  by  the  tip  vector  velocity,  which  Includes  the  forward  velocity. 
The  relative  tip  velocity  factor  seems  to  be  an  adequate  representation  of 
what  actually  happens,  as  opposed  to  the  relative  velocity  effect  for  Jet 
noise  which  Is  not  representative  of  experimental  observations. 

The  mod  1 f Icat Ions  of  the  noise  field  resulting  from  forward  fltght  due  to 
sound  propagation  effects  can  be  separated  Into  four  identifiable  quantities, 
which  are: 


The  change  in  distance  through  which  the  sound  propagates, 

The  Doppler  frequency  shift 
Convective  amplification 
Acoustic/mean  flow  interactions. 

The  first  Faiior  is  a simple  yeometrlc  problem-and  can  be  easily  accounted 
for  and  modifications  in  SPL  can  be  determined.  The  Doppler  shift  factor 
is  also  eas  i ! ' doioiniiiiv.il  in  loim;.  of  frequency  shift.  However,  the  latter 
two  factors  v.u  11  not  have  much  meaning  relative  lo  near  field  nolr.c  pre- 
diction methods,  especially  the  "n"  field  jet  noise  methods,  since  they  are 
pure  1 y emp i r ic.n I . 

Tiie  effect  of  motion  on  the  change  in  di  Lance  and  angle  through  which  the 
sound  propagates  tor  a jet  noise  suui ee  which  is  convectlnq  away  from  tin- 
moving  aircraft  is  discussed  by  Franken  (lA).  In  his  discussion  of  '..id 
motion  effects,  referring  to  figure  A a mile  t hoi  t the  urward  m>'iion 

moves  the  receiver  from  its  a.  tual  position  R to  an  apparent  position  R'  on 
a line  parallel  to  the  direction  of  motion.  This  change  In  position  is 
shown  in  Figure  A . 2 . — 7 for  the  receiver  either  upstieam  m downstream  of  the 
source.  the  mi't  ion  changes  the  angle  u Into  the  angle  - 
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may  determine  the  relationship 
rilsLdipce  I ac  Velocity  . ill  the 

o 

■iVcr  distance  Ax  at  velocity  V, 


r _ Ax 

a " V 
o 

Also,  from  the  triangle  whose  hypotenuse  is  r. 


2 2 2 
r « y + (x  J-  Ax) 


SI  nee  by  del  i n 1 1 1 on 


wc  obtain 


x , x t Ax 

tan  o « — , tan  -i-  « , H 

y y 


V 

a 

o 


ton  ■!• 


(1 


M2) 


[tan 


o + M A - h2  + 


(tan  V ] 


(4.2.5-19) 


(4.2.5-20) 


(4.2.5-21) 


(4-2.5-22) 


Associated  with  this  motion  there  occurs  a Doppler  change  In  frequency  and 
wave  length  perceived  by  the  receiver,  so  (hat 


aA  -l-M  sin  * , (4.2.5-23) 

whole  A is  the  |»tc>  Ived  wavelength  at  vehicle  Mach  number  M,  and  A Is 
that  observed  at  rest. 

Plots  of  Equations  (lt.2.5  / ')  and  (4.2.5~23)  !>>r  several  values  of  M appear 
In  Flqure  4.2. 5-8.  Tin*  riylii  hand  graph  gives  lie  aupaieiii  angle  In  terms 
of  the  angle  0 and  Mach  number  M;  the  left-hand  -uph  may  then  be  used  to 
find  tiie  change  in  observed  wavelength.  It  may  be  seen  that  at  supersonic 
speeds  no  jet  noise  propagates  upstream  of  the  noise  source  (positive  values 
of  -J>).  (It  should  be  noted  that  at  very  high  speeds  pressure  fluctuations 
other  than  jot  noise  (such  as  boundary  layer  noise)  may  become  significant.) 

As  -in  -xarnpl  , the  jngular  transformation  of  Figure  5. 2. 5~tj  hes  been 
applied  to  i he  near-field  noise  contours  of  a contemporary  turbojet  engine 
for  the  value  of  Mach  0,8.  Both  sets  ■>!  contours  are  shown  in  Figure  4 - ? - 5 -.9 
where  the  hi  oken  lines  i t.-pi  <■  sent  souna  pressor-  levels  during  static  opera- 
tion arid  the  solid  lines  the  estimated  sound  pressure  level  contours  for 
M - 0.8.  Iii  making  the  transformation  shown  In  Figure  4. 2.5-9,  the  siinpll 
tying  assumption  that  (.lie  sound  soui  ccs  ate  located  near  t tv  t exhaust 
nozvle  has  been  made.  For  greater  refinement  one  may  transfoim  contouis 
of  noise  measured  in  bands  of  frequency,  specifying  t lie  corresponding  noise 
source  location  at  .nine  position  downstream  of  the  .,o/7le.. 
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k . 3 AERODYNAMIC  NOISE 


Aerodynamic  noise,  in  the  context  of  this  report,  is  the  noise  generated 
by  ‘he  airflow,  over  structural  surfaces,  resulting  from  forward  flight. 

It  can  be  boundary  layer  noise,  oscillating  shock  noise,  cavity  noise, 
noise  from  separated  flews,  etc.  The  near  field  fluctuating  pressure  due 
to  turbulent  boundary  layers  (sometimes  referred  to  as  pseudo-sound)  is 
probably  the  most  widely  studied  aerodynamic  noise  source.  Boundary 
layer  noise,  oscillating  shock  and  separated  flow  are  not  as  significant 
a loading  action  as  propulsion  noise. 

The  potentially  most  damaging  aerodynamic  noise  source  is  the  resonant 
acoustic  response  of  cavities  with  one  side  exposed  to  an  aerodynamic  flow. 
Cavity  noise  has  been  known  to  cause  sonic  fatigue  failures  in  several 
instances.  Thus,  it  seems  that  from  the  standpoint  of  acoustic  fatigue 
considerations,  cavity  noise  ranks  as  the  worst  offender. 


4.3.1  SYMBOLS  AND  DEFINITIONS 


The  notation  used  In  this  section  Is  as  follows: 


f 

f 

m 

6 2 
P 

9n 

k 

L 

L 


M 

m 

n 


P 

Po 

q 

R 

Re 

> 

St 

u 

X 


X 

(■> 


fit 


Cl 


ambient  speed  of  sound 
frequency  in  Hertz 
cavity  resonant  frequency 

power  spectral  density  of  pressure  fluctuations 

defined  by  * £n  + ir^ 

wavenumber,  27if/aQ 

typical  dimension 

cav i ty  1 ength 

cavl ty  width 

cavi ty  depth 

free-stream  Mach  no. 

an  integer  defining  the  order  of  the  cavity  resonance 
length  mode  number 
width  mode  number 

mth  modal  peak  sound  pressure  in  cavity 
rms  sound  pressure 
reference  sound  pressure 

2 

dynamic  pressure,  1/2  pU 
radiation  resistance 
Reynolds  no. 

' trouhal  frequency,  fL/U 
free-stream  velocity 

radiation  reactance,  log^iffi^/U)  In  Section  4.3.3 
constant  in  Equation  (4. 3-2-3)  relating  to  mode.  no. 
ratio  of  specific  heats  of  gas 

boundary  layer  thickness 

imaginary  solution  of  boundary  function 

k i nemat.  i c i sens  i ty 

real  solution  ol  boundary  function 

(Jens  i t y of  a i r at  n", . 

cavity  axis  in  longitudin.il  direction 

radian  i reauency  , 2u  f 

re  ( e re  lice  frequency 


k.  3- 2 CAVITY  NOISE 


The  noise  of  cavities  located  in  aerodynamic  surfaces  has  been  studied  for 
over  ?0  years.  The  noise  ranges  from  the  high  frequency  resonant  response, 
characteristic  of  small  electronic  openings,  to  the  very  low  frequency 
response,  characteristic  of  bomb  bays.  Cavity  noise  can  be  very  intense, 
leading  to  crew  annoyance  and  fatigue  or  even,  in  several  cases,  to  struc- 
tural fatigue.  Cavity  noise,  evidenced  in  both  subsonic  and  supersonic 
flight,  is  excited  by  the  unstable  boundary  layer  flowing  by  the  cavity 
open  i rig  . 

There  have  been  several  research  investigations  on  cavity  noise,  dating  back 
to  B lokhi  n tsev 1 s (1)  work  in  1995-  Krishnamurty  (2)  conducted  an  extensive 
experimental  study  of  the.  sound  radiated  from  the  cavity.  He  concluded  that 
the  phenomenon  was  associated  with  the  inherent  instability  of  the  separated 
boundary  layer.  Plumblee,  et  al.  (3)  showed  by  means  of  a theoretical  and 
experimental  wind  tunnel  study  that  the  acoustic  modes  of  the  cavity  were 
acting  as  selective  amplifiers  of  certain  frequencies  from  the  excitation 
spectrum  resulting  from  the  boundary  layer  instability.  Among  other  things, 
this  study  presented  methods  (which  wore  fcirly  complex)  for  computing 
cavity  resonant  frequencies  for  subsonic  and  supersonic  Mach  numbers.  East 
(it)  latei  , in  another  extensive  test  and  data  correlation  program,  veri- 
fied the  frequency  formulas  developed  by  Plumblee  (3).  In  a later  study, 
Rossi  ter  (5)  developed  an  <mpirirally  based  formula  which  relates  the 
Strouhol  frequency,  St,  to  the  Mach  no.  and  Mode  n".  for  shallow  cavities. 
Heller,  et  al.  (6)  modified  t fie  R"ssiter  formula  to  account  for  the  stagna- 
tion sound  speed  (i.e.,  it  was  hypothesized  that  the  cavity  sound  speed 
equals  the  stagnation  sound  speed)  giving  better  agreement  with  experimen- 
tally determined  resonant  frequencies  for  the  first  five  length  modes  of 
the  shallow  cavity  over  a K.  ch  numbei  range  of  0-3  M 3.  Shaw  et  al. 

(7,9)  and  Smith  et  al.  (8),  used  the  results  of  Heller  Tb)  anti  extensive 
flight  data  acquired  by  the  AFFUL  to  develop  a cavity  noise  prediction 
scheme  for  determining  frequencies  and  SPL  from  0 . f>  to  1.3  Mach  number  for 
cavities  with  length  to  depth  (L^/D)  ratios  in  this  range  of  Jt  to  '/■ 

This  section  will  present  the  empirically  rleteimined  prediction  method  of 
Shaw  (7,9)  which  incorporates  the  results  from  Heller’s  study  (6).  Alsu, 
the  theoretically  based  prediction  method  derived  by  Plumblee  (3)  is  inclu- 
ded to  permit  parametric  studies  based  on  cavity  dimensions  and  Mac.h  no. 

l\  3-2-I  < ay  i t y Noise  Prediction  Me  t hod  - Fmp  i r[ca  1 

Ikj'j^va  tj^yr  - Tin  prediction  procedure  given  in  this  section  is  purely 
empirical  and  is  based  on  t ho  wind  tunnel  test  data  of  Heller,  et  al.  (b) 
and  the  I light  1 es  t results  of  Straw,  el  al.  (7,9)  • When  Heller  (6)  com- 
pleted his  program,  it  was  not  established  that  scaling  fiom  models  to 
lull  . i 'r  flight  vehicles  would  he  successful.  Shaw’s  work,  a I though  dis- 
playing some,  differences,  especially  in  the  longitudinal  sound  pressure 
distribution,  generally  confirmed  t he  validity  of  scaling. 

Both  series  oi  tests  were  conducted  on  long  shallow  cavities  with  an 
r'.peri  ratio  ( lengt  li/depth)  of  k to  / . Previous  studies  o 1 i . .it'!  that 
grilling  i ir  I requency  scaling  could  be  as  hi'  '"eU  through  i • ■ use  -d  ,i 
Mroiili.il  number  and  that  jPL’s  could  be  staled  with  dyn  uni  , i.  ‘ ..mi  . Tile 


I'll 


comparison  presented  in  Shaw's  work  confirmed  the  Strouhai  number  scaling 
and  added  validity  to  the  dynamic  pressure  scaling  hypothesis  for  certain 
cavity  positions,  but  in  other  regions,  q scaling  was  not  va'id. 

The  three  parameters  of  interest  relative  to  cavity  acise  are  (l)  the 
resonant  frequencies  of  response,  (2)  the  peak  response  amplitude  and  (3) 

; he  SPL  distribution.  The  experiments  in  References  (6)  through  (9)  were 
designed  to  permit  definition  of  the  items  listed  above.  It  was  determined 
that  the  sound  pressure  spectra  was  composed  of  two  parts.  One  was  a broad- 
band random  background  noise  and  the  other  was  a set  of  resonant  high 
energy  tones. 

Further  descriptions  of  the  tests  and  hardware  is  included  in  References 
(6)  through  (9).  The  following  is  a description  of  the  prediction  scheme 
by  Shaw  (7,9)  and  Smith  (8). 

Prediction  Method:  The  following  steps  are  taken  to  estimate  the  acoustic 
response  of  a cavity: 

(I)  Determine  the  resonant  frequencies  with  the  modified  Rossiter  expres- 
s ion  (Reference  6) : 
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U_  (m  - Q.7S) 

! r 
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M 


y _ l ? ] /o  + 1-79 

(i  + V mV/2 


iii-  1,2,3 


(It. 3.2-1) 


where  U is  the  free-stream  velocity,  is  the  cavity  length  and  M is  the 
free  stream  Mach  number,  or  else  refer  to  Figure  3.2-1. 


(2)  Determine  the  peak  one-third  octave  normalized  SPL  for  fj,  f , and  f_ 
using  Figure  4. 3-2-2  or  the  following  relationships  for  Lx/D  = 4 . 0 (see 
Figure  4-3-2  2) . 


20-log(P?  max/q) 
20-log(P|  max/q) 

?0- log  (P  max/ q ) 


- 9.0  - 3- 3 (Lx/0)  t-  20'  log  (-M2  + 2M  - 0.7) 

= 20- log (P  max/q)  - 2 (L^/D)2  + 26  (L^/D)  - 86 

| 20-log(P^  max/q)  - II  for  L ^/ IT  - 4-5 
| 20- logfP^  max/ q ) tor  L^/D  4.5 


(4- 3- 2-2) 
(4. 3-2-3) 

(4. 3- 2-4) 


where  P max  are  the  maximum  fluctuating  pressures  for  each  mode  frequency, 
f , and  q is  the  free-stream  dynamic  pressure. 

(,  Determine  lire  peak  one-third  octave  band  amplitude  at  the  desired 
long,tudinal  position  for  each  resonant  frequency  from  the  following  equa- 
tion nr  for  L^/D  = 4.0,  Figure  4. 3-2-3: 
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/P  max\ 

20-  logl-^ — 1 - 10[l  .0+  (0.33LX/D  - 0.60)  (I  - x/L.x) 

- [ cos (u  x/L  )|]  n = 1,2,3  (4. 3-2-5) 

n x 1 

where  u.  - 3*5 

* ^ . m 

«2  = 6.3 

u = 10.0 

(It)  Determine  the  peak  normalized  one-third  octave  hand  level  of  the  broad- 
band sport  rum  at  the  location  in  the  cavity  from  Equation  (4-3. 2-6)  nr,  for 
L /D  = 4.0,  Figure  4. 3.2-4 

/p  \ /P  max\ 

70-log--  = 20- log!  — J+  3 • 3 (L  /D)  - 28 + 3 ( 1 -L  /D) ( 1 -x/L  ) (4. 3-2-6) 

Wx/Lx  \ 4 / X X X 

(5)  Determine  the  normalized  broadband  spectrum  from  Figure  4. 3-2-5. 

(6)  Determine  the  absolute  levels  by  adding  20- log  q to  the  levels,  where 
20- log  q is  determin'd  from  Figure  4. 3.2-6  from  the  appropriate  attitude 
and  vr  1 oc.  i t y . 

Another  significant  fi  ling  from  the  flight  test  was  that  for  certain  cavity 
locations  the  dynamic  i ressure  (q)  scaling  did  not  account,  for  the  total 
variation  in  the  5PL  wth  altitude;  however,  at  two  cavity  locations  scaling 
wi th  q did  account  for  the  complete  change  in  the  SPL  with  a change  in  the 
altitude,  i . i • , , the  SP1  referenc'd  to  q was  the  same  for  any  altitude.  Pre- 
vious investigators  have  shown  that  for  a fixed  Mach  number  q scaling 
accounted  for  any  significant  change.  ir\  the  SPL  for  various  pressure  alti- 
tudes. The  reason  they  did  not  observe  this  phenomena  could  be  due  to  the 
cavity  positions  analyzed.  The  pos I t i on  selected  could  be  one  at  which  q 
scaling  accounts  for  all  pressure  altitude  variations. 

7 he  prediction  method  presented  above  is  based  on  empirical  r-sults  which 
wet'-  ,i  lei  tel  lii  give  the  highest  sound  pressure  levels  in  the  cavity. 
Althou'ih  tilling  with  q failed  at  some  points  in  the  cavity,  the  predicted 
lev. Is  will  be  conservative  at  these  locations. 

^ xunij1  I e ; hoi  eiaiity,  an  example  Is  pi  esc  m eJ  illustratin']  Use  oi  tire  pie 

diction  method  and  a comparison  is  made  of  results  of  this  method  to  those 
oi  i i il  f i or  it  Reference  6. 

Core- - i lit-  r the  case  of  an  aircraft  flying  ..t  Mach  0.9  neat  Sea  1 , ve  I with  an 
open  near  |y  rectangular  cavity  ?fl  feet  long  and  r,  feet  deep  (1  /D  -■  4.0). 

It  i1  desired  to  predict  the  aero-acoustic  env  i I numeric  ui  the  r aim  and  ui 
the  i ear  of  (he  cavity.  The  solution  is  obtained  as  follows: 

1 r "in  step  (l)/  tqua  t i on  ( 4 . 3 - 2-  1 )(  or  Figure  4 3-2-1  the  t i r ■ t ; mode  t requeri- 
t i.  - . t • del.,  rm  i necl  t o bo  : 
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f,  - IS  Hz 
f2  = 3'l  Hz 
f3  = 54  Hz 

Equations  (4. 3-2-2),  (-3)  and  (-4)  or  Figure  4. 3-2-2  of  Step  2 are  used  to 
calculate  the  maximum  normalized  amplitude  for  each  mode  frequency  and 
results  in  the  following  values: 


20- log  (P^max/q)  = -29  dB 
20’ log  (P^max/q)  = -15  dB 
20- log  (P^max/q)  = -zb  dB 

The  amplitude  of  each  mode  frequency  at  the  center  and  rear  of  the  cavity. 
Is  determined  from  Equation  (4. 3-2-5)-  The  results,  referenced  to  20pN/ni  , 
are: 


where 


for 


for 


x/L 

X 

= 

0.5 

SPL, 

spl2 

= 

146 

dB 

168 

dB 

SPL3 

= 

150 

dB 

x/L 

X 

1.0 

SPLI 

= 

160 

dB 

spi2 

= 

174 

dB 

spl3 

= 

161 

dB 

20- log  q was  determined  from  Figure  4. 2. 2-7- 


Step  4,  Equation  (4. 3-2-6),  is  then  used  to  obtain  the  peak  normalized  one- 
third  octave  bane  levels  of  the  broadband  spectrum  at  the  two  locations  and 

d I <J 


20-  log  --  , 

<1  /x/L 


20- log 


q /x/l 


= -34 
0-5 


= -30 

! .1) 


The  final  step  is  to  determine  1 he  broadband  spectrum  fr-tm  Figure  4. 3-2-5- 


The  spectra  obtained  are  shown  in  Figure  4- 3-2-7  along  with  the  spectrum 
one  would  predict  usinq  the  scheme  offered  in  Reference  6.  The  current 
results  show  resonant  modes  1 and  3 completely  attenuated  for  the  center 
position,  this  is  due  to  the  longitudinal  mode  shapes.  The.  x/Lx '=  0-5  posi- 
tion is  seen  to  be  a node  for  the  mode  1 and  3 frequencies  while  an  antinode 
for  mode  2.  Thus,  there  is  almost  30  dB  difference  between  the  two  predic- 
tion schemes  at  the  center  ot  the  cavity  foi  modes  1 arid  3-  However , if 
should  be  noted  that  the  prediction  schemes  agree  fairly  well  for  the  maxi- 
mum level  predicted  at  the  rear  of  t lie  cavity  for  the  mode  ? frequency. 
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I| . 3 . 2 . 2 Cavil  y Noise  Prediction  Mi- t hod -Theore  t i ca  I 


Derivation:  In  o study  aimed  .1  discovering  the  mechanisms  of  acoustic 

amplification  within  rectangular  cavities  with  the  open  side  exposed  to  a 
high  velocity  airflow,  P 1 nsih  1 ee. , at  al.  (3)  conducted  a theoretical  and 
experimental  study  of  the  acoustic  response  of  cavities. 

The  experimental  program  was  focused  on  tests  conducted  with  a variable 
dimension  cavity  on  the  side  of  an  ogive  shaped  aerodynamic  model  Installed 
in  the  ALDC  Wx^tO"  supersonic  wind  tunnel.  Cavity  length  was  varied  from 
0.5"  to  8"  and  depth  was  1"  to  3.5"  for  cavity  widths  of  ?"  and  V.  Tunnel 
speed  was  varied  from  Mach  1.75  to  Mach  5.0.  Smaller  scale  models  were 
tested  with  exposure  to  pipe  flow  over  a Mach  number  range  of  0.2  to  3.0. 
Sound  pressure  level  was  measured  within  die  cavity  at  several  locations  and 
with  a flush-mounted  microphone  in  the  aerodyraini c body  of  the  pipe  surface 
just  upstream  of  the  cavity.  Tin;  reference  3 report  details  the  results  of 
the  experiment. 

I he  theoretical  study  presented  a >ulhei  idealised  vitwpoinl  of  the  acoustic 
response  of  the  cavity  in  an  attempt  to  understand  the  gross  acoustic  mech- 
anisms  involved. 

It  was  assumed  that  the  cavity  could  be  represented  (as  is  sometimes  done  In 
determining  the  acoustic  response  of  open  ended  pipes  and  ducts)  by  a rec- 
tangular rigid  walled  volume  wl th  a rigid  vibrating  piston  mounted  in  the 
wall  exposed  to  the  air  flow.  It  was  assumed  that  if  the  radiation  imped- 
ance of  the  open  side,  represented  by  the  rigid  piston,  were,  known,  then  the 
sound  piis.uii.  d i . 1 1 i but  i on  lor  on  assumed  (nr  im-.r  nr  d)  sonn  e distribution 
within  the  cavity  could  be  calculated.  Ihus,  the  thenictica!  study  was 
first  ccncerned  with  determining  the  ladialloii  impedance  of  a rigid  rectan- 
gular pi  scon  wi  til  one  side  e.. posed  In  a uhsonie  nr  si  I pi  r .mi  i i airflow 
parallel  to  the  piston  surface.  Next  I he  source  response  of  a leclangular 
volume  with  five  walls  rigid  and  one  wall  wi th  finite  acoustic  impedance,  was 
determined.  finally,  the  source  strength  spectrum  was  rather  crudely  esti- 
mated from  empirical  data. 

In  order  in  ill-termin''  the  resonant  I r egueiH.  i es  and  "amp  1 i t i ca  t Ion"  of  the 
cavity  for  design  purposes,  the  impedance  I ol  the  piston  ill  a parallel  f I ow 
was  plotted  as  a function  of  f reguency  for  vai ions  piston  aspect  ratios  and 
Mow  velocities.  Also,  the  sol t -wa I I response  egnation  in  cartesian  coordi- 
nates Via1-  solved  and  displayed  graphically  to  aid  in  the  response  calcula- 
tion. 

Dei  ii  Is  ot  the  prediction  method  for  d..-iormininn  response  ot  long  shallow 
Wvit.ii-.-i  (length  to  depth  latin  gieniei  than  "in)  ai.il  deep  cavities  (length 
to  depth  ratio  egiial  to  or  less  than  one)  is  given  in  the  following  section. 
11k  mi.  t ' iod  is  i 1 1 i t - n 1 1 c : 1 1 In  i-n.il>  1 1 - , i di  - i gne  i 1 1 • . \ l In  - I n - gin  -i  n i es  and 
.K.oUj  L i c p i e s . lire.  loading  to  I M i epi  - i 1 1 - d on  tin-  - . t rm  t 1 1 r 1 1 sue  I a re  of  a 
eav i t y , 

a . Cavities  with  I eng  t h to  depth  r.il  in-,  1 1 - - . - . than  nln-.  It  was  determined 
t mm  experiment  that  in  this  simple  i ase  , tin-  cavity  respond-,  primarily  In  a 
depth  Hindi-.  I he.  mode  response  was  shown  to  In-  pi  edoinin.ini  im  lie  i in  idaliiei  i i . 


ri’oa  for  most  configurations  tested,  with  relatively  strong  response  in  the 
second  depth  mode. 


The  pressure  response  amplitude  at  the  bottom  of  the  -Jeep  cavity,  referenced 
to  tne  pressure  at  the  cavity  opening,  is  given  hy  the  following  equation. 


JL  = 
P„ 


[R 


i n (kL^ ) ] 


+ [X  sin 


(kL2)  - 


r us ( kL  ) ] * 
z 


\n 


(4. 3. 2-7) 


where 


k,  the  wavenumber  « 2»>f/a 
f is  frequency  in  Hertz  0 
aQ  is  speed  of  sound  in  fps 
Lz  is  cavity  depth  in  ft. 

R is  the  radiation  resistance  of  the  cavity  opening  g i ver, 
in  ( inures  4.3.2-R  throuqh  4.3.2-12 
X is  the  radiation  reactance  of  the  cavity  opening  given 
In  Figures  4. 3.2-8  through  4-3-2-12 


Tr  calculate  the  response  amplitudes  and  frequency  perform  the  following 
steps : 

(1)  Evaluate  the  non -Hi mens ionai  frequency,  wL  /a^, where  L 
is  cav'ty  length  the  flow  direction. 


(2) 


Determine  tire  cavity  width  to  length  aspect  ratio, 


L /L  . 

y x 


(3)  Select  the  appropriate  iadiation  impedance  curve  from 

Figur  es  4.  3.2-8  through  4. 3-2  12  which  most  closely  matches 
tne  aspect  ratio  determined  in  (2)  above.  Linear  interpolation 
between  impedance  curves  of  di  Cerent  aspect  ratio  is  sug- 
gested . 


(4)  Determine  the  radiation  resistance  R and  reactance  X from  .the 
figure  selected  in  (j)  above. 

(5)  Fvaluate  Eq,(4.  2-7)for  a number  of  frequencies  from  .5  < kL  - 1 

ro  determine  the  peak  amplitude  at  the  first  two  resonant  fm 

■ lUencies.  Numeric;.!  evaluation  is  the  only  way  to  determine  the 
resonant  frequencies,  since  R 6 X are  functions  of  frequency. 

to  t convenience,  convert  the  amp  1 i f i cat  i or.  f,  ctor  to  decibels  by 
I erf  o>  |.  ling  the  operation 

20.1o1,1.(p/pJ. 


L.  Cavities  with  length  to  depth  retie  greater  than  'in  In  these  env 
the  length  modes  are  predominant,  and  it  is  necessary  to  > rm  l ■ .y  the  rum  <• 
•\  ral  theory.  frequencies  may  be  determined  from  the  char  outer  i st  ic  ri 
ouency  equation 


where 


(i*. 3.2-8) 


On  the  basis  of  experimental  evidence,  the  transverse  modes  are  not  normally 
excited,  thus  the  resonant  frequencies  may  be  reasonably  approximated  by 


Because  of  the  frequency  dependent  nature,  of  g_,  determination  of  fn 
becomes  an  iterative  process,  as  outlined  by  the  following  steps. 


(1)  It  may  he  helpful  in  Initiating  this  process  to  take  the  first  approxi- 
mation of  frequency  as  that  for  a closed  cavity,  that  is 


f 


N " T 


(14.3.2-10) 


(2)  Enter  the  impedance  curves  of  figures  4. 3-2-8  through  14.3.2-12  and 
determine  values  of  R and  X at  the  appropriate  non-dimensional  fre- 
quency, i.'Lx/ao. 

(3)  Calculate  the  constants  a and  b as  follows: 


a 


2fNLzX 
^,(R2  + X2) 


b = 


2fNLzR 

•io(R2  + X2) 


(4.3.2-11) 


(4)  Tak  the  values  of  a and  b calculated  in  step  3 and  using  Figure 

4.3.2-13  read  the  values  of  f.  and  q for  the  desired  mode.  If  the 

n n 

value  of  b is  negative,  treat  it  as  positive  In  determining  r and  q > 
but  record  nn  as  a negative  number.  In  other  words,  n always  carries 
the  s I gn  of  b . 


(5)  With  the  values  of 
natural  frequency, 


t.  and  u from  stun  4 a second  approximation  of 
nn 

tjj  can  be  calculated  as  follows  (neglecting  damping): 


N 


(4.3.2-12) 


(b) 


Examine  F In  comparison  with  the  firet  approximation  of  f. 
is  positive,  choose  a higher  value  oi  i and  ii  negative,  a 
ui  I , and  go  back  to  step  2.  When  a change  of  sign  of  f - 


lower  value 
f 1 , obta i ned , 


1 S4 


those  points  should  be  plotted  as  ,i  curve  of  f^  - f vs.  f. 

This  method  will  give  the  .'approximate  intercept  on  the  f-axis. 

More  iterations  can  be  made  for  higher  accuracy. 

It  should  be  pointed  out  that  in  this  process,  certain  values  of  a 
and  I.  iri  an  iterative  sequence  may  cause  the  values  of  ;,n  and  n to 
cross  a dotted  mode  line  in  Figure  4. 3.2-13,  thus  apparently  denoting 
a change  of  mode.  When  this  occurs,  the  apparent  mode  change  may  be 
disiegarded  and  continuity  of  the  iteration  maintained. 

It  is  also  of ’ erved  that  some  modes  may  have  a resonant  frequency  in 
the  vicinity  of  the  crossover  point,  where  radiation  resistance  changes 
from  negative  to  positive.  In  such  cases  two  distinct  resonances  may 
be  calculated. 


(7)  The  absolute  pressure  response  in  the  cavity  can  be  calculated,  based 
on  the  theory  in  Reference  (3).  However,  the  absolute  amplitude 
depends  on  the  definition  of  "source"  strength.  In  the  calculations 
presented  in  (3)  a source  strength  and  distribution  was  assumed,  based 
on  limited  measurements.  Rather  than  try  to  present  that  data  here,  we 
will  instead  present  a method  for  calculating  the  amp) i f i.  at  ion  of  the 
cavity  at  the  point  P defined  by  (x,y,z),  based  on  a simple  source 
located  at  a point  S,  defined  by  (x'.y'.z').  The  amplification  is 
based  on  the  ratio  of  the  level  in  the  cavity  to  the  free  field  level 
of  the  simple  source  defined  by  impQ()Mnr, 


where  Q 
C) 

r 


m 


r 


is  the  simple  source  strength 
is  distance  from  the  center  of  the  source 
to  the  cavi ty  point 
is  the  radian  frequency 
i s dens i ty . 


The  amplification  ratio  at  m = Re(iti,.),  is  given  by  (for  a single  mode, 
N,  defined  by  N - (nx.  n , q(l) 


where 


V 

2„rL7  *N(P)*N(S) 

p,. 

-> 

II  A ! r| 

x y d n n 

cos 


n=0  i = 1 

II  0 : 7 


(4. 3- 2- T 3) 


(4.3.2-14) 


(4-3.2-14) 


(4.  3. 2-  1C) 
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The  decibel  value  of  amplification  is 


and  ?'  arid  n are  defined  above. 

n n 

defined  as 


20* 1 og 


10 


Sample  Calculation  i' nr  Long  Cav i ty : 


DATA: 


n = 2 , n 0,  n = 0,  L = 8.",  L = 2.",  L = 3.5" 
x y x y z 

x = .5",  x'  = 0,  z = u,  z'  = 3.5",  y = 1,  y1  = I 

Going  through  the  steps  outlined  at  the  beginning  of  the  section,  the  fol- 
lowing results  are  obtained, 

(1)  Using  tq . (A.  j.2  10),  the  first  .approximation  to  frequency  f,,  is, 
fN]  = 2650  Hz. 

(2)  Using  the  above  frequency  of  2650  Hz,  values  of  imp  dance  from 
figure  A.3-2-A  for  L^/L^  = -25,  are: 

R = .8A6  X = . 56A 

(3)  Impedance  and  frequency  from  steps  (1)  and  (2)  yield  the  constants: 

a ~ .73  b = 1 . 10 

(A)  From  Figure  A. 3-2-13  the  values  of  ( and  g for  n = 0 are: 

n n 

i,  - . 1 A n = . 56 

o o 

(5)  The  second  approximation  to  natural  frequency,  using  flu.:  values  of 
step  (A),  is 

fH2  = 20't5  Hz 

(6)  Compare  I of  step  (5)  with  f of  step  (1) 

N N 

<N2  - <N1  = '605 

The  result  is  negative,  therefore  • boose  a lower  value  of  f„,  say  I = 2150 
Hz,  to  insert  into  step  (2). 


After  calculation  ol 

is  found  Comparison 

ol  I must  be  cho-.en. 
IS 

Hz  . 


steps  (/)  (j) 

with  I gives 

H3 

Civ  using  f 

N5 


a III. 'lira  1 f r=  an. -in  y f , - 7070  Hz 
' 'Ha 

.1  value  of  -80  Hz  so  that  smaller  V’l 

2000  Hz  yields  a value  of  1 . - 20 /n 

Nb 


Ibb 


For  the  final  iteration  use  a value  of  ffJ  in  step  (2)  of  2070  Hz.  This 
results  in  a value  of  f^  = 2070  Hz  in  step  (5).  Therefore  the  correct 
value  of  f is  2070  Hz.  The  correct  values  of  i and  n are  F * .16. 
nc  = .59.  o ° 'o' 

(7)  Using  the  input  constants  and  the  . ’Ove  values  of  £ and  n , the 
amplification  is  computed  as  n 


and 


*„<p> 

*N(S) 


0.9239 

-.2909  + .A6M  i 
.0558  + .0^86  i 

381.5 


20* I oq | g 


51.6  dB 


If  the  source  were  taken  as  the  boundary  layer  spectrum  level  at  this  particu- 
lar frequency  of  2070  Hz,  then  an  estimate  of  the  SPL  in  the  cavity  is  possible. 


Supersonic  j 


3.50C 
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FIGURE  4.3.2-13  SOLUTIONS  TO  BOUNDARY  CONDITION  FUNCTION,  g tanh Ug  )*  a + ib 


163 


REFERENCES  FOR  SECTION  4-3.2 

).  Blokhintsev,  E.  I.;  "Excitatior,  of  Resonance  by  Air  Flow,"  SLA 
Translation  Pool  No.  270  (ONR)  from  ZhTF,  1 5 > pp.  63-70,  19^5. 

2.  Krishnamurty,  K. ; "Sound  Radiation  from  Surface  Cutouts  in  High 
Speed  Flow,"  Ph.D.  Thesis,  California  Institute  of  Technology,  1996. 

3.  Plumb  lee,  H.  E.,  Lassiter,  L.  W. , and  Gibson,  J.  S. ; "A  Theoretical 
and  Experimental  Investigation  of  the  Acoustic  Response  of  Cavities  in 
an  Aerodynamic  Flow,"  WAOC  TR  61-75,  January  1961. 

4.  East,  'L.  F. ; "Aerodynamical ly  Induced  Resonance  in  Rectangular  Cavities," 
Journal  of  Sound  and  Vibration,  Vol.  3,  No.  3,  pp.  277-287,  1966. 

5.  Rossiter,  J.  E.,  "Wind  Tunnel  Experiments  on  the  Flow  over  Rectangular 
Cavities  at  Subsonic  and  Transonic  Speeds,"  AF.C  R £ M 3^38,  1966. 

6.  Heller,  H.  H. , Holmes,  G. , and  Covert,  E.  E.;  "F 1 ow- i nduced  Pressure 
Oscillations  in  Shallow  Cav i t ies , " AFFDL-TR-70- 1 04,  December  1970. 

7.  Shaw,  L.  L. , Smith,  D.  L. , Talmadge,  R.  D.,  and  Seely,  D.  E.;  "Aero 
Acoustic  Environment  of  a Rectangular  Cavity  with  a Length  to  Depth 
Ratio  of  4,"  AFFDL-TM-7it-  19-FVA,  January  197^. 

8.  Smith,  D.  L. , Shaw,  L.  L. , Talmadge,  R.  D. , and  Seely,  D.  E, ; "Aero- 
Acoustic  Environment  of  Rectangular  Cavities  with  Length  to  Depth 
Ratios  of  Five  and  Seven,"  AFFDL-TM-74-79-FYA , April  1 97^. 

9.  Shaw,  L.  L.  and  Smith,  D.  L.;  "Aero-Acoustic  Environment  of  Rectan- 
gular Cavities  with  Length  to  Depth  Ratios  in  the  Range  of  Four  to 
Seven,"  Paper  Presented  at  the  45th  Shock  and  Vibration  Symposia, 

Dayton,  Ohio,  October  197^. 


164 


4.3.3  BOUNDARY  LAYER  NOISE 


Boundary  layer  noise  makes  a very  significant  contribution  to  the  noise  in 
an  aircraft  interior  and  in  many  segments  of  the  flight  profile  is  the  major 
interior  noise  contribution.  Boundary  layer  noise  can  also  become  intense 
enough  to  cause  sonic  fatigue  failure.  Thus,  methods  for  predicting  bound- 
ary layer  noise  are  pertinent  to  this  report. 

The  study  of  response  of  structures  to  boundary  layer  noise  began  in  earnest 
in  the  mid-1950's.  Corcos  and  Liepmann  (1)  published  an  analysis  of  the 
noise  radiation  into  a fuselage  from  a turbulent  boundary  layer.  However, 
they  hypothesized  the  characteristics  of  the  flow  field.  Since  then,  there 
have  been  numerous  experimental  and  theoretical  studies  on  boundary  layer 
noise.  These  have  been  concerned  with  subsonic,  transonic,  supersonic  and 
even  hypersonic  flight.  Measurements  have  been  at  both  model  and  full  scale. 

Several  papers  have  been  written  which  summarize  particular  aspects  of  bound- 
ary layer  noise,  but  no  one  volume  seems  to  contain  a treatise  on  the  sub- 
ject. One  of  the  more  recent  papers,  that  by  Coe  and  Chyu  (2)  summarizes 
the  results  of  numerous  tests  at  NASA  on  the  characteristics  of  boundary 
layer  noise  at  supersonic  speed.  They  give  prediction  formulae  and  methods 
for  determining,  among  other  things,  overall  level,  power  spectrum  and 
cross  spectra  (or  cross  correlation  coefficients)  in  regions  of  attached 
and  separated  flow.  This  work,  as  well  as  the  numerous  publ i cat i ons  by 
Maestrello,  of  which  references  3"4  are  representative,  the  work  of  Lowson 
(5)  and  that  of  Bies  (6)  are  representative  of  the  state-of-the-art.  As  a 
result  of  this  extensive  work,  it  has  been  determined  that  not  only  is  the 
level  and  spectrum  of  boundary  layer  noise  important,  but  also  that  the 
correlation  scale  can  be  important  in  determining  the  response  of  structures. 
However  in  this  report  we  will  concern  ourselves  only  with  the  prediction 
of  level  and  spectrum,  since  a finite  correlation  scale  is  not  in  context 
with  the  structural  response  methods  presented  as  design  charts.  Thus  it 
will  be  assumed  that  the  correlation  scale  is  larger  than  a structural 
element  in  all  the  response  calculations. 

In  two  recent  studies,  Ungar  (7)  and  Cocko^rn  and  Jolly  (8)  presented 
design  oriented  methods  for  predicting  boundary  layer  noise  level  and 
spectra  as  well  as  correlation  properties,  over  a wide  range  of  flight 
Mach  no.  Results  from  these  two  sources  of  information  will  be  presented 
in  this  abbreviated  prediction  method.  If  more  extensive  data  are  required, 
refer  to  the  references  in  this  section  which  will  in  turn  lead  to  other 
, references  on  the  subject. 

Descr i ption : The  overall  level  of  turbulent  boundary  layer  noise  has  for 

many  years  been  accepted  as  being  represented  by  a ratio  with  the  dynamic 
pressure,  q = 1/2 p U . It  turns  out  that  results  from  experimental  data 
suggest  that 

p/q  = 0.006  , (4. 3*3-1) 

where  p is  the  rms  overall  sound  pressure. 

However,  more  recent  work  and  data  correlations  by  Lowson  (5)  show  that  for 
attached  boundary  layers  over  smooth  surfaces, 
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p/q  = 


0.006 


(4. 3- 3-2)' 


1 + 0.  W)  M2 

Ungar  (7)  suggests  that  the  constant  of  0.006  should  be  increased  to  0.01 
for  rough  surfaces. 

The  measurements  of  Coe  and  Chyu  (2)  generally  confirm  this  result  up  to  a 
Mach  no.  of  approximately  2.5,  above  which  p/q  seems  to  remain  constant  with 
Mach  no. 


The  relationship  of  Equation  (4.3-3“ 2)  is  presented  in  Figure  4 - 3 • 3“ T • To 
determine  the  overall  sound  pressure  level,  based  on  density  and  Mach  no., 
Figure  4 - 3 - 3“ 2 should  be  used. 

For  attached  flows,  the  spectral  distribution  is  defined  adequately  in  a 
design  chart  by  Cockburn  and  Jolly  (8).  The  following  discussion  is  based 
upon  the  Cockburn  and  Jolly  work  and  Coe  and  Chyu's  (2)  work. 

The . f reguency  spectra  of  attached  turbulent  boundary  layer  pressure  fluctu- 
ations are'f'ci’nd  to  scale  on  a Strouhal  number  basis;  that  is  the  frequency 
is  non-dimensional i zed  by  multiplying  by  a typical  length  and  dividing  by  a 
typical  velocity.  Hewever,  the  choice  of  correct  typical  lengths  and 
velocities  is  far  from  easy ream  velocity  is  generally  used  for 
the  non-d i. mens i ona 1 i zed  velocity,  although  the  use  of  a typical  eddy  con- 
vection velocity,  itself  a function  of  frequency,  would  correspond  more 
closely  with  the  physical  situation.  For  simplicity,  free  stream  velocity, 
U,  will  be  used  here. 


/ 


Definition  of  a typical  length  is  more  difficult.  Boundary  layer  thickness 
6^,  displacement  thickness  5",  and  momentum  thickness  0 have  all  been  used 
by  various  authors.  For  subsonic  boundary  layers  most  results  have  been 
taken  for  equilibrium  flows  with  a similar  ratio  of  these  characteristic 
lengths,  so  that  non-dimens ional ization  using  any  of  these  gives  very  simi- 
lar collapse.  In  supersonic  flows  the  typical  lengths  do  vary  widely  with 
Mach  number,  but  no  final  conclusion  can  be  drawn  on  the  relative  merits  of 
the  data  collapse  against  any  particular  length.  Perhaps  the  most  generally 
used  typical  length  is  <5‘c,  the  displacement  thickness.  However,  for  the 
handbook  the  boundary  layer  thickness  <5.  will  be  used  for  three  reasons; 
firstly,  it  is  easier  to  predict,  secondly,  it  is  related  to  a physical  char- 
acteristic of  the  flow,  the  size  of  the  largest  eddies;  and  thirdly,  it 
gives  a slightly  improved  collapse  of  the  only  available  supersonic  data. 


The  principal  p rcThTem  *T i i ‘•predicting  subsonic  spectra  under  any  scheme  is 
estimation  at  the  low  frequencies.  Experiment,  both  in  flight  and  in  wind 
tunnels,  shows  considerable  low  frequency  scatter  from  the  very  low  values 
reported  by  Hodgson  (9)  for  a glider,  to  the  high  values  reported  by  Gibson 
(10)  and  Maestrello  (11)  for  full  scale  aircraft,  although  Hodgson's  results 
were  taken  at  low  Reynolds  number  on  a far  from  equilibrium  boundary  layer, 
and  are  therefore  not  considered  relevant  here.  It  is  extremely  difficult 
to  define  any  single  curve  from  the  available  data.  Bies  (6),  has  published 
a detailed  review  of  spectral  measurements  in  a wind  tunnel  and  in  flight 
and  suggested  the  curves  shown  in  Figure  4 . 3 - 3“ 3 as  mean  curves  through  the 
data.  The  scatter  about  these  curves  is  about  ±5  dB.  These  curves  have 
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been  converted  to  the  present  basis  by  assuming  that  the  wind  tunnel 
results  were  taken  at  a typical  Mach  number  of  0-5  and  a typical  Reynolds 
number  of  10^  while  the  flight  results  were  typified  by  the  values  M - 0.8 
and  Re  = 10  . Values  of  the  boundary  layer  parameters  were  estimated 
from  tne  curves  given  by  Bies,  using  the  above  values. 


Since  it  is  desired  to  apply  the  empirical  results  from  the  present  study 
to  the  supersonic  case,  arid  there  are,  at  present,  no  reliable  in  flight 
supersonic  measurements,  the  supersonic  wind  tunnel  data  of  Speaker  and 
Ai Iman  (12)  have  been  reviewed  carefully  and  are  shown  in  Figure  4 - 3 - 3” 3 • 
An  empirical  curve  fit  for  the  frequency  spectrum  (which  is  close  to  the 
mean  empirical  curves  derived  from  Bies)  results  and  is  a good  representa- 
tion of  the  Speaker  and  Ai Iman  data  for  the  supersonic  cases  and  is  given 
by  Lowson  (13)  as; 


p2  (w) 

2 

q 


0.006 

I + 0. 1 4 M2 


(4  - 3-3-3) 


where  the  typical  frequency  u has  been  taken  as  equal  to  8U/6^.  This 
curve  is  shown  in  Figure  4 . 3 - 3 “ 3 and  has  the  advantage  of"  being  analytical 
as  well  as  matching  the  available  data.  As  can  be  seen,  the  curve  Is  prob- 
ably conservative  at  the  high  frequencies  for  the  highest  Mach  numbers. 

The  data  by  Coe  and  Chyu  (2)  seem  to  have  smaller  Mach  no.  effects  (or  else 
less  scatter)  over  the  range  1.6  < M < 3-5  and  they  also  have  derived  an 
empirical  curve  fit  to  the  data.  The  equations  are 

= exp (-12. 470  - 0.639X  - 0.269X2  + 0.01 5X3  + 0. 01 7X^  + 0.002X5)  (4. 3-3-4) 

for  attached  flows 

= exp (-8. 094  - 1 .239X  - 0.259X2  - 0.090X3  - 0.01 4X^  - 0.00 IX5)  (4. 3-3~5) 

for  separated  fl ows 

X = log  (f<S,  /U) 
e b 

f is  frequency 

LI  i 5 free-stream  velocity 

G-  is  power  spectral  density  of  pressure  fluctuations. 

A curve  of  equations  (4. 3-3'4)  and  ( 4 - 3 • 3 “ 5 ) is  yiven  in  Figure  4.3-3_4. 

Typically,  low  Mach  number  wind  tunnel  sp-ctra  decay  at  20  HB  ppr  decade,  at 
iiiyh  frequencies,  while  the  present  I g fi  lucii  spectra  decay  at  40  dB  per 


G-U 


q2«. 


and 


G~U 


2. 
q °r 


whe  re 
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decade.  Little  independent  data  is  available  to  substantiate  this  trend, 
although  Maestrello's  results  (ll)  taken  at  0.63  < M < 0.?8  do  show  some 
increase  in  decay  rate.  Since  the  trend  to  increased  rates  of  decay  above 
a Mach  number  of  about  0.8  cannot  be  conclusively  verified,  it  seems 
desirable  to  exercise  some  caution  in  making  predictions. 

The  later  data  ot  Coe  and  Chyu  do  not,  in  fact,  confirm  this  trend  for  high 
Mach  no.  It.  instead  reverses  the  high  roll-off  rate  and  approaches  some- 
thing close  to  10  dB/decade.  Thus,  the  curve  of  Figure  9.3-3"^  should  be 
used  for  the  high  Mach  no.  data. 

Since  the  formulae  given  here  requires  a knowledge  of  the  boundary  layer 
thickness,  1 ^ , the  empirical  equation  suggested  by  Bies  (6)  is  recommended, 
name  I y , 


x 


0.37 


- 

r Re  -i 

2- 

1 _a_ 

X 

1 ^ 

6.9  * 107 

(It. 3. 3-6) 


where  x is  the  distance  from  the  leading  edge  of  the  body,  Rex  = U x/v, 
and  v is  the  kinematic  vis  osity.  This  result  is  shown  in  Figure  A . 3 - 3 ~ 5 - 
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STRUCTURAL  CONFIGURATIONS  AND  RESPONSE 

The  topic  of  sonic  fatigue  is  usually  related  to  the  consideration  of 
the  prediction  of  fatigue  life  of  aircraft  structural  components  exposed 
to  high  Intensity  acoustic  excitation.  Section  3 presents  a discussion 
of  the  significance  of  aircraft  operations  on  estimating  the  exposure  of 
structure  to  high  Intensity  noise.  Section  A presents  techniques  for 
estimating  the  acoustic  environment  with  emphasis  placed  upon  the  most 
common  sources  of  high  intensity  noise  related  to  military  aircraft  opera- 
tion. This  section  presents  a discussion  of  structural  response  to 
acoustic  excitation  both  from  the  formulation  of  the  theory  and  the  estab- 
lished design  techniques  and  methods  that  have  evolved  during  the  past  20 
years. 

Section  5 is  divided  into  five  subsections.  Section  5.1  presents  a basic 
description  of  the  topics  of  random  vibration  of  mechanical  systems  and 
various  analytical  techniques  that  ran  and  have  been  used  to  approach 
sonic  fatigue  design  pioblems.  Section  5-2  presents  selected  analyti- 
cal results  that  describe  the  response  characteristics  of  various  Ideal- 
ized structural  configurations  to  acoustic  excitation.  Section  5-3  pre- 
sents sonic  fatique  design  techniques  that  have  been  established  from 
laboratory  testing  of  various  specific  structural  configurations.  Section 
5. ^ discusses  the  various  methods  used  to  join  structural  members  as  re- 
lated to  aircraft  construction  and  discusses  each  method  in  relation  to 
sonic  fatigue  design  requirements.  Section  5-3  presents  a discussion  of 
stress  concentration  factors  as  related  to  configurations  encountered  in 
aircraft  construction  and  their  importance  to  the  sonic  fatigue  design 
prob I cm. 

Undoubtedly,  the  designer  will  find  the  data  presented  in  Section  5-3  to 
be  the  most  useful  cf  the  entire  section;  however,  if  the  particular 
structural  configuration  being  considered  docs  not  correspond  to  those 
listed,  then  'h'1  designer  must  refer  to  the  other  sections  and  use  hnsir 
techniques  - described  - to  establish  estimates  for  the  sonic  fatigue 
resistance  of  his  > picture. 


5.1  BASIC  CONSIDERATIONS 

To  understand  the  limitations  upon  which  sonic  fatigue  analyses  and 
design  method;,  have,  been  eotali!  1 shod , the  designer  must  be  aware  of  the. 
basis  upon  which  particular  techniques  have  been  established.  Since 
the  variety  anJ  combinations  of  aircraft  structural  configurations  cover 
such  a br aad  range,  the  desiyner  will  undoubtedly  encounter  configura- 
tions tha  : have  not  been  used  previously  This  section  is  included 
> acquai  it  the  designer  with  the  basic  considerations  required  to  under- 
.tarid  the  scope  and  limitations  of  established  design  methods. 
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Section  5 . I . I ci  >ns  i de  r s tin1  topic  of  random  vibration,  and  Section  5.1.2 
discusses  methods  of  vibration  analysis  as  related  to  complex  aircraft 
structure.  Hopefully,  these  two  sections  will  elth.  serve  as  a useful 
Introduction  to  the  designer  who  is  encountering  the  topic  of  sonic 
fatigue  for  the  first  time  or  serve  as  a tefresher  to  the  designer  who 
has  been  away  frcm  the  topic.  Each  section  is  brief;  however,  the  Indi- 
vidual can  extend  the  presentation  by  going  to  the  references  listed  at 
the  end  of  each  section. 

5.1.1  RANDOM  VIBRATIONS 

Random  vibration  has  become  an  important  topic  In  recent  years  primarily 
as  a result  of  advances  In  high  speed  flight.  To  design  structures  and 
equipment  that  are  capable  of  withstanding  the  randomly  fluctuating  loading 
resulting  from  turbulent  air  and  noise  resulting  from  turbulent  boundary 
layers,  cavity  resonance,  and  propulsion  system  noise,  designers  are  find- 
ing that  they  have  to  understand  random  vibra.ion  and  design  components 
that  can  withstand  the  random  loading.  It  Is  beyond  the  scope  of  this 
report  to  present  a complete  description  of  either  mechanical  vibrations 
or  the.  statistical  tools  required  for  a thorough  understanding  of  random 
vibrations.  However,  it  Is  appropriate  to  present  quantitative  results 
to  understand  the  significance  of  the  design  data  presented  In  the  follow- 
ing sections.  First,  mechanical  vibrations  shall  be  discussed  In  the  con- 
text of  the  frequency  response  of  structure  to  time  varying  loading.  Next, 
the  statistics’  tools  required  to  describe  the  random  loading  and  the 
resulting  random  structural  response  are  presented.  Finally,  a discussion 
of  the  various  types  of  methods  used  to  obtain  quantitative  results  an- 
p resent  ed . 


5 . 1 1 I Nut  at i -n 

c Viscous  damping  coefficient 

f Frequency,  Hz 

f Natural  frequency,  Hz 

n 

G (f)  Power  spectral  Uarislty  function 

A 

H(f)  frequency  response  function 

k Spring  constant 

m Mass  of  system 

p(x)  Amplitude  probability  density  function 

T Time  Interval,  fatigue  life,  or  kinetic  energy 

r Time 


5 . 1 . 1 . 2 Frequency  Response  of  Structure 

Mechanical  vibration  analysis  is  simply  a statement  of  equilibrium  between 
inertia,  damping  elastic,  and  applied  forces.  All  methods  rely  upon  the 
development  of  a model  of  the  structure  suitable  for  analysis.  for  simple 
structures,  such  as  described  in  Section  5.2,  it  may  be  possible  to  achieve 
a high  degree  nt  simulation  between  the  real  wet  Id  and  t.li  nnntyi  i c,j  i 


I 7<> 


1 


i 


,mjJe  I . In  reality,  all  structural  models  are  approximations  so  that  the 
designer  must  always  know  the  limitations  of  the  approx ima t i ons . From  an  ana- 
lytical standpoint,  only  one  or  two  deg ree-of - f reedom  lumped  parameter  systems 
can  be  easily  handled  without  extensive  calculations.  The  basic  considera- 
tions for  lumped  parameter  systems  and  the  development  of  the  governing  equa- 
tions can  be  found  in  any  standard  textbook  on  mechanical  vibrations  (l),  (2). 

For  a one  degree-cf- f reedom  mechanical  system  the  frequency  response  function 
and  its  relation  to  the  input,  X(f),  and  the  output,  V(f),  is 

Y (f ) = H(f)X(f)  (5.1.1-D 


where 

H(f)  - |H(f)|e  is  the  frequency  response  function 

I H ( f ) [ - Is  the  absolute  value  of  H{u)  and  Is  called  the  system 
gain  factor 


<f(f)  • Is  the  associated  phase  angle 


To  define  the  system  frequency  response  function,  H(f), 
input  or  forcing  function,  X(f),  and  the  desired  output 
important  one  degree-of -freedom  systems  are  Illustrated 
The  system  gain  factors,  j H ( f ) | , are  presented  In  Table 
combinations  of  Input  functions  and  output  functions. 


one  must  define  the 
function,  Y(f).  Two 
In  Figure  5. 1.1-1. 

5.  I . I-)  for  var ious 


(a)  Mechanic.,-)  1 System  with  Force  Input  (b)  Mechanical  System  wi  ti  Foundation 

Morion  Input 


F I FUKt  S.  1.1-1  TWO  CONF  ICtlhAT  1 Oils  0T  ONL  UtL.KLt-dl  -I  KLt-IKlM  SYSTFMS 

!» 

> " 


I // 


■llllt-... 


TABLE  5.  !■  I-  I 


SUMMARY  OF  FRtfjUENCY  RFSPONST  FUNr  T I FIT'S 

FOR  SIMPLE  MECHANICAL  SYSTEM 
(REF . II) 
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In  studying  Table  5. 1.1-1,  It  Is  noticed  that  several  parameters  are 
required  to  obtain  quantitative  results.  Namely,  the  characteristics  of 
the  structure  such  as  mass,  rr. ; viscous  damping,  c;  and  stiffness,  k,  are 
required  as  Is  the  relative  quantity  f/f  which  describes  the  ef f ec *■  I veness 
of  the  excitation  frequency,  f.  In  causlFig  the  system  to  respond  a Its 
natural  frequency,  f . 

Since  all  forms  of  excitation  relevant  to  sonic  fatique  exhibit  generally 
broad  frequency  content  - In  particular  jet  noise  - It  Is  reasonable  to 
suspect  that  part  of  the  design  problem  Is  to  determine  the  dynamic  response 
of  a system  In  the  frequency  domain  with  reasonable  accuracy.  That  Is,  the 
designer  should  be  able  to  predict  the  response  frequencies  of  the  structure 
with  the  implication  that  more  than  a one  degree-of-f reedom  model  may  be 
required  for  a vibration  analysis.  If  such  Is  the  case,  then  the  designer 
should  consult  more  advanced  books  on  mechanical  vibration  (3),  (^). 

For  the  design  methods  presented  In  Sections  5-2  and  5.3,  It  has  been  totally 
assumed  that  the  structure  exhibits  a single  mode  of  response  as  characterized 
by  the  one  degree-of- freedom  system.  This  assumption  Is  usually  confirmed  by 
experimental  results.  Plots  of  the  system  gain  factors  as  a function  of  the 
frequency  ratio  f/f  arc  presented  in  Figure  5.1. 1-2.  Here  it  Is  seen  that 
damping,  C,  plays  a significant  role  In  determining  the  structural  response 
of  the  system.  For  aircraft  structure.  Hay  (5)  has  assembled  the  results  of 
many  experimental  programs  to  determine  the  damping  of  typical  structure. 

Hay's  results  are  presented  In  Figure  5-l-l'3  and  Indicate  that  for  normal 
configurations,  the  damping  exhibited  by  aircraft  structure  Is  small  (on  the 
order  of  0.02).  Hence,  the  designer  can  expect  significant  structural 
response  as  exhibited  by  a sharp  resonance  peak  unless  artificial  damping 
treatments  are  used.  If  artlf  clal  damping  treatments  are  considered,  the 
designer  should  recognize  that  s jnlf leant  Increases  in  modal  coupling  can 
occur  that  negate  the  single  response  mode  assumption.  For  a discussion  of 
damping  mechanisms  and  treatments  the  designer  should  consult  Mead  (6),  Bert 
(7),  or  Henderson  (8), 


i dS 

t i 


i-VM 


U# 

m 

! 


:*sm 

: 3 


179 


FIGURE  5. 1.1-2  MECHANICAL  SYSTEM  FREQUENCY  RESPONSE  Ao  A FUNCTION  CF  FREQUENCY  RATIO 
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FIGURE  5. 1.1-3  DAMPING  RATIO  VERSUS  FREQUENCY  FOR  TYPICAL  STRUCTURE 


5.1. '.3  Stat'  cal  lools  tor  Random  Vibration 


Mechanical  vibration  problems  can  involve  the  response  of  a system  to  deter- 
ministic or  to  random  time  varying  forces.  Deterministic  forces  or  inputs 
imply  that  the  magnitude  of  the  input  is  km  *n  instantaneously  at  all  times. 
Random  forces  or  inputs  I nip  1 y that  the  magnitude  is  not  known  or  predictable 
in  advance  for  any  time.  The  designer  may  now  suspect  that  even  If  the 
structural  characteristic  were  perfectly  described  by  the  system  frequency 
response,  H(f),  it  would  be  impossible  to  estimate  the  system  response,  Y(f), 
to  any  degree  of  accuracy  better  than  one  could  describe  the  Input  or  forcing 
function,  X(f).  Good  basic  presentations  of  random  vibration  theory  are  given 
by  Robson  (9)  and  by  Crandall  and  Mark  (10). 

Typical  time  histories  of  random  processes  are  illustrated  in  Figure  5.1-1“^- 
Broad-band  or  w:de-band  noise  is  characterized  by  a random  amplitude  and  no 
single  predominant  frequency.  Broad-band  noise  is  typical  of  boundary  layer 
turbulence  and  jet  exhaust  pressure  fluctuations.  If  the  structure  Is  lightly 
damped,  then  the  structure  will  s i gn i i i can t 1 y respond  only  in  the  frequency 
range  near  resonance  ( f / f n = 1).  Any  structural  response  quantity  such  as 
acceleration  or  stress  will  then  exhibit  a random  amplitude  (since  the  Input 
amplitude  is  random)  but  will  exhibit  a single  predominant  frequency  (the 
structure  icts  like  a filter  in  the  frequency  domain).  Hence,  structural 
response  quantities  can  be  expected  to  exhibit  narrow-band  time  histories 
such  as  illustrated  in  Figure  5 - 1 - 1 ~ . It  is  assumed  that  any  random  process 
is  such  that  its  statistical  characteristics  do  not  vary  with  time  or, 
strictly  speaking,  the  random  process  is  assumed  to  be  stationary  and  ergodic. 
By  stationary,  it  is  meant  that  the  statistical  averages  do  not  vary  with 
time  when  averaqed  over  several  sample  time  histories.  By  ergodic,  It  Is 
meant  that  averages  obtained  for  any  one  time  history  are  identical  to  the 
averages  obtained  for  all  other  time  histories.  For  a much  more  complete 
description  of  the  concepts  one  should  consult  the  references:  (9),  (10), 

(11),  (12).  Hence,  for  a stationary  and  ergodic  random  process  (either 
forcing  function  or  system  response)  the  designer  must  be  able  to  describe 
statist ica ! ly  the  amplitude  and  frequency  content  of  the  random  process  and 
need  consider  only  one  typical  time  history  for  each  quantity. 

5. 1.1. 3-1  Amplitude  Statistics 

It  is  first  required  to  define  parameters  that  describe  the  amplitude  of  a 
random  process  as  follows: 

Mean  or  Average  Value:  The  mean  or  average  value  of  a time  varying  quantiiy 

can  be  evaluated  by  integrating  the  value  over  a very  long  time  period,  T, 
and  dividing  by  the  time  period.  Mathematically,  the  mean  value  is  given  Hy 

_ 1 T 

xfY)  = limit  j J x ( 1 ) t-l  t . (5-1.1  /.) 

T h w o 

If  the  mean  value  is  not  zero,  it  is  usually  convenient  to  adjust  the  scale 
of  x(  t)  so  * hat  the  mean  '■  < Iiip  is  zero. 


Mean  Square  Value:  The  mean  square  value  of  a time  varying  quantity  Is 

obtained  by  integrating  the  square  of  the  value  over  a very  long  time  period, 
T,  and  dividing  by  the  time  period.  Mathematically,  the  mean  square  value 
is  given  by 

x2(t)  - limit  i / 1 x2 (t )dt . (5. 1.1-3) 

T ► a>  O 

The  root  mean  square  or  rms  value  of  the  time  varying  quantity  is  slmpiy  the 
square  root  of  the  mean  square  value. 

2 

Variance:  The  variance,  a , of  a time  varying  quantity  Is  given  as  the  dif- 
ference  between  the  mean  square  value  and  the  square  of  the  mean  value  of  the 
quant  i ty  as  -^0 » 


2 

a 


orrm2 


(5.1. 1-1*) 


The  standard  deviation  of  the  time  varying  quantity  Is  simply  the  square 
root  of  the  variance.  If  the  mean  value  of  the  time  varying  quantity  Is 
zero,  then  from  Equations  (5. 1.1-3)  and  (5.1.l-^)  the  standard  deviation  Is 

equal  to  the  root  mean  '-qnarr  value  ..f  t|y  1 i m> • varying  quantity. 

Probability  Density  Function:  The  object  of  analyzing  a random  process  Is 

to  determine  the  likelihood  of  encountering  extreme  or  maximum  values  or  to 
determine  the  percentage  of  time  a random  quantity  will  exceed  a given  level. 
Figure  5. 1.1-5  Illustrates  a sample  of  a ranJom  time  history  taken  over  a time 
Interval  T.  The  probability  that  the  function  x ( t ) lies  In  the  Interval 
between  x and  x + Ax  is  that  percentage  of  time  which  the  function  has  values 
in  that  Interval.  This  probability  or  percentage  of  time  is  expressed  mathe- 
ma t i ca I I y as 


Prnb[x  - x(t)  • x + Ax]  = >l./T  (5. 1.1-5) 

If  the  Interval,  Ax,  Is  small,  a probability  density  function,  p(x)  is 

defined  i*. 


Prob[x  -•  x(t)  • x t Ax]  - p(x)Ax 


(5. l-l-6o) 


or 


p (*>  =T^f) 


(5. 1 - 1 -6b) 


To  precisely  define  p(x),  one  needs  to  consider  very  small  intervals,  Ax,  and 
very  long  periods,  T,  so  that  mathematically  the  probability  density  function 
I defined  v: 


p (x)  = limit  limit  - (— -i- ) 
. _ _ i Ax 

Ax  t 0 T 1 •• 


FIGURE  5-1. 1-5  ILLUSTRATION  OF  THE  A CUMULATED  TIME  THAT  A SIGNAL 
SPENDS  IN  AN  AMPLITUDE  INTERVAL  x < x(t)  < x + Ax 


FIGURE  5.1. 1-6  ILLUSTRATION  OF  THE  PELAT I ON  OF  1 HE  AMPLITUDE 

PROBABILITY  DENSITY  AND  THE  CUMULATIVE  PROBABILITY  ( 

FUNCTIONS  TO  A RANDOM  AMPLITUDE  TIME  HISTORY  ! 

1 


i 


Once  p(x)  has  been  determined  over  the  range  of  values  of  x(t), 
ability  or  percentage  of  time  that  the  amplitude  x(t)  is  within 
3 «"  x(t)  < b is  obtained  from  Equation  (5.  1.1-6.')  by  summing  or 
so  ! lat 


then  the  prob- 
the  limits 
i ntegrat 1 ng 


Prob[a  < x(t)  b] 


/ p(x)dx 
a 


<5-1-1 -7a) 


Since  the  probability  of  x(t)  being  between  the  limits  -*»  and  +«»  Is  1.0  (an 
absolutely  certain  event)  it  follows  that 


/ p (x ) dx  * 1.0  (5-1-1 -7b) 


and  the  probability  that  x exceeds  a given  level  L Is  simply 

L 

Prob[l_  *1  x(t)J  = 1.0  - / p(x)dx  (5.1  . 1 ~ 7c) 

-<*> 


Electronic  instrumentation  is  available  to  determine  either  the  probability 
function  o.  the  probability  density  function  of  actual  random  amplitude  time 
histories.  The  process  is  illustrated  conceptually  in  figure  5. 1.1-6. 

Mathemat lea  1 ly , several  special  probability  density  functions  have  been 
deiined  (13)  with  two  of  these  functions  being  especially  Important  In  the 
d i : cuss i on  of  random  vibrations.  The  first,  and  most  Important,  probability 
density  function  to  be  discussed  is  the  Gaussian  or  normal  probability  density 
function  is  defined  as 


P (x)  = — - — exp  (-  (x  - x)V2o^] 


(5.1.1 -8a) 


wh.  re  x It  the 
b i I ; ty  dens  I ty 
and  is  defined 


mean  value  and  o is  the  standard  deviation, 
function  Is  railed  the  Rayleigh  probability 
as 


The  second  proba- 
dons  i ty  f unct.  1 on 


p(  ) •=  ~y  e*P  [-x2/2oZ]  x >_  C (5-1.1  -8b) 

a 

Tables  for  plotting  the  Gaussian  probability  density  function  and  probab’lity 
oi  exceeding  a ievei,  Equation  ( 5 - i - 1 — 7«- ) > aie  presented  in  almost  any  text 
or  set  of  rna  themat  i ca  1 tables  (11),  (l(t).  Figure  5.1.  1 ~ 7 presents  a plot  of 
the  probability  of  exceeding  the  rms  level  versus  the  ratio  of  the  instantane- 
ous level  to  the  rms  level  for  a Gaussian  random  process.  Hence,  if  the 
instantaneous  value  of  the  time  varying  quantity  exhibits  a Gaussian  proba- 
bility density  or  is  assumed  to  exhibit  such  tendency  and  if  the  rms  value 
of  the  time  varying  quantity  is  known  then  Figure  5-11-7  ran  he  used  to 
determine  the  probability  that  the  instantaneous  value  will  exceed  the  rms 
value.  Conversely,  if  the  rms  value  for  a set  of  instantaneous  values  is 
known,  rli.n  oho  cm  plot  i h~  points  on  TiyUic  5 - 1 - 1 " 7 to  dc  t-.- rin  i no  how 
closely  1 1 1 _ proces  . I estimated  by  a Gaussian  probability  distribution 


I 8f> 


Suppose,  fur  example,  that  the  rms  value  ol  a Gauxs;un  time  varying  dis- 
placement record  Is  equal  to  1.20  inches.  Then,  from  Figure  5. 1-1*7,  it  is 
Seen  that  the  probability  that  the  displacement  exceeds  2.0  Inches  (in  both 
the  positive  and  neqative  directions)  is  equal  to  0.10  or  102,  (x/o  = 2. 0/1. 2 ” 
1.6/). 

Tiie  Gaussian  or  normal  probability  distribution  is  not  a mere  mathematical 
convenience  since  many  random  pi ocessts  occurring  in  nature  exhibit  Gaussian 
probability  distributions.  The  usefulness  of  the  Gaussian  distribution  func- 
tion stems  from  the  Central  Limit  Theorem  of  statistics  (12)  which  states  that 
sums  of  independent  random  variables  will  exhibit  approximately  Gauslan  dis- 
tributions regardless  of  the  underlying  distributions.  Many  physically 
observed  phenomena  in  practice  actually  represent  the  net  effect  of  numerous 
contributing  variables  so  that  the  Gaussian  distribution  function  constitutes 
a good  approximation  to  commonly  occurring  distributions. 

The  Rayleigh  distribution  function  is  'mportant  when  one  considers  estimating 
the  probability  that  either  the  Instantaneous  value  will  lie  within  the  envelope 
of  a narrow-band  random  process  exhibiting  a Gaussian  probability  distribu- 
tion (see  Figure  5.1. I'M  or  the  distribution  of  peaks  of  a narrow-band  random 
process  exhibiting  a Gaussian  probability  distribution.  The  peak  distribution 
problem  Is  useful  in  design,  for  example,  when  it  is  required  to  convert  sinu- 
soidal fatigue  curves  for  a material  to  equivalent  random  fatigue  curves  when 
estimating  the  fatigue  life  of  a structure.  This  procedure  is  described  In 
Section  6.5.1.  A plot  of  the  Rayleigh  probability  density  function  is  pre- 
sented in  Figure  5-1. 1-8. 


5.1. 1.3.2  Frequency  Content 

Since  mechanical  systems  are  sensitive  to  frequency,  it  is  required  that  the 
designer  1 now.  the  frequency  content  of  l he  random  loading  to  tin.'  system  or 
the  random  response  of  the  system.  The  frequency  'nterval  for  which  the  ran- 
dom process  has  a value  is  called  the  frequency  spectrum  of  the  process. 

Power  S f x * c 1 1 a I density  (PSD)  Function:  For  desiqn  purposes,  the  desiqner 

needs  to  know  the  amplitude  of  the  random  process  at  various  frequencies. 

The  powei  spectra)  density  function  or  simply  spectral  density  function  is 
a measure  of  the  frequency  content  of  a random  process.  The  definition  of 
the  spectial  density  function  shall  follow  a simple  path  with  the  more  mathe- 
matically rigorous  course  left  to  the  requirements  of  the  reader  (see  (9), 
(10),  (13)). 


If  a time  varying  signal  (the  noise  measured  at  a point  near  a jet  engine, 
for  example)  is  sent  through  a band  pass  filter,  the  filter  allows  only  sig- 
nals that  have  a frequency  of  f t tS  17  to  pass.  The  signal  that  Is  passed 

c — J 

tlnouyh  the  filter,  Ax(t),  Is  measured  in  terms  of  its  mean  square  value,  Ax 


The  spectral  density  function  Is  then  defined  in  terms  of  the  mean  square  fil- 
tered signal  as 
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(5. 1 ■ 1-9) 


G (f)  - Ax  (t)/Af 
x 

It  is  important  to  note  that  the  magnitude  of  the  spectral  density  function, 

G (f ) t depends  upon  the  band  width  of  the  filter  used  to  determine  its  value. 

If  the  signal  represents  pressure,  then  the  units  of  the  spectral  density 
function  are  (psl)2/Hz.,  for  example.  The  total  spectral  density  curve  is 
obtained  by  examining  each  frequency  interval  and  plotting  the  spectral  den- 
sity associated  with  each  band  center  frequency,  fc,  over  all  values  of  the 
frequency  domain.  Typical  spectral  density  function  for  broad-band  noise  (t.e., 
jet  pressure  excitation),  and  narrow-band  noise,  typical  of  the  stress 
response  of  the  structure,  are  presented  In  Figure  5-1-1 -9 . 

The  spectral  density  functions  Illustrated  In  Figure  5.1. 1*9,  are  typical 
results  for  a continuous  representation  of  the  spectral  density  function 
when  the  filter  bandwidth,  Af , used  to  measure  the  signal  becomes  very  small 

(h!-i  th-  ii'.j  l i !".i  1 1 v lrprrw  iv'  — -rn)  Thu*.  . tfv*  definition  of  the  soectr-l  den- 

sity function  becomes 

Gx(f)  - (7(1))  (5.1.1-10a) 

or 

dA2(».l  - Ux(i)ui  (p-l.l  10b) 

Hence,  to  determine  the  mean  square  value  of  the  time  varying  signal,  it  is 
only  required  to  integrate  tquation  (5  - 1 - 1 - 1 Ob ) over  the  entire  freque  q* 
spectrum  to  obtain 

or* 

x1 (t)  / G (f)df  <5.1.1- 10c) 

o x 

Ibis  result  s hull  Id  be  Compared  lu  Equation  ( . I . I j ) . 

Note:  When  reading  tire  I I te i a lU t e uu  laud  or  n V tut  d i iuiis  it  Is  usually  t oui  id 
that  analytical  results  are  expressed  in  radian  frtquenty,  (*) , with  the  frequency 
spectrum  defined  on  the  interval  -■'■  < or  - so  that  the  mean  square  value  of 
a quantity  Is  expressed  as 


x2(t)  - f S..(ui)dw  - 2 / Sx (or) dm  (5.1.1-10d) 

— x u 

wire  i e the  syinineiiy  of  lire  spectra!  density  has  been  used  to  obtain  the  second 
r'-.ult  S (-to)  » S (m) ) . Since  m = ?nf,  a change  of  variable  In  Equa- 

tion (5.1.1-I0d)  results*lri 


x-7(t)  » 4m  / S (f)df  (5.1.1  10e) 

o x 

Comparing  bquations  (5.1.1-IOc)  and  ([>  1.1-IOe),  It  is  seen  that 


I go 


(5.1.1-lOf) 


G (f)  « 4nS  (f) 

X X 

so  that  when  one  is  considering  spectral  density  functions  the  factor  of  hr. 
must  be  considered  when  changing  the  limits  of  Integration  and  converting 
from  radian  frequency,  o,  to  circular  frequency,  f. 

5 . I . I . b)  Response  of  a Mechanical  System  to  Random  Excitation 

Section  S.I.I.?  described  the  structural  response  of  a mechanical  system  in 
terms  ot  the  frequency  response  function,  H.(f),  Section  5 - ? - 1-3  presented 
definitions  and  discussion  of  the  statistical  tools  required  to  describe  ran- 
dom time  varying  quantities  and  the  frequency  resolution  of  a random  time 
varying  quantity.  This  section  shall  present  a description  of  how  a mechani- 
cal system  responds  to  a random  forcing  Input.  In  particular,  it  Is  important 
to  obtain  an  expression  for  the  mean  square  value  of  the  system  response.  The 
mean  squat  u response  is  Important  In'*,  if  t he  linear  ni:  oh/tn  i r.a  1 system  Is 
forced  by  a random  input  that  exhibits  Gausr ian  probability  characteristics 
then  the  system  response  also  exhibits  Gaus  in  probability  characteristics 
and  the  only  quantity  required  to  describe  tut’  probability  density  or  the 
cumulative  probability  of  the  response  is  the  mean  square  value  ol  the 
response  (9) , ( I 0) . 

for  the  purposes  of  this  discussion,  the  most  direct  approach  to  consider  for 
calculating  the  mean  square  response  ot  a mechanical  system  will  be  to  con- 
sider the  frequency  analysis  of  the  input  or  forcing  function  and  the  frequency 
response  of  the  system.  By  using  correlation  techniques  and  the  impulse 
response  ef  the  system,  one  could  also  obtain  results  by  analysis  in  the  time 
domain  (see  Rob’, on  (9)  or  Bemlat ( 10) ) . The  frequency  description  of  a ran- 
dom signal  is  con  si  dp  red  hv  determining  the  power  spectral  density  of  the  sys- 
tem response  as  described  in  Section  5.1. 1.3.2. 

The  frequency  resolution  of  the  response,  y(t),  of  a mechanical  system  due 
to  a t i n.e  varying  Input,  x(t),  is  given  by  Equation  (5.1. 1-1).  If  the  time 
varying  input,  *(t),  and  the  response,  y(t),  are  both  sent  through  a band  pass 
filter  , squared,  and  averaged  then  one  obtains  the  result 

y 2 ( t ) = y^Tn  = I H ( I ; I 7 x2(f)  = i H (f ) I 2 A>. 2 ( t ) (5.1.1-11) 


2 2 

whL-re  the  t symbol  before  y (t)  and  x (t)  implies  that  the  siynals  have 
l.een  f i I l-Toil.  Then,  one  obtains 


Gw  (f ) 


liLill  . | H ( f ) I z ^ 4—-  ! H ( f ) ) ^ G (f) 

i si  /‘ii 


(5- 1 - 1- 12a) 


h (f)  « | H ( I ) |2  G (f ) 

y y 


(5.1.1-I2b) 


IT’ 


The  result  presented  by  Equation  (5  l_!-l?h)  It  the  cent,  ul  i'c-aul  t Liie 
random  vibration  analysis  for  a one  deg ree -of - f reedorn  system.  Mathematically 
rigorous  developments  of  this  result  are  presented  in  the  References.  The 
implication  of  this  result  for  design  use  is  extremely  significant.  Namely, 
the  designer  need  only  be  Interested  in  determining  the  system  gain  factor, 

I H ( f ) | , and  the  input  or  forcing  spectral  density  function,  G (f),  to  deter- 
mine the  response  spectral  density  function,  G (f).  Once  the  system  response 
spectra!  density  function  Is  determined,  then  Khe  mean  square  value  of  the 
response  is  obtained  from  Equation  (5.1.1-lOc)  as 


yf(t)  - /"  G (f)df  - /“'  | H (f ) |2G(f)df  . (5.1.1-13) 

o V o x 


One  immediate  simplification  can  be  made  for  the  result  presented  in  Equation 
(5.1.1-13).  If  the  mechanical  system  Is  lightly  damped  (see  Figures  5. 1.1-2 
and  5.1.  1-3)  and  the  input  forcing  exhibits  a broad-band  frequency  spectrum 
(see  Figures  5 - 1 . 1 - A and  5 - 1 - 1 - 9 ) that  varies  slowly  with  frequency,  then 
G (f)  will  be  essentially  constant  in  the  frequency  Interval  about  which  the 
mechanical  system  exhibits  significant  response  ( f = f ) so  that  one  obtains 
the  approximation 


y2(t)  = G (f  )/”  |H(f)|2df  . 
x n o 


(5.1. 1-1*0 


This  approximation  Is  convenient  for  design  purposes  since  many  forcing  func- 
tions important  to  sonic  fatigue  design  exhibit  spe'-rral  density  functions 
that  vary  slowly  with  frequency,  and  to  obtain  >impiu  design  equations,  the 
integration  required  by  Equation  (5.1. 1-1*0  is  more  easily  performed  than 
that  required  by  Equation  (5.1.1-13).  In  addition,  If  this  approximation 
is  valid  so  that  the  result  of  Equation  (5. 1.1-1*))  can  be  used,  then  the 
designer  can  separate  the  consideration  of  loading  actions  as  expressed  by 
G (f)  and  the  structural  characteristics  as  expressed  by  H(f).  The  only 
interrelationship  between  the  two  Is  that  Gx(f)  must  be  evaluated  at  the 
response  frequency,  f , so  that  when  the  designer  alters  H(f)  to  reduce  the 
mean  square  response  ne  must  recognize  also  that  fn  and  hence  (f  ) may  be 
altered. 

For  sonic  fatigue  design,  the  'nput  force  - as  described  above  - results 
from  a random  pressure  acting  over  a surface  area.  The  techniques  required 
to  deteiminc  the  appropriate  "lumping"  of  a random  pressure  acting  over  a 
surface  area  Is  presented  in  detail  in  Section  5.2. 2. 2. 6. 

5 . 1 . I . 5 Hlles'Slngle  Degree-of-Fi  <.  ..om  Theory 

Miles  (15)  proposed  a single  degree-of-f reedorn  model  to  represent  the  respo-  e 
of  a plate  to  jet  noise  excitation  and  proposed  a technique  fur  estimating  the 
fatigue  life  of  the  structur-  based  upon  the  use  ol  Miner's  Cumulative  Damage 
Theory  (16).  The  results  of  Sections  5-1.  1.2  through  5.1.!.*)  apply  - in  par- 
ticular Equation  5-  1.1-1*)  - so  that  the  system  response  to  an  excitation 
spectrum  that  varlu,  :-iowly  with  frequency  in  the  frequency  range  near  the  natural 
frequency  is  given  by 
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(t)  -(p2)  f„c  (f„)  / 


d r 


2,2  . 2 2, 

o [ (1  r ) + V,  r ] 


15.1.1-15) 


f/f 


C - damp i ng  ratio 


where  y is  the  static  displacement  response  to  a static  generalized  force 
of  magnitude  F The  evaluation  of  the  irrtegrai  in  Equation  (5.1.1-15)  is 
rather  complicated  (See  Crandall  (10))  but  can  be  obtained  In  rather  simple 
1 orin  as 


[(I 


dr 

2.2  . 22, 

■r  ) + r I 


W 


(5.1.1-16) 


Then,  one  obtains  the  simple  result  from  the  mean  square  displacement  response 
as 

2 

/<*>  : £fnGx<fn)  (r)  (5.M-17) 

' o 

Assuming  a linear  relationship  between  stress  and  displacement,  f he  mean 
square  stress  response  for  light  damping  is  simply 


o2(t)  = 


(5.1.1-18) 


where  o Is  the  static  ••  ress  resulting  from  a static  force  of  magnitude  f . 

The  results  presented  n Equations  (5.1.1-17)  and  (5.1.1-18)  are  the  mathe- 
matical statement  of  Miles'  Single  Degree-of -Freedom  Theory.  The  extension 
of  this  theory  to  mu  1 1 i -degree-of- freedom  systems  is  presented  in  Section 
5. 2, 2. 2. 6 and  is  specialized  to  the  case  of  random  pressure  loading  of  plate- 
like structure.  The  Implication  of  Miles'  results  are  significant  in  that  the 
designer  really  needs  tc  be  oncerned  only  with  estimating  the  natural  fre- 
quencies of  the  system  (usually  the  fundamental  mode  is  all  that  is  required) 
and  to  determine  the  static  stress  response  of  the  system  at  the  points  of 
interest  resulting  from  a unit  magnitude  force  (or  pressure)  In  order  to  calcu- 
late the  mean  square  stress  response  of  the  system. 

from  Section  5. 1.1. 3,  it  is  seen  that  once  the  mean  square  response  Is  deter- 
mined then  all  probability  data  is  established  if  the  response  is  Gaussian. 

For  the  linear  mechanical  system  upon  which  the  results  given  by  Equations 
(5.1.1-17)  and  (5.1.1-18)  are  based,  the  system  response  will  be  Gaussian  if 
the  excitation  is  Gaussian.  in  particulai,  for  these  results  the  assumed 
peaked  frequency  response  results  in  a narrow  band  Gaussian  process  for 
describing  the  system  response. 

— j 

The  mean  square  stress  response,  o (t) , given  by  Equation  5.1.1-18  is  now  used 
to  estimate  the  fatigue  life  of  a structure.  Miles'  presents  n d 'sed-form 
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estimate  for  fatigue  life  by  assuming  that  Miner's  Cumulative  Damage  Theory 
(16)  talso  proposed  by  Palmgrsn  (17)  and  now  called  the  Pa !mgren-M i ner 
Cumulative  Damage  Rule)  applies  and  that  the  S-N  characteristics  of  the 
material  are  such  that  the  S-N  curve  Is  linear  when  plotted  on  log-log  paper. 
Here  It  Is  assumed  that  the  stress,  s,  Is  a constant  amplitude  alternating 
stress  with  complete  stress  reversals  from  -S  to  +S  (t.e.,  sinusoidal  time 
history).  Miles  analysis  of  fatigue  life  estimates  will  be  presented  here 
to  illustrate  the  relationship  to  the  Cumulative  Damage  Theory  although  this 
upp.ouch  i la s been  judged  to  be  highly  conservative  (18).  More  detail  con- 
cerning various  cumulative  damage  theories  will  be  presented  In  Section  6. 

Noting  that  experimentally  obtained  sinusoidal  S-N  data  usually  exhibits 
wide  scatter,  Miles  assumed  that  the  relationship  between  the  number  of 
eye les-to-fa I lure , N(s),  at  a stress  level  s Is  given  by  the  relationship 

N(s)  = c/sb  (5.1.1-19) 


where  the  constants  c and  b are  parameters  dependent  upon  the  material. 

Since  the  random  stress  will  vary  in  amplitude  it  is  necessary  to  establish 
an  estimate  of  the  "damage"  done  to  the  material  by  a number  of  stress 
reversals,  n(s),  less  than  the  number  of  stress  reversals,  N(s),  required 
to  cause  failure  at  the  stress  level,  s.  Miner  (16)  assumed  that  damage  was 
accumulated  linearly  so  that  at  a stress  level  s^  the  damage  Is  given  by  the 
ratio  ii.  /N  j (nj  - ri  ( s ^ ) and  N.  - N(sj))  and  that  the  cumulative  damage  Is 
given  by 

Dm  - l (nj/Nj)  (5.1.1-201 


with  failure  occurring  when  1.0.  As  discussed  in  Section  6.  various 

other  more  complicated  cumulative  damage  theories  are  available,  but  the 
improvement  (if  any)  in  obtaining  analytical  fatigue  life  estimates  - 
especially  for  random  stress  reversals  - is  not  generally  warranted. 

Miles,  for  converfence,  introduces  a reduced  stress,  s , which  produces  the 
same  fatigue  damage  as  the  spectrum  (n ^ , s.)  after  the  same  tota ' number 
of  cycles,  £n. , so  that  from  Equations  (5. i. 1-19)  and  (5.1.1-20)  ne  obtain' 
the  resu  1 1 


s 


( T,  n ( s b / T.  n . 1 
i i 


1/kb 


(5.1.1-21) 


where  k Is  a factor  on  the  order  of  1.0  to  2.0.  The  results  to  this  point 
are  based  upuii  a sinusoidal  constant  amplitude  time  history  for  the  sti  ess. 

I he  extension  of  these  results  to  obtain  an  estimate  of  the  equivalent  ran- 
dom stress  Is  of  a lightly  damped  strut turc  is  now  required.  The  probable 
number  of  cycles  of  random  stress  having  an  amplitude  in  the  range  (s,s  tdsi 
in  a time,  T , Is 
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(5.1.1-22) 


n(s)  - f Tp(s)ds 
n 

where  p(s)  Is  the  probability  density  of  the  stress  peaks.  For  a narrow- 
band  Gaussian  random  process  the  probability  density  for  peaks  is  a 
Rayleigh  distribution  function  as  given  by  Equation  (5-1.1 -8b)  and  illus- 
trated in  Figure  5.  1.1-8. 

From  Miner's  Cumulative  Damage  Rule,  the  expected  or  probable  damage  result- 
ing from  stress  peaks  in  the  range  (s,  s+ds)  with  a frequency  f for  a 
time  period  T is 


n/s) 

Ntsj 


d$ 


(5- 1 . I -23a) 


and  the  total  expected  damage  E [D  ] for  all  stress  amplitudes  Is 

n 

(si 


E(VT)I  - v L ds 


(5.1.1 "23  b) 


and  th<.  time  to  failure  Is  (E[D„(T)]  1), 

n 


T “ [f  / (p(s)/N(s))ds]  sec. 


(5  - 1 - I -23c) 


For  an  assumed  Rayleigh  p,  ^ability  density  function  and  a constant  amplitude 
S-N  curve  that  i c linear  on  a log-log  plot,  the  integral  in  Equation 
(5-l-l-23c)  is  evaluated  as 


/o  " 2b/2(u)b  • 1(1  +b/2)/c  (5-  1.1  -23d) 

where  , - ' o \ri  is  the  root  mean  square  stress  and  I'(x)  is  the  Gamma 
Funct'or-  . ci  <5  tabulated  in  standard  mathematical  tables  ( 1 ) , For  large 
positive  J • jf  the  argument  x (not  necessuiily  Integer  values)  the 
Gamma  F ms i on  is  approximated  by  the  expression 

r(x+l)  /2n' e x xx  H/2  x > 2 (5.l.i-23e) 

The  ebiimate  for  fatigue  life  is  then  given  by 

T = c[2bkfn(^  !•(!  rb/?)]'1  sec.  (f, . 1 . 1 -23f ) 

As  mentioned  above,  the  constants  b and  c are  determined  f r;  ill  a loq  og  plot 
of  constant  ampl I i ude  S-N  data  (which  is  assumed  to  be  linear)  and  tne  method 
has  proven  in  practice  to  yield  conservative  futiyue  liie  estimates  (10),  It 
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should  be  noted  thdt  the  natural  frequency,  f , that  is  used  in  Equation 
(5-1-1-22)  and  in  the  subsequent  developments  is  more  properly  described 
as  an  "expected  frequency"  based  upon  the  rate  at  which  the  signal  crosses  a 
defined  level  (usually  zero)  with  a positive  slope.  The  expected  frequency, 
fe(a),  is  defined  in  terms  of  the  joint  probability  of  the  signal,  y(t),  and 
Its  time  derivative,  y(t),  as  follows 


fp(a)  “ / yp  (a  > y)dy  (5-l.l-2i*g) 

e o 

where  a is  tht  level  crossed  by  y(t)  wit  . positive  slope.  For  a Gaussian 
process  with  zero  mean  then 


f+(a)  =*  y L exp 

e 2t  a 


(-a2/2 a2) 

V 


(5- 1 . l-24h) 


where  a is  the  rms  level  of  y and  o.  Is  the  rms  level  of  y.  A more  complete 
discussion  of  this  consideration  Is  presented  by  Robson  (9)  and  Crandall  (10) 

To  overcome  the  conservative  atlgue  life  estimates,  an  early  technique 
utilized  by  designers  was  to  obtain  so-called  equivalent  random  fatigue  curves 
from  constant  amplitude  sinusoidal  S-N  data  by  assuming  that  the  random  stress 
peaks  exhibited  a Rayleigh  distribution  and  that  Miner's  hypothesis  of  cumula- 
tive damage  applies.  Letting  N(r)  denote  the  number  of  cycles  to  failure  at 
a constant  amplitude  stress  level  s as  determined  from  test  data,  and  letting 
N (a) , be  the  number  of  cycles  to  failure  for  a random  amplitude  stress,  o, 
tnen  the  expected  damage  Is  (see  Equation  (5  1-1 -23b) 


C[Dm(s)] 


p(s) 

uUT 


ds 


At  fill  lure  r fry  (s)]  - 1,  that 


(".1.1-25) 


(5.1.1-26) 


Since  N(s)  is  known  from  experiment,  any  convenient  numerical  Integration  of 

Fnl  ] a t I Cin  f C 1 t O C ^ c krt  1 1/.  « -»  *-  m ^ um  — - 4.  1 . , 1 — II  .■ 

ml  i « rfi:>  an  ebb  i eVt;  i , <_> . nenue , tne 
constant  amplitude  S-N  data  can  e converted  to  equivalent  random  amplitude 
fatigue  data  o - N^_  on  a point  by  point  basis.  This  technique  has  been  used  in 
tlie  past  by  Mcliowan  (ly)  to  obtain  design  results,  especially  for  fatigue 
curves  that  are  based  upon  certain  values  of  stress  concentration  or  other 
complications.  It  is  recommended  for  design  use  only  If  random  amplitude 
faciguc  data  is  not  available  for  the  material  and  the  joining  method  proposed 
for  the  specific  design.  Wang  (20)  pre:  znts  techniques  for  estimating  the 
probability  of  failure  due  to  combined  load  spectra  (combination  of  maneuver 
loads  and  acoustic  loads)  and  fatigue  damage  for  the  case  of  broad  band  ran- 
dom amplitude  stress  is  discussed  by  Bernard  and  Shipley  (21).  More  practice:! 
design  methods  are  presented  In  Sections  .5,3  and  6.U. 
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5.1.2  METHODS  OF  VIBRATION  ANALYSIS 


The  formulation  and  solution  of  equations  of  motion  for  natural  vibrations 
of  various  structural  configurations  may  be  a rather  simple  task  or  one 
Involving  the  use  of  extensive  computation.  Since  natural  vibrations  never 
really  occur  in  physical  structures,  it  may  seem  to  be  academic  to  even  discuss 
the  topic.  However,  since  the  knowledge  of  the  natural  frequencies  and  normal 
modes  of  the  structure  is  required  by  the  designer  to  estimate  the  structural 
response,  the  designer  should  be  aware  of  the  various  methods  that  have  been 
applied  to  :he  solution  of  the  problem  of  sonic  fatigue  of  aircraft  struc- 
tures and  of  the  degree  of  approximation  that  the  various  methods  represent. 

The  designer  must  understand  the  significance  of  the  approximations  which 
result  from  tht  use  of  a particular  method  for  a specific  structural  configu- 
ration. This  understanding  will  often  dictate  the  choice  of  method.  Basic 
to  this  understanding  is  the  awareness  by  the  designer  that  all  methods  of 
vibration  analysis  are  approximate  in  an  engineering  sense.  Factors  such  as 
variations  in  materia!  properties,  dimensional  tolerances,  etc,  cause  the  dif- 
ferences to  exist  between  the  physical  structure  and  the  idealized  structure 
(mathematical  model)  used  in  the  analysis.  These  differences  may  be  a more 
significant  consideration  that  the  smaller  differences  that  would  result  from 
using  alternate  analytical  methods.  In  particular,  the  design  methods  presented 
in  this  handbook  are  based  upon  very  t.imple  approximate  structural  models  of 
highly  complicated  aircraft  structure.  This  approach  has  proven  to  be  accept- 
able in  accuracy  for  the  solution  of  sonic  fatigue  design  problems  (22). 

5 . I . 2 . 1 C lass  1 f If  at  ion  of  Methods 

Methods  of  vibration  analysis  may  be  classified  under  three  general  categories 
according  to  the  mathematical  form  of  the  governing  equations  (3), (23). 

These  three  general  categories  are  differentia!  equation  methods,  integral 
equation  methods,  and  energy  methods.  The  distinction  between  the  three  cate- 
gories is  logical  on  a mathematical  basis  and,  hence,  to  some  extent  on  the 
degree  of  effort  required  to  obtain  quantitative  results.  The  most  salient 
distinction  between  the  three  categories  Is  the  manner  in  which  the  boundary 
conditions  are  handled.  In  addition  the  degree  of  structural  complexity  that 
may  be  easily  included  In  the  model  (discontinuities,  etc.)  Is  somewhat  dependent 
upon  tin.  method.  Of  the  three  techniques,  energy  methods  have  found  the  inns t. 
widespread  and  common  use  as  an  analysis  tool  for  the  sonic  fatigue  problem. 

A brief  discussion  of  differential  equation  methods  and  Integral  equation 
metho  Is  will  be  presented  with  a more  detailed  consideration  of  energy  methods 
pres<  nted . 

5.1. 2. 2 D i f Tei en L i a 1 cgUation  Methods 

The  vibration  analysis  of  a structure  requires  the  solution  of  the  governing 
partial  differential  equations  describing  the  motion  of  the  system.  For 
natural  vibrations,  the  prescribed  boundary  conditions  must  be  satisfied 
expli  itly  to  obtai  . unique  solutions.  The  frequency  or  characteristic  equa- 
tion results  directly  from  the  mathematical  conditions  imposed  by  enforcing 
the  boundary  conditions  on  the  general  solution.  Using  this  method.  It  is 


impossible  to  obtain  either  frequency  or  mode  shape  estimates  that  do  not 
satisfy  the  boundary  conditions.  The  types  of  structures  for  which  solu- 
tions to  th.*  governing  • 'nation-  of  moil. mi  . i ■ • - puS-i'blc  jrc  strings,  bunding 
and  twisting  of  beams,  rm-mbranes,  circular  plates  end  rectangular  plates 
with  simply  supported  edges  (4).  These  structures  hardly  conform  to  those 
types  encountered  In  practice  by  « designer. 

Appendix  B.l  presents  the  vibration  analysis  of  slender  straight  elementary 
beams  either  In  bending  or  torsion.  The  governing  differential  equations 
of  motion  for  coupled  bend  1 ng - tors  I on  motion  of  thln-walled  open  section 
bean.  die  also  pitsenied  with  I nd  i ua  L i ons  ui  the  complexity  of  the  solution. 

To  indicate  the  amount  of  calculation  required  to  investigate  the  vibration 
of  a beam  with  elastic  rotational  constraint  the  reader  should  consider 
Carmichael's  analysis  (24)  presented  ir,  Section  5. 2. 2. 2. 4.  Carmichael's 
vibration  analysis  of  a plate  with  elastic  rotational  edg.-  constraints  uses 
the  differential  equation  solution  of  a beam  problem  as  the  basis  for  apply- 
ing an  energy  method  (Ray le 1 gh- B I tz  Technique).  Indeed,  the  results  for  plate 
and  cylindrical  shell  vibration  presented  In  Section  5.2.2  and  5.2.3  all  rely 
upon  enerqy  methods  uslnq  the  differential  equation  solution  of  the  beam 
vibration  problem  as  a basis. 

5.  1.2.3  Integral  Equation  Methods 

Integral  equation  methods  Involve  the  solution  of  governing  Integral  equa- 
tions An  Integral  equation  Is  an  equation  In  which  the  function  to  be 
determined  (l.c.,  the  solution)  appears  under  an  integral  sign  The  kernel 
of  these  Integral  aquations  (25)  Include  Influence  functions  (Green's 
Functions)  that  will,  by  usual  methods  of  derivation,  satisfy  the  boundary 
conditions  of  the  problem.  That  Is,  auxiliary  condition,  are,  In  a sense, 
already  written  Into  the  equation  S"  that  the  boundary  conditions  are 
implicitly  satisfied  through  the  use  at  appropriate  Influence  functions. 

This  method  is  used  extensively  in  the  solution  of  acoustics  problems  (26) 
but  Is  only  rarely  used  In  structural  dynamic  (23). 

5. 1.2.4  Energy  Methods 

Energy  methods  are  based  upon  the  use  of  one  cm  more  of  the  energy  principles 
of  mechanics:  conservation  of  energy,  virtual  work,  Hamilton's  principle, 

Lagrange's  equations,  etc.  Energy  methods  are  the  most  practical  approach 
for  the  vibration  analysis  of  complex  structure  and  aie  the  most  widely  used 
analysis  method  for  sonic  fatigue  pi  oh  iem. . i ingh.tar  [7/)  presents  a 
basic  discussion  of  energy  methods  with  the  application  of  these  techniques 
to  structural  dynamics  presented  by  Hurty  and  Rubinstein  {))  and  Blspllnqhoff 
(23).  Basically,  energy  methods  - a-,  agpl  led  in  practice  - make  use  of  one 
or  more  displacement  functions  selected  somewhat  arbitrarily  to  approximate 
the  natural  mode  functions.  If  the  natural  mod  s determined  by  the  analysis 
are  to  satisfy  the  prescribed  boundary  conditions,  it  1 . necessary  that  the 
approximate  or  assumed  displacement  functions  satisfy  the  boundary  conditions. 
The  accuracy  of  the  solution,  however,  depends  upon  whether  or  not  the  bound- 
ary conditions  ar>  Sat  i si  led. 
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Rayleigh  Method 


Rayleigh's  method  is  based  upon  a principle  stated  by  Lord  Rayleigh  In  his 
famous  work  Theory  of  Sound  in  1877  (28).  Rayleiyh's  principle,  rated  in 
modern  termi nology , is  as  ^ o 1 I ows  (k)  : In  a natural  mode  of  vibration  of 

a conservative  system  the  frequency  of  the  vibration  is  a minimum.  That  Is, 
at  any  Instant  the  enerjy  of  a • nnservat Ivc  system  In  free  vibration  Is 
partly  kinetic  and  partly  potential  with  the  t >tal  energy  being  constant 
and  the  time  rate  of  change  of  the  total  energy  being  zero.  Denoting  the 
kinetic  energy  by  T(t)  and  the  potential  energy  by  U(t)  at  an  Instant  of 
time,  t,  the  principle  of  conservation  of  energy  is  stated  as 


T ( t ) + U(t)  « constant  (5.1.2-la) 

and  the  time  rate  of  change  of  the  total  energy  is 

(T(t)  + U (t ) ) - 0 . (5.1.2-lb) 

Uu  tii  the  kinetic  and  potential  energy  proper  1 1 one  1 to  the  jquarc  of 
the  amplitude  of  the  mode,  and  the  displacements  vary  harmonically  In  time 
with  frequency  w.  Hence,  for  a linear  system,  the  amplitude  of  the  mode  Is 
arbitrary  when  using  Rayleigh's  method  to  determine  the  frequency.  From  the 
above  result,  it  Is  evident  that  the  maximum  value  of  the  kinetic  energy 
arid  that  the  maximum  value  of  the  potential  energy  must  be  equal.  Hence, 
an  alternate  form  of  Equation  (5- 1.2-lb)  Is 


-I  » U 
max  max 


(5.I.2-2) 


12  2 12 

Since  the  motion  Is  harmonic,  T = - — to  MA  and  U = — KA  'here  M Is 

’ max  2 max  2 

called  the  modal  mass  (or  generalized  mass)  and  K is  called  the  modal 
stiffness  (or  generalized  stiffness).  Hence,  Rayleigh's  method  yields  the 
result  for  the  normal  mode  response  frequency 

u)2  - K/M  (rad/sec)2  (5.  1.2-3) 


The  app I i cat  I on  of 
mum.  Thar  Is,  the 
Equation  (5. 1.2-3) 


Rayleigh's  method  requires  that  the  frequency  be  a mini- 
first  variation  of  the  frequency  (?f>)  , must  minimize 
so  that 


A (in2 ) = A (K/M)  = 0 (II.  1 . 2-4) 

Hurty  (M  shows  that  the  requirement  stated  in  Equation  (5. 1.2-4)  implies 
that  the  assumed  mode  function  used  to  obtain  K and  M must  at  I sty  the 
differential  equation  governing  and  the  natural  boundary  conditions  of  the 
problem.  If  the  assigned  mode  does  not  atisfy  these  conditions  completely, 
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then  the  frequency  estimate  is  not  a minimum  but  slightly  higher  than  the 
exact  result. 


Rayleigh's  method  Is  extremely  useful  stnee  reasonably  accurate  frequency 
estimates  can  be  obtained  explicitly  for  many  structural  configurations. 

Other  more  refined  methods  using  more  than  a single  Tssumed  mode  require 
extensive  computation  to  obtain  quantitative  results.  Additionally, 
Rayleigh's  method  is  a very  versatile  and  direct  method  In  that  one  only 
needs  to  make  a reasonable  guess  at  the  mode  and  to  use  this  result  to 
obtain  the  expressions  for  the  kinetic  and  potential  energy  of  the  struc- 
ture. Lelssa  (29)  has  shown  that  in  some  cases  Rayleigh's  method  provides 
frequency  estimates  as  accurate  as  the  more  refined  Ray le igh-R! tz  proce- 
dure for  the  vtbration  analysis  of  rectangular  thin  plates. 

5. 1.2. 4.2  Ray le i qh-R I tz  Method 

This  method  is  an  extension  of  the  Rayleigh  method  and  is  based  upon  the 
premise  that  a number  of  assumed  functions  can  be  linearly  superimposed  to 
provide  a closer  approximation  of  the  exact  natural  modes  than  can  be  had 
using  a single  function  as  In  Rayleigh's  method.  This  method  was  proposed 
by  Ritz  (30)  and  allows  not  only  a better  approximation  of  the  fundamental 
mode  frequency  and  mode  shape  but  also  allows  the  calculation  of  higher  mode 
frequencies  and  mode  shapes.  Using  several  approximate  functions  leads  to 
the  more  accurate  results  at  the  expense  of  Increased  effort  in  computation. 
An  example  of  the  application  oi  the  Ray le I gh - R i tz  method  is  given  in  Section 
A.2.2  for  the  estimation  of  the  fundamental  mode  frequency,  mode  shape,  and 
stress  response  of  a rectangular  plate  with  opposite  edges  elastically 
restrained  in  translation. 

The  Ray  le  Igh-R  I tz  procedure  assumes  that  N functions,  '!>  j ( x ) , that  satisfy 
at  least  the  geometric  boundary  conditions  are  used  to  approximate  the 
assumed  displacement  function,  w(x),  as  a series 

W 

w(x)  = l ♦ (x)W  (5. 1.2-5a) 

i-1 


The  coefficients  W.  are  determined  so  that  the  "best"  approximation  to  the 
natural  modes  is  obtained  by  requiring  the  frequency  to  be  stationary  at  the 
natural  frequencies,  <d  , as  required  by  the  Rayleigh  Principle  (Equation 
(5- 1.2-4)).  By  substituting  the  assumed  deflection  w(x)  given  by  Equation 
( 5 . 1 • 2-i>a) into  tquation  (5.  1.2-4)  and  differentiating  the  result  with  respect 

f Q oar  O t"  v hi  v 

In  the  form 
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(5  1.2-5b) 


These  equations  contain  the  undetermined  frequency  poronu-tui  , , so  that 

the  resulting  problem  is  an  n dimensional  eigenvalue  problem  (2a),  The  solu- 
tion of  this  eigenvalue  problem  requires  a computer  for  N ■ 3 so  that  the 
technique  is  not  readily  applied  to  problems  that  do  iioL  justify  extensive 
calcul  ion  (see  Equations  5.2.2-21,  5-2.2.2-22.  ami  5.2.?-?3). 
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An  alternate  apptoach  to  the  Kay  le  I y 1 1 K i lz  Method  ib  the  u j e ut  Lagrange's 
equal i ons  to  obtain  the  equations  of  motion  based  upon  an  assumed  series 
expansion  of  a deflection  shape  (3).  (A)  . (23).  (25),  (26).  The  results 
obtained  are  Identical.  The  utility  of  using  this  app  oach  Is  that  the 
system  of  governing  equations  can  be  developed  and  estimates  made  as  to  the 
effect  of  Increasing  the  number  of  terms  in  an  attempt  to  Improve  accuracy. 
If  the  effect  is  small,  then  It  Is  possible  to  rationalize  an  assumed  single 
mode  jppruxlmetion  to  obtain  simple  design  equations.  This  technique  is 
used  In  Section  5.2.3  to  develop  frequency  expressions  for  open  cylindrical 
shells  with  the  penalty  being  a restriction  on  the  ranje  of  geometrical 
parameters  for  which  the  results  are  sufficiently  ac; urate. 


5. 1.2. A. 3 Numerical  Methods 


Methods  used  to  model  structural  systems  can  be  basically  divided  into 
analytical  methods  and  numerical  methods.  The  technique,  described  previously 
are  classified  as  analytical  methods  since  they  are  basically  focused  at 
obtaining  explicit  closed-form  quantitative  results  for  simple  structural  < on- 
llyuratlons.  The  analysis  techniques  discussed  here  are  applicable  to  the 
analysis  of  complex  structure  such  as  found  in  aircraft  design.  For  such  com- 
plex structure,  numerical  methods  must  invariably  be  employed  in  order  to 
accurately  model  the  structural  configuration.  To  utilize  these  methods  for 
sonic  fatigue  design  the  designer  must  consider  the  cost  and  time  required 
for  coding  a digital  computer  or  to  implement  a general  analysis  method  in 
order  to  model  the  s ructure  under  consideration. 


Numerical  methods  can  be  subdivided  into  two  categories:  numerical  solutions 
to  differential  equations  and  matrix  methods  based  upon  discrete-element 
idealization.  Numerical  solutions  to  differential  equations  are  somewhat 
restricted  so  that  these  techniques  can  he  practically  applied  only  to  simple 
structural  configurations.  For  the  sonic  fatigue  problem,  matrix  methods 
have  been  successfully  applied  to  obtain  estimates  for  natural  frequencies, 
mode  shapes,  and  response  to  random  acoustic  excitation. 

Matrix  methods  develop  the  comp  lot  ■ structural  theory  using  matrix  algebra 
through  all  stages  of  the  analysis.  The  structure  is  first  idealized  inti  an 
assembly  of  discrete  structural  elements  with  an  assumed  form  of  displacein  nt 
ui  stress  distribution.  The  complete  solution  Is  obtained  by  combining  tli.se 
individual  approximate  displacement  or  stress  distributions  in  a manner  which 
satisfies,  respectively,  the  f orce-equ i I i hr i urn  and  displacement-compatibility 
conditions  at  the  junctions  of  these  elements.  The  formulation  cf  the  analysis 
in  matrix  algebra  is  convenient  in  that  one  does  not  ha-e  to  write  out  the 
lengthy  equations  and  the  result  is  in  a form  idealiy  suited  for  solution  on 
a digital  computer.  Two  matrix  methods  shall  be  discussed  here:  transfer 
matrix  methods  and  finite  element  methods. 


Transfei  Matrix  Methods:  The  transfer  method  is  an  iterative  matrix 

technique  that  can  he  t-sed  for  structural  coni  i gm  at  I on-,  that  are  idealized 
as  one  dimensional  Structures.  For  the  sonic  fatigue  problem,  the  ideal  ■ 
ization  is  usually  made  for  a row  of  panels  transversely  supported  by  flexible 
stringirs  (see  Figure  5. 2. 1-1?).  Whereas  the  properties  of  the  structure  are 
considered  constant  in  the  dl  re.r.t  ion  it  tin-  width  and  the  boundary  conditions 
along  the  length  taken  as  either  simple  supports  or  rl. -mined  supports,  the 
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stiffener  spacing  and  elastic  characteristics  In  the  direction  of  the  length 
of  the  structure  are  taken  as  variables.  The  technl  iue  is  capable  of  predict- 
ing natural  frequencies,  normal  inode  shapes,  normal  ;ode  stress  resultants, 
and  stress  response  to  forced  excitation. 

Prentis  and  Leckie  ( 3 1 ) present  a basic  description  of  the  derivation  of  the 
transfer  matrix  for  simple  structural  configurations  and  the  application  of 
the  method  to  simple  lumped  parameter  mechanical  systems.  The  general  analysis 
tchnlgues  to  apply  the  transfer  matrix  method  to  structural  systems  Is  pre- 
sented in  the  textbook  by  Pestel  and  Leckie  (32).  The  problem  of  the  forced 
response  to  random  excitation  of  mu  1 1 i -spanned  beam  and  panel  systems  Is  dis- 
cussed by  Lin  (33).  A survey  article  by  Lin  and  Donaldson  (36)  focusing  upon 
the  application  of  transfer  matrix  methods  to  the  analysis  of  aircraft  panels 
will  provide  the  designer  with  a broad  literature  source  and  a discussion  of 
the  basic  techniques  as  applied  to  aircraft  structure.  I he  analysis  of  a row 
of  curved  mul  1 1 -spanned  panels  Is  presented  by  McDaniel  (36)  and  by  Henderson 

(36) . 

finite  L'ement  Methods:  f j element  methods  arc  classified  into  two  basic 

categories  depending  upon  t.i  ether  displacements  or  forces  are  the  unknowns. 

The  structural  ideal  i 7. if  i on  Is  based  upon  dividing  the  structure  into  a set 
of  m.i|, regions  or  c lemon  is  and  me  thi  ma  t i ca  1 1 y ussembl  lug  the  clement’,  to  form 
the  structure  usin'  either  force-equilibrium  conditions  (displacement  method) 
or  displacement-compatibility  conditions  (force  method). 

Two  basic  tc.t  books  or  matrix  structural  analysis  arc  those  by  Przemieniecki 

( 37)  and  L- , Ziunkicwiec  (3<!)  . Tie.  two  complementary  iiiati  ix  methods  ol  lorm 
ul.  ion  i i any  structural  problem  die  liie  displacement  (ui  silliness)  method 
who  it:  displacements  me  selected  as  unknowns  and  the  force  (or  flexibility) 
method  where  lorcer.  are  unknowns,  for  structural  dynamics  problems,  the  dis- 
placement method  has  been  the  most  extensively  used  technique  applied  to 
aircraft  and  sonic  tatiguc  analyses.  The  app I i • a.  ion  of  finite  element 
iiicllindx  i si  i Lue  solution  oi  acoustic  iailgUe  problems  i egu  1 1 es  a compleie  and 
Ihorough  understanding  of  the  particular  computer  ede  or  program  utilized 
and  the  clnrnr  t er  I s t i rs  ol  the  fini:e  eleients  used  to  model  the  >.t  riict  lire 
The  most  thoroughly  documented  finite-element  d I sp 1 .cement  method  nenerally 
available  to  the  aircraft  industry  is  the  NASTRAN  program  developed  for  and 
maintained  by  NASA.  A summary  of  this  computer  code  is  given  by  Butler  and 
Michel  ( 3M) 

lire  application  of  finite  element  methods  to  the.  .mill  Inti  quo  problem 
associated  with  stiffened  panel  structure  Is  discussed  by  Llndberg  (fill). 

!his  paper  reviews  arid  comments  upon  the  stare  of  - the  art  techniques  f or 
applying  finite  element  methods.  A consistent  finite  element  method  for 
random  response  problems  and  consideration  of  appropriate  lumping  techniques 
for  modeling  the  modal  force  cross  spectral  mnlrix  of  the  acoustic  excitation 
is  described  hy  Olson  ( 6 1 ) . -Ijcobs  and  Lagerquist  present  a finite  element 
analysis  of  pane  1 response  to  turbulent  boundary  layers  (6,’)  and  to  complex 
random  loads  i tt  genera)  (63). 

I ha  use  ot  numerical  methods  for  estimating  tin  response  ol  < unp  K-.x  '.Im:  Sural 
coiil  iqiii.il  ions  to  random  acoustic  excitation  is  perhaps  more  of  i research 
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tool  than  a recommended  design  technique  if  cost  is  considered.  As  a 
research  tool,  however,  these  methods  ran  be  utilized  to  establish  the  effect 
of  parameter  variations  on  structural  response  to  acoustic  excitation  and, 
hence,  develop  prediction  techniques  sui  able  for  design  use.  For  example, 
the  design  method  developed  by  Holehousi  for  assessing  the  sonic 

fatigue  resistance  of  diffusion  bonded  honeycomb  panels  utilized  the  finite 
element  method  to  predict  response  frequencies  and  static  stress  response. 
Based  upon  Hlles  single  degree-of -freedom  analysis  (see  Equation  (5-1.1-18)), 
these  predicted  results  were  used  to  correlate  experimental  data  and  to 
develop  design  charts  (see  Figures  5.3>**"5  and  5-3. *4-6). 
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5.2  SIMPLE  STRUCTURES 


All  sonic  fatigue  design  methods  are  based  upon  the  consideration  of  the 
dynamic  response  character i st i cs  of  simple  structural  elements  such  as 
plates  aid  shells.  The  object  of  including  these  topics  in  this  report  is 
to  provide  a source  of  useful  data  to  the  designer  when  he  is  faced  with 
either  very  preliminary  calculations  or  extrapolation  of  detail  design 
data  that  cannot  ba  represented  by  the  structural  configurations  or 
environmental  factors  discussed  in  Lection  5.3. 

5.2.1  CLASSIFICATION  OF  SIMPLE  STRUCTURES 

Aircraft  structure  is  almost  universally  modeled  as  either  a plate  or  a 
shell  with  various  complicating  details  defining  the  specific  structural 
configuration.  This  section  is  divided  into  two  subsections.  Section  5-2.2 
presents  a discussion  of  the  vibration  and  response  of  plates  to  acoustic 
excitation.  Complicating  effects,  as  related  to  plate  vibration,  are  dis- 
cussed such  as  inplane  loading,  elastic  edge  restraint,  etc.  Some  of  these 
results  may  be  new  to  the  designer  and,  hopefully,  the  presentation  will 
allow  the  designer  a broad  basis  for  approaching  sonic  fatigue  design 
prob  I ems . 

Section  5-2.3  presents  a discussion  of  the  vibration  of  circular  cylindrical 
shells  with  emphasis  being  placed  on  simplified  results.  The  discussion 
on  moderately  deep  circular  cylindrical  shells  will  hopefully  prevent  the 
designer  from  improperly  using  the  results  based  upon  shallow  shell  theory. 
For  a more  complete  discussion  of  any  pecific  topic,  the  reader  is  advised 
to  study  the  references 

When  applying  the  results  of  Section  5-2,  the  designer  may  require  data 
based  upon  beam  theory.  Appendix  B has  been  included  in  the  report  to 
fulfill  this  requirement. 
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5.2.2 


VIBRATION  OF  PLATES 


The  topic  of  plate  vibration  has  received  much  attention  In  the  literature. 
Recently,  Lelssa  (ij  completed  a compendium  on  the  topic  of  free  plate 
vibration  that  exceeds  the  limited  scope  of  this  report.  Lelssa's  objec- 
tives were  to  provide  a comprehensive  set  of  available  results  for  the  fre- 
quencies and  mode  shapes  of  free  vibration  of  plates  for  the  design  or 
development  engineer  and  to  provide  a summary  of  all  known  results  for  the 
researcher  In  the  field  of  plate  vibrations.  As  a result,  Leissa  presents 
a very  thorough  and  we  1 1 -organ i zed  set  of  useful  design  oriented  results 
for  all  shapes  of  plates  with  various  boundary  conditions. 

The  objective  of  this  section  of  this  report  has  been  to  consider  only 
those  cases  of  plate  geometry  and  boundary  conditions  that  are  encountered 
frequently  in  aircraft  design.  As  a result,  most  attention  is  given  to 
rectangular  plates.  Consideration  of  plate  vibration  Is  Important  first 
because  available  design  techniques,  such  as  presented  in  Section  5.3  for 
specific  structural  configurations,  may  not  coincide  with  the  design  engi- 
neer's specific  problem,  and  secondly,  most  of  the  design  methods  used  in 
practice  are  developed  using  results  presented  in  this  section.  That  Is, 
flat  stiffened  skin  structure  Is  usually  Idealized  as  an  array  of  individual 
plates  experiencing  some  (usually  unknown)  degree  of  edge  restraint.  This 
section  presents  results  suitable  for  design  use  rather  than  lengthy  devia- 
tions with  the  final  result  being  techniques  for  estimating  structural 
response. 

Except  for  the  technique  for  estimating  buckled  plate  response,  small 
deflection  plate  theory  is  used.  Estimates  of  the  response  frequencies 
are  obtained  wi th  the  Rayleigh  method  (Leissa  (2)  presents  an  excellent 
• ! I * , r > • ' r loft  >.)(  the  jccuiuc/  oi  L i i ^ Uuyluigii  IliL*.  liieLhou  an  applied  lu  ite- 
quency  estimates).  Stress  response  is  obtained  using  tabulated  data  pre- 
sented by  Timoshenko  (3).  The  discussion  of  response  of  plates  to  random 
acoustic  excitation  follows  the  work  of  Clarkson  (4). 


5. 2 . 2 . ! Notation 
A 

A (C) 

A 


Surface  area 

Amplitude  function,  Eqn.  (5.2.2-18)  and  Table  5. 3. 2-1) 
Plate  response  amplitude  due  to  uniform  static  pressure 


Length  of  plate  in  x-direction  (short  dimon-ion) 


b 


C ,C 
m n 


Amplitude  function,  Eqn.  (5-2.2-18)  and  Table  5. 3. 2-1) 
Length  of  plate  In  y-dlrectlon  (long  dimension) 
Constants  defined  in  Table  5. 2. 2-1 
Defined  by  Eqn.  (5-2.2-22) 


D 

V°2" 

d (F) 

E 

E E 
I ’ 22 

f 

mn 

f 

o 

G 

G12 

Gp(f) 

H foi) 

h 


K,  K 


L( 


H M 
P 1 , ’nl  2 


N , N 

x y 


n 

R 


3 2 

LhJ/12(l  -v  ),  landing  rigidity  of  isotropic  plait: 

Bending  rigidities  of  an  orthotrcpic  plate 
See  Fig.  5-2.2-27  ,nd  Eqn.  (5.2.2-83) 

Narrow  band  space  correlation  coefficient,  Eqn.  (5.2.2-36) 
Young's  modulus  for  an  isotropic  mater il 
Young's  modulus  for  an  orthotropic  material 
Frequency  of  vibration  of  (m.n)^  mode,  Hz, 

Fundamental  mode  frequency  at  ambient  temperature 
Shear  modu  lus  cf  a r,  ■ u^ii,  <na ici  tal 
Shear  modulus  of  an  orthotropic  material 
Spectral  density  function  of  acoustic  excitation 
I requency  response  function 
Thickness  of  plate 

Second  area  moment  of  Inertia  of  a stiffener 
St.  Venant's  torsion  constant 

Factors  used  in  various  developments,  see  specific  use.  In 
each  section 

Linear  stress  operation,  Eqn.  (5.2.2-b8) 

Bending  moments  for  orthotropic  plates,  Eqn.  (5-2.2-86) 

Inplane  loading  stress  resultants  for  x and  y directions, 
respect  I ve 1 y 

Mode  number  for  y-direction 

F<  iction  deflnlnt  plate  respon.c,  see  specific  use  in  each 
sect  I on 


r T/T 

c 

S.  ,S.  Defined  by  Ean.  (5-2. 2-7?) 
imn  2mr  ' ■ 

Uniform  temperature  rise  of  plate  above  ambient 


2 10 


T 


T 

c 

u,v,w 
X (x) , Y(y) 
x.y.z 


Critical  on  buckling  temperature  of  plate 
Displacement  components  of  plate  In  x,y,z  directions 
Assumed  modes  for  approximate  plate  vibration  analysis 
Coordinate  directions,  Fig.  5. 2. 2-1 


a 

a 

r 

y 

r, 

v 

V12,V2I 

C 


7T 

P 

0 


Q 

rs 


0) 


Coefficient  of  linear  expansion 
Eigenvalues  of  the  r^  beam  mode 
Weight  per  unit  volume 
Viscous  damping  ratio 

Poisson's  ratio  for  an  Isotropic  material 

Poisson's  ratio  for  an  orthotropic  material 

Dimensionless  parameter  describing  elastic  rotational  edge 
restraint  of  plate 

Constant  **  3.  14159 

Mass  per  unit  volume 

Bending  or  membrane  stress  (subscripts  used  to  specialize 
notat Ion) 

Shear  stress  (subscripts  used  to  specialize  notation) 

Function  of  elastic  rotational  edye  restraint  parameter 
(See  Table  5. 2. 2-4) 

Function  defining  coupling  hrtWi  i structural  response  modes 
and  acoustic  excitation 

Frequency,  rad lans/sec. 
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5.2. 2. 4 


Rectangular  Isotropic  Plates 


This  section  presides  design  oriented  methods  for  estimating  the  response 
of  rectangular  isotropic  plates  to  i andom  acoustic  loading.  Section 
5. 2. 2. 2.  I provides  design  equations  and  nomographs  for  estimating  the 
natural  frequencies  of  rectangular  isotropic  plates  with  either  all  edges 
clamped  o all  edges  simply  supported.  Section  5-1.2. 2. 2 provides  design 
equations  for  estimating  the  effect  of  Inplane  loading  on  the  frequency 
response  of  a rectangular  plate.  For  the  case  of  plates  stressed  as  3 
result  of  a temperature  increase,  design  cquitions  are.  presented  In  Section 
5. 2. 2. 2.3  for  estimating  both  frequency  response  and  thermal  stresses  for 
the  buckled  plate.  Section  5-2. 2. 2. 4 provnts  design  techniques  for  esti- 
mating the  fundamental  mode  response  frequency  and  static  stress  response 
of  plates  subjected  to  elastic  edge  restraint.  Two  cases  are  considered: 
either  elastic  rotational  restraint  with  no  translation  allowed  or  elastic 
translational  restraint  with  no  rotation  allowed.  Section  5. 2. 2. 2. 5 pre- 
sents simple  design  techniques  for  estimating  static  stress  response  of 
rectangular  plates  subjected  to  a uniform  static  pressure  of  unit  magni- 
tude. Finally,  Section  5. 2. 2. 2. 6 presents  the  derivation  of  plate  response 
to  random  acoustic  excitation.  Particular  emphasis  Is  placed  upon  describing 
the  physical  situations  for  which  the  general  equations  can  be  simplified  to 
obtain  design-oriented  results.  Miles'  single  degree-of -f reedom  theory  (5) 
i s a bpec i a I result. 

Each  section  contains  example  problems  illustrating  the  use  or  the  methods 
described.  Using  these  results  and,  in  particular,  the  development  pre- 
sented in  Section  5. 2. 2. 2. 6,  It  is  possible  for  the  designer  to  obtain 
estimates  for  the  stress  response  of  a plate  structure  that  does  not  con- 
form to  the  configurations  presented  in  Section  5-3- 

5. 2. 2. 2.  I Estimation  of  Natural  frequencies 

This  secliun  presents  design  equations  and  nomographs  lor  estimating  the 
natural  frequencies  of  Initially  unstressed  rectangular  plates  of  iso- 
tropic material  such  as  usually  encountered  in  aiiciali  practice.  The 
restriction  on  isotropic  material  imp  lieu  lh.it  r h ' lit  elastic  char- 

acter isiics  ale  licit  dependent  upon  or  I t-n ! o 1 1 on  with  respect  to  the  qeneral 
structural  axis  system  (plate  boundary).  See  Figure  5. 2. 2.1. 

Derivation:  The  Rayleigh  Method  for  estimating  the  response  frequency  of 

an  uncoupled  mode  ot  vibration  of  ait  Isotropic  plate  Is  use’.  Results  are 
presented  f ui  plates  with  all  edges  > ilhm  simply  supported  or  clamped. 

I he  results  for  a plate  with  all  edges  simply  supported  is  pxact  and  yields 
a lower  bound  for  the  frequency  estimate.  The  result  for  a plate  with  all 
edges  clamped  is  obtained  by  assuming  a panel  mode  shape  In  the  form  of 
C I amped-c 1 amped  beam  modes  and  yields  an  upper  bound  for  the  frequency  esti- 
mate. These  analytical  results  have  proven  in  practice  to  yield  acceptable 
bounds  for  the  response  frequencies  of  plates  encount  red  in  practice. 

Results  tor  other  boundary  conditions  are  presented  by  Warburton  (b)  . 
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The  results  presented  here  comprise  design  equations  and  nomographs.  The 
general  design  equations  are  presented.  Then,  assuming  a value  of 

£*/y  “ Ii.26-I0^(E*  - E/(l-v2))  the  design  equations  are  spec  I a 1 I zed  and 

nomographs  based  upon  the  specialized  design  equations  are  presented.  The 
value  for  E /y  Is  representative  of  metallic  aircraft  materials  with  the 
resulting  error  in  the  frequency  estimate  ue  I ng  less  than  3'£- 

Design  Equations:  The  design  equations  for  the  (m.n)1*1  mode  of  vibration 

of  the  plate  are  as  follows: 


All  Edges  Simply  Supported 


fm  ” FT  + (n/b)2]2  Hz2 

mn  Mph 


(5. 2. 2-1) 


All  Edges  Clamped 


D [((Wa)**  + (Cf  /b)^  + 2A(i|t)/a2b2l  Hz2  (5.2.  2.-2) 


l»ti  ph 


A - a C a C (l*-2a  C -2aC  + a C a C ) 
mn  mmnn  mm  nn  mmnn 


where  the  constants  u , C , etc.  are  defined  In  Table  5. 2. 2-1. 
m’  m 


VALUES  OF 
m 

1 

2 

3 

5 


2.2-1 

FOR  EQUATION  (5.2.2-?) 

c 


A.  730,01*0, d 


TABLE  5 

n AND  C 
in 

u 

m 

0.982,502,22 
1-000,777,31 
0.999,966,1*5 
1 .000,001 ,1*5 
0.999,999,93 


7. 853,201*, 6 
10.995,607,8 
I 137,165,5 
17.278.759.6 


Nomographs : The  design  equations  presented  above  were  used  to  prepare  nomo- 

graphs for  the  first  nine  modes  of  a flat  rectangular  panel.  These  nomo- 
graphs are  *sed  upon  spec i a 1 i z I ng^ the  design  equations  for  a typical  value 

f in j to  r i j I rcpw  r L I c ..  „uch  Lfiu  l L / y I I . 2(j  ■■  1 0 . 

The  resulting  specialized  design  equations  and  nomographs  arc  presented  in 
Figures  5. 2. 2-2  through  -10.  Boundary  conditions  are  presented  on  the  panel 

- - - - - 1 — i i I i-s  u f I i i J I ..u  i * i,g  I utny/cd  tyytj  uy  a ,UI  III  i I 1 1C  dtiu  i I lllp  I y 

supported  edges  by  a dashed  line.  Hence,  from  each  nomograph  one  can  deter- 
mine both  the  c lampe.d  edge  and  supported  edge  response  frequency  1 01  a given 
panel  mode. 
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AJI  Edgn  Simply  x 

Supported  or 

Clamped 


x 


(a)  Rectangular  Plate  Geometry 


Node  Lines 


(3.1)  (3.2)  (3,3) 

(b)  Rectangular  Plate  Mode  Nomenclature  (m,n) 

I I CURL  ’j.2 .1-  1 KLC.TANCilH.AK  R I /■.  L L CiLOMITRY  ANn  VIBRATION 
MOUt  NOMLNCLA I UKl 


CAI.CIILA7  INK  (1,3)  MODI  KI  SI'ONSI  FIU  Olll  NCY 


Example : It  is  anticipated  that  a panel  structure  with  dimensions  a - I4.O 

inches,  b = 12.0  inches  and  h = 0.032  inches  will  experience  slgniflcan 
acoustic  excitation  in  the  frequency  range  from  200  Hz  to  1000  Hz.  Deti r- 
mine  the  response  frequencies  of  the  panel  assuming  both  simply  supported 
and  clamped  edges  using  both  the  design  nomographs  and  the  design  equations. 

From  uhe  design  nomographs.  Figures  5. 2.2-2  through  5-2.2-10,  the  response 
frequencies  are  easily  determined  as  follows:  beginning  at  the  bottom 

right  hand  edge  enter  the  chart  for  the  value  of  the  plate  short  dimension, 
a,  and  proceed  vertically  until  the  aspect  ratio  line,  b/a,  is  encountered 
for  either  supported  edges  and/or  clamped  edges;  proceed  horizontally  to  the 
left  until  the  plate  thickness  line  is  encountered;  and  then  proceed  ver- 
tically to  read  the  plate  response  frequency  for  the  mode  at  the  upper 
left  hand  edge  of  the  chart. 

At  the  top  of  each  design  chart,  the  design  equation  upon  which  the 
graphical  construction  is  based  is  presented.  Mat*  : It  is  assumed  that 

E /y  *=  11.26*10°  for  these  charts  and  equations. 

The  results  for  this  example  are  presented  below  with  both  the  nomograph 
results  and  the  design  equation  results  indicated. 


Simply  Supported  Edges  Clamped  Edges 


Mode 

Design  Ean. 

Nomograph 

Design  Eqn. 

Nomograph 

0,1) 

210  Hz. 

22r-  Hz. 

445  Hz. 

1465  Hz. 

0,2) 

273  Hz. 

265  Hz. 

497  Hz. 

495  Hz. 

0 ,3) 

3/8  Hz. 

385  Hz. 

591  Hz. 

600  Hz. 

(2,1) 

777  Hz. 

795  Hz. 

1221  Hz, 

1250  Hz. 

(2,2) 

C40  Hz. 

860  Hz. 

1259  Hz. 

1380  Hz. 

(2.3) 

945  Hz. 

930  Hz. 

1354  Hz. 

1380  Hz. 

13,1) 

1722  Hz. 

1760  Hz. 

2337  Hz. 

- 

(3,2) 

1785  Hz. 

182.0  Hz 

2398  Hz. 

- 

(3,3) 

logo  Hz. 

ly'iO  Hz. 

2':95  Hz. 

- 

5. 2. 2. 2. 2 Effect  of  Inplane  Loading 


This  section  presents  design  equations  for  estimating  the  effect  on  response 
frequencies  of  rectangular  isotropic  plates  sublected  to  inplane  loading. 

The  literature  (1)  has  presented  design  oriented  results  only  for  the  case 
of  simply  supported  edges  and  zero  Inplane  shear  loading  for  plates  with 
general  aspect  ratios.  The  results  presented  here  apply  only  to  plates 
subjected  to  inplane  tensile  loading  in  the  range  of  linear  material  response 
and  to  Inplane  compressive  loading  below  the  buckling  load  for  the  plate. 

The  plate  geometry  and  Inplane  loading  nomenclature  Is  presented  In  Figure 
5-2.2-11. 

Derivation:  The  Rayleigh  method  for  estimating  the  response  frequency  of 

an  uncoupled  mode  of  vibration  of  an  isotropic  plate  subjected  to  Inplane 
loading  Is  used  as  described  by  Leissa  (),  pp.  176-177).  The  general  results 
of  this  section  are  for  design  guidance  only.  The  effect  of  Including  Inplane 
shear  loading  Is  discussed  by  Dickinson  (7). 

/ v t h 

Design  Equations:  The  design  equation  for  the  (m,n)  mode  of  vibration  of 

a rectangular  plate  with  all  edges  simply  supported  and  subjected  to  inplane 
loading  as  Indicated  in  Figure  5.2.2-11  is  expressed 

2 

f2  » — " S x [(m2  (b/a)  + n2  (a/b)]  2+m2N  /4pha2 

mn  'iphaV 

+ n2Ny/i»ohb2  Hz.2  (5.2.2-j) 

Examination  of  this  result  indicates  that  tensile  loading  (positive  N and 
N ) increases  the  response  frequency  and  that:  compressive  Inplane  loaSlng 
decreases  the  frequency.  Combinations  of  compressive  loading  and 

that  cause  the  frequency  express  Ion  to  vanish  define  the  buckling  configu- 
ration of  the  plate.  For  compressive  loading  and  N , It  does  not  neces- 
sarily follow  that  the  lowest  frequency  mode  occurs  lot  the  mode  numbers 
(m,n)  “ (1,1).  The  result  given  In  Equation  (5. 2. 2-3)  applies  to  plates 
subjected  to  tensile  loads  and  plates  subjected  to  compressive  loads  below 
the  buck  ling  1 oad . 

Buckling  loads  for  singly  acting  loading  are  as  follows: 
for  N =0 

y 

2 

(NAi  = - W (m2(b/a)  + n2(a/b)l  2 Ibs/ln  (5. 2. 2-4) 

mb 

for  N “0 
x 

2 

(N  )cr~  ~ -'fr-vp  [m2  (b/a)  + n?' (a/b)  I 2 

y ti  a 


1 bs/ 1 n 


(5.2.2-51 


Example:  For  the  special  case  of  N_  » 0,  determine  the  fundamental  mode 

response  frequency  of  a rectangular  simply  supported  plate  as  a function  of 
the  inplane  loading,  , and  the  plate  aspect  ratio,  b/a. 

Beginning  with  Equation  (5. 2. 2-3),  setting  N - 0,  and  nond Imens I ona 1 i z 1 ng 
the  frequency  by  the  frequency  of  a square  unloaded  simply  supported  plate, 

f 2 » n2D/pa2b2  , the  result  Is 
o 

fmn7  o ’ | fm2(b/a)2  + n2(a/b)2(i  - Ny/ (Nycr))  (5-2. 2-6) 


where  Equation  (5.2. 2-5)  has  been  used  to  simplify  the  results. 

2 * 

r rom  Equation  (5. 2. 2-6)  values  of  (f  /f  ) /(HI  /(N  ))  are  calculated. 

_mn  o 2 y ycr 

From  Equation  (5. 2.2-5)  values  of  a (N  )cr/n  D are  calculated  and  normalized 


to  the  value  of  this  parameter  for  b/a  “ 1.0  and  (m,n)  - (1,1)  (the  normal- 
Izalion  constant  Is  ^ . 0 ) . These  results  are  presented  In  Tables  5-2. 2-2 
and  5. 2.2-3  and  are  plotted  in  Figure  5-2.2-12.  This  figure  indicates  that 
near  the  buckling  loao  for  a given  plate  aspect  ratio  that  the  lowest  fre- 
quency mode  is  not  necessarily  the  (1,1)  mode.  This  result  was  originally 
developed  by  Herrmann  (8). 


TABU  5-2. 2-2 


VALUES  01  (1  /i 
mn  0 

) /o  yoyr 

)) 

(m.n)  b/a 

1.0 

2.0 

3.0 

•l.o 

5.0 

(1,1) 

1.00 

1.56 

2.78 

5.52 

6.76 

(1,2) 

6.25 

5.00 

5.70 

6.25 

8.51 

(1,3) 

25.00 

10.56 

9.00 

9.77 

11.56 

(1,5) 

72.25 

25-00 

17.36 

16.00 

’’.81 

0,5) 

169.00 

52.56 

32.1 1 

26.27 

?5.00 

IAULI.  5. 

2.2-3 

NORMAL  1 ZED*  VALUES 

Of  a2(Hy)tr/n 

2d 

(m,n)  h/a 

1.0 

2 0 

3 0 

5 , n 

I*.o 

(1,1) 

l.ouu 

1.563 

2.//M 

5.515 

b.  /bU 

0,2) 

1 r/  -> 

1 -•  ’ ~l 

1 . non 

5 . I ,'5 

1 . f.»0 

? , ] no 

0,3) 

2.7/8 

1.175 

1.000 

1.085 

1.285 

0,5) 

5.515 

1.563 

1 .OHS 

1.000 

1.050 

0,5) 

6.760 

2.100 

1.285 

1.050 

l.ooo 

*Nr>rm.i  1 i 7cd 

to  a2(N  ) /nlZD  for  b/„  >■  1. 

v rr 

0 ami  (m,n)  - 

;i,d 
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5. 2. 2.  2. 3 Effect  of  Elevated  Temperature 

This  section  presents  design  equations  for  estimating  the  (1,1)  mode 
response  frequency  and  thermal  stress  distributions  for  rectangular  plates 
with  both  simply  supported  and  clamped  edges  subjected  to  a uniform  temper- 
ature increase.  The  analytical  results  presented  here  have  provided  gui- 
dance for  developing  empirical  sonic  fatigue  design  data  as  dcsci Ibcd 
in  Section  5.3.1  The  basic  approach  used  was  originally  developed  by 
Shulman  (9)  with  details  of  this  analysis  presented  by  Rudder  (10).  The 
plate  geometry  arid  the  mid  I (biplane)  loading  nonienc  ! a t u re  is  presented  in 
Figure  5.2.2-11. 

Deri  vat  1 on : The  analysis  utilizes  the  Rayleigh  method  and  small  deflection 

plate  theory  for  the  temperature  range  below  the  plate  buckling  tempera- 
ture, Tc.  For  the  plate  buckled  vibration  response,  large  deflection 
von  Karman  (11)  plate  theory  is  utilized  with  Marguerre's  (12)  method  to 
estimate  the  response.  All  temperature  increases  are  taken  relative  to  a 
"room  temperature"  at  which  the  plate  Is  subjected  to  zero  in  plane  thermal 
stresses . 

Fre-Buckled  Response:  For  small  d I -p lacement  plate  theory,  the  mean  sfres'es 

are  defined  in  terms  of  the  temperature  increase,  T,  as 


o - a - -FuT/O-v)  (5. 2.2-7) 

x y 

For  simply  supported  edges,  the  frequency  of  the  fundamental  mode  Is  for 

T < T 
— c 


II 


2 

~y  (b/a  + a/b)2(1-T/Tc)  Hz.2 


4pha  b 


(5  2. 2 -8a) 


wlie  re 


n*~h2 (b/a  + a/b) 
12ud  b ( i ■*  v) 


(5.2.2-8b) 


For  c lamped  edges , the  frequency  of  the  fundamental  mode  Is  for  T s_  T^ 


where 


2 

f2  - ■ 4"  ° * (3  (b/a) 2 + 3 (a/b)2  + 2)  (1-T/T  ) Hz2 
9pha'  b 

T /(3(b/a)Z  + 3(a/b)^  + 2)  0 

c 9aab(l  + v)  (b/a  -I  a/b) 


(5.2.2-9a) 


(5.2.2 -9b) 


fast -Buck  led  Resp-nse:  for  the  buckled  plate  response,  it  is  assumed  that 

the  total  plaie  ..mplitJde  compi  l ses  a static  buckled  amplitude,  WQ,  and  a 
dynamic  amplitude  that  is  small  compared  to  Wn . For  the  buckled  plate,  the 
static  inplane  loading  will  riot  be  uniform  along  the  panel  edges  but  will 
vary  with  position  along  the.  plate  edge  (see  fxample  2,  this  section). 

An  a sumed  mode  of  the  form  1 -r os  (~~~))  ( I -cos  (~fp4  )W  is  used. 
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FIGURE  5.2.2-11  RECTANGULAR  PLATE  GEOMETRY  AND  INPLANE  LOADING  NOMENCLATURE 


FIGURE  5.2.212  VARIATION  OF  RESPONSE  FREQUENCY  WITH  COMPKI  . I VF  INPLANE  LOADING 
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for  simply  supported  edges,  the  membrane  stresses  are  for  total  Inplane 
edge  restraint  (Inplane  displacements  vanish)  of  the  plate 


— rr“£  / 2ti 

(J  ™ O ~ r-  COS 

x x s7 


(^)  ^ PS  I 


— n E /2nx»  . 2 , 

n.  “ ” — =r  cos  ; W psi 


y Y 8bZ 


a o 


(5.2.2 

(5.2.2 


the  mean  thermal  stres.es  are 


°x  “ ' tt^vI  + ~ 'rrTr  (b/a  + va/b)w02  PsI 


8ab  ( 1 


~ V 


(5.2.2 


2 

Oy  “ - tt— rr  + ~~ ~-y—  (vb/a  + a/b)W  2 psi 

V U 8ab(!-v2)  ° 


(5.2.2 


and  the  plate  buckling  amplitude  Is 


W2  - Ah2  (b/a  + a/b)2(T/T_-i)/R  In2 
R - 3[(5-v2)(b/a  + a/b)2  - 2(5  + v)(l  - v)] 


(5-2.2 


The  response  frequency  for  the  buckled  simply  supported  plate  Is 

2 

fn  “ (b/a  + a/b)2(T/T  -l)  Hz.2  (5-2.2 

2phaV  C 

wlth  given  by  Equation  5-2.2-8b. 

For  clamped  edges,  the  thermal  mean  stresses  are 


Efl1  + — — - — — (b/a  + \>n/b)  W 1 p 
32ab  ( I-v  ) 


TT7T 


- hrt'l 

°v  “ " T rvr 


? 
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32ab ( I -v  ) 


yr—  (vb/a  + l/b)w 
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(5.2.1 


- 10a) 
-10b) 

-10c) 

-lOd) 

- lOe) 
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and  the  plate  buckling  amplitude  is  given  by 


(5  - 2 . 2- 1 2c ) 


W 2 = 8h2 ( (b/a)  2 + (a/b)2  + 2/3) (T/T  -1)/R  In2 

o c 

R - (l-v)F*(b,a)  + (9/2)«b/a)2  + (a/b)2  + 2v) 
f’  tb.a)  - (17/8)  ((b/a)2  + (a/b)2)  + 4 (b/a  + a/b) 

+ (b/a  + 4a/b)  2 + {kb/a  + a/b)  2 
The  response  frequency  for  the  buckled  plates  with  clamped  edges  Is 

2 

f 11  “ (3(b/a)2  + 3(a/b)2  + 2)  (T/T-l)  Hr2  (5-2.2-13) 

9pha  b 

with  T£  given  by  Equation  (5.2.2-9b). 

The  results  of  Equations  (5-2.2-IOe)  and  (5.2.2-l2c)  are  presented  In 
Figure  5-2.2-13  for  an  assumed  value  of  u ■ 0.32  and  represents  a design 
chart  for  estimating  the  static  buckled  plate  response,  W^. 

Summary  of  Results:  txaminlng  results  tor  estimating  the  response  fre- 

quency , Tt  Ts  seen  that  two  simple  forms  for  the  response  frequency  can  be 
obtained  In  terms  of  the  temperature  ratio,  r ■=  T/T  , as  follows 

f - f /(I  - r)  Hz  0 < r < I (5-2. 2-14) 

o — — 

and 

f - fT  f /(r  - 1)  Hz  r > I (5,2.2-15) 

o — 

Equation  (5.2.2-14)  applied  for  temperature  Increases  below  the  buckling 
temperature,  T , and  (5-2.2-15)  applies  above  the  buckling  temperature.  The 
parameter  f is  the  room  temperature  response  frequency  for  the  particular 
boundary  condition  and  T Is  the  buckling  temperature  for  the  boundary  con- 
dition. These  results  are  plotted  in  Figure  5-2.2-14. 

Exanip I e 1 : iihow  that  (or  the  case  of  tempo  la t ui c increase  the  lowest  Ire 

quency  mode  of  a simply  supported  panel  is  not  necessarily  the  (1,1)  modp 
below  the  buckling  temperature. 

From  Equation  (5-2. 2-7),  the  thermal  stresses  are 


n = o *=  -EuT/  ( 1 - \>) 

\r 

and  the  In  plane  loading  stress  resultants  are 

N = N “ ho  * ho  >=  -EuTh/ (1  v) 
x y x y 

Using  the  above  expressions  for  the  stress  resultants  and  substituting  into 
Equation  (5. 2. 2-3)  one  obtains 


0 


Frequency  F atio.  f(r)/f0  I Displacement  Ratio,  Wn/h 


r i r;mu 


iURL  5.2.2-13  VARIATION  OF  DUCKLING  AMPLITUDE 
WITH  TEMPERATURE  INCREASE 


5 . 2 . 2 - 1 It  VARIATION  OF  FUNDAMENTAL  MODE 

RESPONSE  I KLUUENCY  WITH  TLMPLKATURL 
INCKLASI 


(5.?. 2-16) 


2 

f 2 = — ~-7  fn2(b/a)  »-  n2  f.i/b) ) 2 ( 1 - T/T  ) 

run  , , l.l  c 

Mpn  i b 

Comparing  this  result  with  Equation  (5. 2. 2-6)  It  Is  seen  that  the  results 
of  the  Example  In  Section  5. 2. 2. 2 2 apply  (see  Figure  5-2.2-12). 

Example  2:  For  a simply  supported  rectangular'  panel  determine  the  (1,1) 

mode  response  frequency,  the  thermal  stress  distribution,  and  the  buckled 
plate  amplitude,  as  a function  of  temperature  Increase  for  the  following 


data : 

a «*  6.0  Inches 

j b ■ 12.01 nches 

h m 

0,02*t  Inches 

a « 5.5  x 10"6  in/ln/°F 

E ■»  16 . It  x 10^  psi 

v «• 

0.32 

Y - 0.16  1 bi/ l 

('  - y/g 

g - 

386.lt  in/se-. 

From  Equation  (5-2.2- 8b ) the 

buckling  tcinperati  re 

increase  Is  T « 3 

c 

l i am  Equation  (5. 2. 2-7)  the.  mean  thermal  stress  below  the  buckling  tempera- 
ture is 


EuT 

u * o - - TA-i-  «=  -305.0  r psl  O rel 

x y (l-v)  I r 

which  Is  uniformly  distributed  along  the  panel. 

I rum  Equation  (5  ?.?-10e)  the  buckled  panel  response  Is 

W2  = 2.0535  x 10”4 ( r- l ) in2  r > I 
o — 

(Set-.  Fiqur-  5-2.2-13,  for  simple  supports  and  b/a  - 2.0,  h « 0 . 02*4 ) 

From  Equations  (5.?.?-|0c  t d)  the  mean  thermal  stresses  are 


-135.97 

- 169.03) 

l>sl 

r > 

-73.29  - 

231  - 7 1 r 

psl 

r - 

from  Equations  (5.2.7-10a  fi  b) 

- -(135.97  + 169. 03r)  - 115.1*1  cos  (0.5236y)  («  -1  ) psl  r>  1 
m - -(7129  t-  231. 7lr)  - 28.85  cos  ( I .OV72x)  (r-i)  psi  r^l 


'l  it 


This  result  is  plotted  In  Figure  5-2. 2-1,5  for  several  values  of  r to  lllus 
trate  the  thermal  stress  distribution  for  the  buckled  panel. 

From  Equations  (5.2.2-8a  6-1 l)  the  response  frequencies  are 

D - 2 1 . 0^8 1 in-lb 

f ■=  13. b Hz  (room  temper, ture  response  frequency) 
f = 79-W(l-r)  Hz  r < I 
f - 112.3  /(r- I ) Hz  r > 1 

This  result  is  easily  achieved  by  using  Figures  5. 2. 2-2  and  5 • 2 . 2 - 1 A . 

5. 2. 2. 2. A Effect  of  Elastic  Fdge  Restraint 

This  section  presents  two  techniques  for  estimating  the  natural  frequencies 
and  stress  response  to  a uniform  static  pressure  of  unit  magnitude  of  rec- 
tangular plates  with  elastic  edge  restraint.  First,  Carmichael's  (13) 
analysis  Is  presented  for  the  case  of  a plate  subjected  to  elastic  rotational 
edge  restraints  on  all  edges.  Next,  Areas'  (IA)  analysis  is  presented  for 
the  case  of  a panel  clamped  on  one  pair  of  opposite  edges  and  elastically 
restrained  in  bending  on  the  other  two  edges.  Both  techniques  are  based 
upon  the  Rayleigh  Method. 

Elastic  Rotational  Edge  Restraint 

Per  I vat i on : Carmichael  (13)  utilized  the  Ray le i gh-R I tz  Method  to  obtain 

frequency  estimates  for  rectangular  plates  with  edges  elastically  restrained 
against,  rotation.  The  basis  of  this  method  Is  the  calculation  of  the  mode 
shares  and  frequency  parameters  associated  with  a uniform  beam  whose  ends 
are  elastically  restrained  against  rotation.  The  elastic  restraint.  Is 
assumed  to  be  identical  on  each  end  of  the  beam.  Hence,  this  analysis 
assumes  that  the  elastic  rotational  restrain!  of  the  plat..  Is  comprised  of 
identical  frames  on  opposite  edges  and  identical  stringers  on  opposite  edges. 
The  degree  of  edge  restraint  Is  character  I zed  by  the  parameters  f.  and  t,, 
as  indicated  In  Figure  5.2.2-16.  a 

Des  i gn  LqUai  i utis  : the  elastic  edge  restraint  parameters  f,  and  are  such 

that  If  they  arc  zero  the  edge  Is  simply  supported  and  it  they  are  extremely 
large  (greater  than  2.500)  the  edge  i:,  elluciively  clamped.  lo  relate  these 
parameters  to  physical  characteristics  of  beams  resisting  rotational  move 
I'lent  at  the  panel  edges  Carmichael's  energy  expression  In  terms  of  / . i nn 

was  equated  to  l.anghaar's  (II)  energy  exuression  for  torsional  ed§e 
restraint.  Neglecting  stiffener  cross-section  warping  the  results,  are: 


1.8  1 6 1.4  1.2  1.0  0.8  0.6  0.4  0.2 


h " 0.024  In. 

E - 16.4  • 106  lbs/in2 
a - 5.5 ' 10"®  in/in/°F 
i'  = 0.32 
Y =0.16  Ibs/in^ 

Tc  - 2.3  °F 


“ / r 4/  s 2 j r 1 

l L T r-  T T r -T— L-M-O  , 

1.8  1.6  1.4  1?  10  OH  06  04  0,2 

V * 

Compressive  Stress,  ax,  ksi 


Membrane  Stress  Distribution  For 
Several  Temperature  Ratios:  r * T/Tc 

\ = ■ (136.0  + 169.0  r)  115.4  cos(2;n,)  (r  1) 
r„  = - (73.3  + 231.7  r)  28.9  cos  (?rT.f)  (r  1 ) 
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MGURE  5.2.2-16  PLATE  GEOMETRY  ANO  ELASTIC  I'OTAT  I ONAL 
EDGE  CONSTRAINT  NOMENCLATURE 
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The  function  <J  { t, ) is  tabulated  In  (able  5-2. 2-4.  Obviously,  an  iteration 
technique  is  required  to  determine  f,  and  5 from  Equations  (5.  2. 2-17)  and 

Tabic  5. 2. 2-4,  and  a nomograph.  Figure  5-2.2-17,  has  been  developed  to  pro- 
vide accurate  initial  guesses. 

The  expression  for  the  fundamental  mode  response  frequency  is,  neglecting 
stringer  rotary  inertia, 


f 


2 

I 1 


— = [a^(t,  )/a^  + a ^(r,  )/b  + 2i)>  (r,  )♦  (h.  )/a2b2J 

4n2ph  b 3 3 b 


I!’2  (5.2.2-18) 


To  estimate  the  panel  stress  response  to  a uniform  static  pressure  of  unit 
magnitude,  it  is  assumed  that  only  the  fundamental  mode  significantly  con- 
tributes to  the  pane)  deflection.  Hence,  the  assumed  fundamental  mode  is 
of  the  form 


where  X ^ (x) 
V,  (y) 


W(x,y)  - Xj(x)Y)(y)Ao  In.  (5-2.2-19a) 

(cosh  (a,  x/a)  - cos  (a,  x/a)  )A.  + s I nh  («.  x/a)  B.  +s  i n (u,  x/a ) 

D b b b b b 

(cosh(u  y/b)  - cos(a  y/b))A  4 s I n h ( i x y/b)  B.  +s  1 n (a.  y/b) 

3 d d ii  D b 

u(f,  ),  A = A(f,  ),  etc.  from  Table  5-2. 2-4. 

0 3 d 


A Is  the  plate  amplitude  due  to  a "nit  magnitude  uniform  pressure  (i.e., 

1 p .l)  distributed  over  the  plate  surf.v  t and  Is  obtained  by  equating  the 
maximum  strain  energy  In  bending  for  the  plate  to  the  potential  energy  of 
the  uniform  static  pressure.  This  result  Is 

Ao  = («a)C,  {«b)a2b2/(DF(ua,ub,b/a))  (5.2.2-19b) 


whe  re 


C . (a  _ ) = [(sinh(u  ) - sin(a  ))A  + (cosh  (a  ) - 1 ) B -cos  (u  ) + !]/« 


r(un,«b.b/a)  = [C,(uk,<t^)  + C j,  («k, «_)]  (b/a) 


'7  b’  a 


4 b a 


+ ^2^rta’Ub^  * Cj,  (u  | ,«b)]  (a/b)  + f,(«  ,n^! 

C>  ,«,)  ‘ t-  t2A2  - R2  + 1 -t  2A.  (B  +1)/.(J  [u1,(2A2  - R2  + 1)-6,A  (B  +1)1 

2nb  4b  b bb  u a a a aaa 


TABLE  5. 2. 2-4 


VALUES  OF  a(E),  A(0  , B{E).  AND  $(0 
FOR  THE  FUNDAMENTAL  MODE  OF  A UNIFORM  BEAM  WITH 
ENDS  ELASTICALLY  RESTRAINED  AGAINST  ROTATION  (FROM  CARMICHAEL,  REF.  13) 


E 

o(0 

A(0 

-B(Fj 

♦ (c) 

0.0 

3.1*116 

0.0 

0.0 

9.8697 

0.25 

3.2166 

0.0375 

0.03*16 

9.8710 

0.5 

3.2836 

0.0711 

0.0668 

9.8750 

0.75 

3. 3440 

0.1015 

0.09*46 

9.8806 

1 . 

3-3988 

0.1293 

0.1210 

9.8880 

1.5 

3 - *49*49 

0.1785 

0.1 680 

9.907*1 

2. 

3.5768 

0.221  1 

0.2091 

9-9320 

2.5 

3.6477 

0.2586 

0.2*i5*i 

9.960*1 

3. 

3.7037 

0.2919 

0.2780 

9.99118 

3.5 

3 . 7646 

0.3220 

0.307*1 

10.023 

4. 

3.8135 

0.3*192 

0.33*11 

10.057 

5. 

3.897*1 

0.3970 

0.3812 

10.126 

6. 

3.9666 

0.4376 

0.4214 

10.196 

7. 

E.0250 

0. 4729 

0 . 4 56  3 

10.265 

8. 

*1.07*18 

0.5037 

0 . 4869 

10.332 

10. 

4.1557 

0.5555 

0.5383 

10.459 

12. 

*1.2185 

0.5973 

0.5800 

10.573 

15. 

4.2905 

0.6*172 

0.6297 

10.726 

20. 

*1.3737 

0.7080 

0.690*1 

10.93? 

25. 

*i. *t30*i 

0.751*1 

0.7337 

11  005 

30. 

*i. *1714 

0.78*10 

0.7663 

11.223 

45- 

*4.5*467 

0.8*167 

0 8789 

11.487 

60. 

*1.5880 

0.8828 

0.8650 

1 1 .648 

80. 

*1.6208 

0.9124 

0.89*16 

11.786 

100. 

*i.6*i13 

0.9313 

0.9135 

1 1 .875 

150. 

'1.6637 

0.0582 

0.9*10*1 

12.005 

7 no.. 

*(.681:3 

0.3723 

0.35':'; 

12.074 

300. 

*1.6992 

0.9869 

0.9691 

12.146 

500. 

4.7114 

0.9990 

0.9812 

12.207 

1000. 

*4. 7207 

1 .OORT 

0 9905 

12.254 

oo 

*1.7300 

1.0178 

1 .0000 

12.302 

3/ 


C2  (ab 

•“n> 

C (a 

•«b> 

3 a 

V'V 

,ub} 

V'V 

■“a> 

" !T[ub(2Ab  “ Bb  + !)  ‘ 6abAb(Vl)][2Aa‘Ba  + 1 + 2Aa(Vl)/aa] 

= IVbtaa(Ba  + + ?Aa(Ba+,)][ab(Bb+|)  + 2Ab(Bb+,)] 

= 2«a\(Ba+l)[2Ab2  + B2  + 1 + 2Ab(Bb  + 1)/^] 

= 2“bAb(Bb+,)[2Aa  - Ba  + 1 + 2An(Ba  + 1 >/«.,] 


At  the  surface  of  the  plate,  z - h/2,  the  plate  stress  response  ...  unit 
magnitude  uniform  pressure  is  given  by 


a = 
x 


Eh 


2 ( 1 - v ) 
Eh 


[W,  + vW,  ] 

2\  XX  yy 


EhA 


2(1 


tvW,  + W,  ] 


2 ( 1 - v 
EhA 


27  'Yx*Y|  * ''XlY|,»y1 


yy 


(vX,  ..  Y,  + X, Y. 


^ — L V/\  . I . T A . T , 

2 ( i-v2)  >xx  ' 1 ' >yy 


ps  I 

(5.2. 2-20a) 


ps  i 

(5.2.2-20b) 


where  A 


Equation  (5-2.2-18) 


s given  by  Equation  (5.2.2-19)  and  X,(x)  and  Y (y)  are  given  by 


Two  example  pr-M-ms  will  illustrate  the  procedures.  The  first  example  will 
rh  rate.  the  co",o!ned  effect  of  plate  aspect  ratio  variation  and  plate 
, h.?"  resPl  l5e  frequency  of  the  fundamental  mode.  The  second  exam- 

ple Wt  1 i us trati  the  procedure  for  calculating  frequency  stress  response 
in  a plate  conflgui  ;t!on  for  comparison  with  Areas’  (1*0  analysis 


Example:  For  the  in, Meat., I data  calculate  the  fundamental  response  fre- 

quency of  a rectangular  plate  with  elastic  rotational  edge  restraints  as  a 
function  of  plate  aspect  ratio.  The  data  Is  as  follows: 


a 

F 


J 

x 

J 

y 


6 . 0 i n h 

10.  3--106  psl  G 
7.51*10’  h \nk 
d.noxio"5  i 


= 0.032  in 
- 3-3-106  psl 


Y = 0.101  lb/in3 
v = 0.32 


(0.080"x0.75"x2.90" 

(0.032"x0./5"x|,25" 


equal  ley  channel,  Fig.  B.l.l-g) 
equal  leg  zee.  Fig.  B. 1.1-8) 


From  Equations  5.2,2-17 

#,  = 2 . 5965  b<p  (f; . ) 

J b 


n 


K 


- 22.i)03H(f  ) /b"“ 


For  a plate  aspect  ratio  b/a  = 1.0,  b = 6.0  and 


i.  - 15.5767  *('..) 
a b 

f ,.  <=  0.62232  <(>  (<;  ) 

b <i 


The  basic  iteration  procedure  is  'o  guess  a value  for  the  larger  £.  parameter 
that  Is  ten ( 1 0) t I mes  the  value  of  the  coefficient  on  <(.  in  Equations 
■> . 2.2-1/.  for  litis  example  we  yuuss  L,  160.  Enter  Figure  5. 2, 2-17  at 
Ihi  lower  right  hand  side  at  f,  = 160,  proceed  vertically  to  the  reflecting 
line  then  horizontally  until  the  line  tor  U.b2  (coefficient  on  ♦ <%».!* 
encountered.  Then,  proceed  down  until  the  line  15.6  (coefficient  on  <}>  ( t ^ ) ) 
is  encountered.  Proceed  horizontally  to  the  reflecting  line  and  then  ver- 
tically to  read  = 1.2. 

Hence,  the  Initial  guess  tor  6 and  and  values  of  4>(f,)  and  inter- 

polated from  Tabic  5. 2. 2-6  are  as  follows: 


Guess  //  I 


Check  II  1 


Guess  II  2 


meek  ft  2 


i ue s s ft  3 


IT  tec!-  ft  3 


'b 


•b 


160 

4.  (f.  ) = 12.0188 

cJ 

7.0 

4>  (rb)  = 10.265 

15.579 

(10.265)  = 159.92 

C.  6223 

(12.0188)  = 7.68 

rely  from  Table  '>.2.2-6  we 

162 

<(>  (f.  ) = 12.0216 

7.5 

T(f.b)  - 10.299 

15.579 

(10.299)  - 180.6 

0.6223 

(12.0216)  - 7.68 

160 

•|.  (f.  ) = 12.0188 

O 

7.5 

<t'(6b)  = 10.299 

15.579 

(10.299)  = 160.6 

0.622  3 

(12.0188)  =-  7.68 

liic  ihird  guess  is  sufficiently  accurate  for  design  purposes  and  the  proce- 
dure rarely  requires  hum  u Elion  three  iterations.  Monro,  for  b/a  ~ 1 . 0 we 


f 

- 160 
a 

f (r._ ) - 12.019  ) = 4.673 

ii  O 

r 

b " 7‘5 

- 10.299  <«(f.b)  “ 4.050 

Con  t i nu I ng  the 

procedure 

one  obtains 

the  following  results 

b b/a 

f 

a 

<t>(0 

a 

n(l , ) £, 

a b 

*(fb} 

n('b) 

6.0  1.0 

160 

12.019 

4.673  7.5 

10.299 

4.050 

9.0  1.9 

233 

12.098 

4.699  3-3 

9.996 

3.743 

12.0  2.0 

309 

12.149 

4.699  1.9 

9.921 

3-560 

18.0  3.0 

462 

12. 195 

4.709  0.84 

9.883 

3-364 

24.0  4.0 

619 

12.218 

4.714  0.50 

9.875 

3.284 

30.0  5-0 

769 

12.232 

4.7)6  0.30 

9.872 

3-230 

It  Is  Interesting  to  note,  that  as  the  panel  aspect  ratio 
panel  boundary  conditions  approach  clamped  edges  on  the 
simply  supported  edges  on  the  long  side. 

1 nc  reases 
short  side 

the 

and 

The  frequency 
Equation  9.2.2 

estimates  are  obtained 
-18  and  are 

from  the  above  results  and  using 

b = 

6.0 

9.0  12.0 

18.0  24 

30 

b/a  - 

1.0 

1.5  2.0 

3.0  4.0 

5.0 

f 11  - 

270 

171  136 

109  99 

93 

a2(  j /If  10'5 

3.02 

1.92  1.53 

1.22  1 11 

1.05 

I he  values  a t / h arc  plotted  against  panel  aspect  ratio  In  figure  5.2.2-18. 

This  li  ui  i-  (leserits  bounds  I or c I nmped  cdyes  and  simply  supported  edges  with 
"averu'c  ' - xpurlmentdl  I requenty  data  from  Hal  lent Ine  (ID) . I or  comparison, 
the  lui  Vt  iu1  this  example  pi  obi  cut  with  a - 4.0  inches  is  also  pieseuted. 


Example:  For  the  data  g i ven  be  I ov/  calculate  the  frequency  of  the  funda- 

mental mode  and  the  tress  response  to  a unit  magnitude  uniform  pressure 
at  the  plate  ent  r .and  i |r  ■ • 1 1 1 , t "I  ,e  I.  side  ot  i hi  plot  as. inning 
that  the  shot  i side  of  the  plate  is  claims  d and  the  long  side  is  elas- 
tically resti. lined  against  rotation  by  a olid  rectangular  section  stiffener 
with  depth,  d,  arid  width,  to  ho.  I igut.  . ' 2 15  . 


The  data  for  the  problem  is  as 


6.0  in 

u 

12.0  in 

h - 0.  n 12 

0./5  in 

w - 

0.10  in 

0 . 1 0 1 

f. 

10.3-10  p-i 

(j 

j.'l  10  psi 

i ■ 0.32 

Constant  K 


Aspect  Katso,  b/a 

P IGUKE  5.2.2-ib  PLOI  OP  PUNDAMtN i AL  MUlit  pKhQUbNCY 
CONSTANT  AND  COMPARISON  TO 
ANALYTICAL  AND  EXPERIMENTAL  RESULTS 


V 


FIGURE  5.2.2-19  PLATE  GEOMETRY  AND  ELASMC  BENDING 
EDGE  CONSTRAINT  NOMENCLATURE  FOR 
EXAMPLE  PROBLEM 


o if? 


0 I n i_  i-  tlu;  short  side  e>t 
5. 7. 2-4  and  Equation  (5 


tin-  p lute  is 
7.?  17b)  th.it 


clump. til  we  set  t " 

>.  •-  1 ^ S U 2 (Gj‘t  ,1  /Ob" 

L y 


nd 


t torn  I able 


The  vu  I ue  of 
J 


.1  is  i|  i Ven  by 


16k  W d «=  3.648s  10 


where  the  value  k - 0.304  It,  obtained  from  fable  B.I.I-1 


Then,  the  Value  for  I,,  is  calculated  as 
b 

f.b  = 12.302(3.9'  I06)(3.048-  ltTj)  (6 . 0) / (3 1 . 339)  ( 12 ) 2 - 232.73 

Irani  Table  5-2.  2-  4 one  obtains 

f-a  = - f.b  = ? 32 . / a Bf  s -1.000  Bb  = -0.9592 

<1  = 4.  730  a.  - 4.704  .|.  = 12,302  <(,,  = 12.098 

n ,1  h 

A =1.0178  A,  = 0.9771 

«:  h 

From  Equation  (5-2.2-18)  the  trequency  of  the.  t undani''nt  a I mode  Is  esti- 
mated to  hi-  709  Hz. 

To  estimate  the  stress  response,  one  must  first  calculate  A from  Equations 
(5 -2. 2- 19).  For  the  above  data  the  tesults  are 


C.  (u  ) 

1 

= 0.8455 

- n.H 

341 

T.,  (a  ,'t.  ) 

d b 

=-  520  165 

M'V'J 

- 491 

. 6/0 

L 1 (n  ,u,  ) 
‘1  a b 

O.CKJ 

C-.(,1b’,(u) 

- 1/. 

1 33 

4 (".  ,<<1  ) 

1 J »J 

- 95H-9/5 

Ihen,  one  obtains  A - 0.03/35  in  (l.e.,  dei  lection  is  approx i uid be  1 y une 
p 1 ate  th i ckness) . 

From  Equations  (5-2.2-19  and  -20),  one  obtains  the  results 


X1 

(a/?) 

1.584/ 

X1 

,x>/2) 

0./450 

Y 

(b/2) 

• 1.61 1,5 

Y1 

(b/2) 
, yy 

•0.1922 

Y, 

(n) 

= 0 n 

xl 

(0) 

, XX 

- 1.2017 

Y1 

(0) 

=--  0.0 

YI 

(u) 

.yy 

- 0.316.3 

FhA 

- - - 6.8575  1 0^ 

?.(!-v2) 


v44 


0.3163 


t Inally,  at  the  center  of  the  plate 

..  (.1/2,  b/2)  - 6.8575- 1 03  [ < . 74*j)  ( J . 6 1 6f> ) + ( . 3?  ) ( I . 5842  ) (-  0 . 1 922 ) 1 

X 

«1  (a/2,  b/2)  = -89? 7 ps  I = -8.93  ksl 
x 

n (d/2  , b/2)  = -k.7 3 ksl 

y 

and  at  the  edges  of  the  plate 

n (0,  b/2)  - 13.3?  ksl 

X 

n (o/2,  0 ) * 3 • ksl 

tlastic  Translational  Ldge  Kestraint 

Derivation:  Areas  ( I ft ) has  presented  a modified  form  of  Clarkson's  (6) 

ana  lysis  To  estimate  the  fundamental  mode  frequency  and  stress  response 
of  a rectangular  plate  clamped  on  opposite  edges  and  elastically  restrained 
in  translation  on  the  other  two  edges.  The  elastic  restraint  is  such 
that  the  panel  edge  does  not  rotate  as  It  translates.  Roth  techniques 
assume  that  the  plate  fundamental  mode  is  of  the  form 

W(x.y)  * (KWt(x,y)  t W2(y))AQ  (6.2.2-21) 

where  W|(x,y)  = Xj(x)Yj(y)  represents  the  mode  for  a panel  clamped  on  all 
edges  and  W^(y)  Is  the  defh-c  tinri  I unction  of  the  edge  '.-tiff oner. 

Clarkson  assumed  simple  trigonometric  mode  functions  lor  Xj(x),  Yj(y),  and 

W^(y)  whereas  Areas  assumed  X|(x)  and  Y ^ ( y ) were  of  the  form  of  a clamped- 

clamped  beam  fundamental  mode  and  W^Cy)  was  taken  as  the  deflection  shape 
(polynomial)  of  a uniformly  loaded  c lamped -r lamped  beam. 

lire  expressions  for  the  potential  and  the  kinetic  energy  of  the  stiffened 
plate  are  developed  using  the.  mode  given  in  equation  (5 . 2 . 2-2 1 ), and  assuming 
harmonic  motion,  the  equation  for  the  frequency  is  obtained  (Rayleigh's 
Method).  i he  frequency  expression  is  then  minimized  to  determine  the  value 
of  K f rom  a quadratic:  equal' I on. 

be  sign  f gu  1 1 i on  l.  : Using  Areas'  approach,  the  following  r.  -.nit-,  aie  obtained. 

I he  equation  for  K is 

c'V  r c"k  t c"  ---o  (5.  ■ ?-■?:•) 

I ? J> 

wh«*  i< 1 

; 10.0 If)  Rphl 3 ■ 307 ( l>/- 1 ) 1 '■  ’] 


('."  0.W05  D (|.h  t ,../d)K  1 .60,. h (D.i  f Fl)d/t/ 

c O 

r"  - o nvf,  Of > ;i / 1) *y  o.OMOfh  t l.i/b?  - 0 . 00036D()h<j2 /b2 
3 h 

n - (3-30/ (b/o)^  ' J.  307 (d/b)2  + 2) 


I he  equd  t i un  tor 


where 


the  1 t eqUeney  oi  tin-  i uiuldineii  Ld  I mode  is 


f 


2 
I I 


((•  ,K2  «-  C^K  + C ) 


Hz* 


C,  - 151.  13-  307  (b/j ) ’ » i.J0/(d/bt2  + 2 . (J  ] / a b 

c2  - 33.l36Da/b3 
C3  “ 0 . 80 (Ua  + El)/b3 

b(|  ■=•  p I Id  b 

Cr  •••  O.ObbZphdb 

5 

C&  - 0.00158  (phd  + ,.b)b 


(5. 


The  equation  lor  the  panel  1 I 1 1 uli  result  inq  from  .)  uniform  static 
sure  ol  unit  niaqriltude  Is 

A - r /•t2|>2/r  (5. 

O / O 

where 


C.  , * sQ.  / IK  » 1 

/ 

CH  - .it)  L 1 5 1 ','HIRK2  t 33.  Mbl)K<i/b)2  + 0.8(1)  + Ll/d)(a/b)2 

The  equations  i > -t  1 he  stress  1 espouse  .il  various  points  on  the  panel 
hiu  ru'siittlruj  from  ,1  unll'orm  st  1 1 i •-  pressuri  of  unit  m.iqniturle  are 

th\  2 ? 

— - v I'l  i.  lv)5f  /a  I-  \|('I3.  I85KH  )/b  ] psi 

2(1  -?) 

hhA 

0 j).  j_  iiiti.-K/./'  1 (l‘j.  )uc!<!  1 )/b]  i.s! 

? ( I v2  ) 

At  the  center  of  the  t Idinperf  edqes 

l liA 

a (d/2,0)  j T;  I /l  Oh  ft  K t 2 . d]  ps  i 

Y 2(l  \>  ) b" 


At  the  panel  center 
a (a/2,h/2) 

(u/2 , e/2 ) 


V M , 


.2-23) 


pres- 


J 

sur- 


(5.2 .2-25a ) 


2. ?-25b) 


At  i he  center  of  the  elastically  supported  edge 

FhA 

l(b/2)  §-  [71.06J*K/a  - v/b  ] psi 


2 ( I -v  ) 

EhA 

u (a,b/2)  - — 

V 2(l-v‘) 


£-  [71 ,061»vK/a‘  - 1 /b  ] ps) 


(5.2.2-25i  ) 


At  tlie  outside  - dye  ot  I lie  beam  at  the  beam  center 
n (a,b/2)  - EdAQ/(2b2)  psi 

and  at  the  beam  end 


(5.2. 2-2  5d ) 


a (a,o)  * -EdA  /b^ 

y o 


ps  i 


(5 • 2 . 2- 25e ) 


Example:  For  the  data  given  below  calculate  the  frequency  of  the  funda- 

mental mode  and  the  stress  response  to  a unit  magnitude  (1  psi)  uniform 
pressure  at  the  plate  center  and  the  center  of  each  side  of  the  plate, 
assuming  that  th  short  side  of  the  plate  Is  clamped  and  that  the  long 
side  Is  elastically  restrained  against  translation  (stringer  bending)  by  a 
solid  rectangular  section  stiffener  with  depth,  d,  and  width,  W.  Compare 
these  results  with  the  previous  Example. 

The  data  for  the  example  problem  is  as  follows: 


a 

= 

6 , 

0 i n 

b -■ 

12 

.0 

i n 

h = 

= 0. 

032 

d 

- 

0. 

75  i n 

W = 

0. 

20 

\ n 

y = 

= 0. 

101  lbs/ln3 

l 

= 

10 

. 3*I06  psi 

v = 

0. 

32 

Calculate 

the 

basic  parameters 

D 

- 

31 

. 33b  lb-in 

Da 

T 

188.01 

lb- 

In2 

1 

-■ 

7. 

031*10  5 in 

F 1 

= 

7.  ?M?* 

101* 

lb- 

,n2 

"B 

* 

1 . 

f T 5 1 0 ~ 2 lb/i 

n 

from  Equal 

HI 

( 

5. 2.  2-22)  one 

obt.a  i n 

s 

the  result 

C 

1 

1 

5 . ftf  Hi 

-\b.75i 


c ” = -o.fiffif 

arid  the  mot:,  ut  Equation  (f.2.2  2?)  am 


7k! 


0.95/32 


= - o . o :•?  74 . 

On  physical  grounds  (see  Equation  (5-2.2-21))  one  realizes  that  will 

yield  the  minimum  frequency  as  calculated  from  Equation  (5  - 2.2-23) - From 
Equation  (5.2.2-23)  one  obtains 

C]  - 1.0575-1 03  * 6.022- 10  ^ 

C . = 3.6033  c,  = 3.967- 10" 5 

c 3 

C3  = 33-615  Cfc  - 1./057-10'6 

The  frequency  of  the  fundamental  mode  response  is  obtained  by  substitu- 
ting the  values  for  C above  and  K = 0.95732  into  Fquation  (5-2.2-23)  to 
obtain  f | “ 208  Hz.  (Using  the  above  values  of  C and  K = -0.034874  one 

obta ins  f . ^ = 917  Hz . ) 

For  K 0.95732  one  obtains  the  results  C - 20.8261  and  Cg  - 2. 1736*10^, 

and  the  panel  static  amplitude  to  a uniform  unit  magnitude  pressure  of 

A = 0.0497  ln-  from  Equation  (5.2.2-21*). 
o 

From  Equations  (5-2.2-25)  one  calculates  the  stress  response  to  unit,  mag- 
nitude uniform  static  pressure  and  obtains  the  results 

Panel  Center  (x,y)  = (a/2,  b/2) 

■i  (a/2,  b/2)  - -11,333  ps  i -11.3  ksi 
x 

o (a/2,  b/2.)  - -6,031*  ps  i = -b.O  ks  i 

y 

Center  of  Clamped  Edge  (x,y)  - (,i/2,  0) 
u (a/2,0)  1* , I* 3 5 psi  4.5  ksi 

('enter  of  Elastically  Restrained  Edge  (x  ,y)  - (a, b/2) 


u (a, b/2)  - 

17 , 2 1 1*  p • i “ 17-2  ksi 

u(a,b/2)  - 

5,452  p s I — 5. 5 ksi 

On  ter 

Edqe  ol  Beam  (/ 

- d/2 ) 

0 (a, b/2)  • 

X 

1,332  pul  - 1.3  Fsi 

a ; (a ,0)  - 
V 

2 , 66s  p s i - -2  / ksi 

Ai'o.js 

prcjL'jnt  j inter-. 

1 1 ng  mime  r 1 • ■, I r.'  .n  1 ts  i 1 1 ■ r 

* r m i ng  1 ho  --f  f--r  t of 

edge  member  stitfness 

. Figure  5-2.2-20  presents  > 

1 ' 1 1 i a i i on  0 ( 1 espouse 

f requi 

:ncy  with  plate 

thickness  using  the  method  ot 

this  section  lor  a 

pane  1 

wi  tli  an  d\  pect 

ratio  of  7-0  l"i  three  values 

of  edge  member  moment 

7 48 


Edges  Ctemped 


SKIN  THICKNESS  AND  STIFFEN 


of  inert  i «j  . Figure  5-?.?_2I  illustrates  the  plate  center  stress,  a , and 
edge  stress  o , from  Lquutions  (r> . 2 . 2 11  !,a  and  -2  pc)  as  a function  of  edge 
member  moment  of  inertia  for  the  indicated  panel  geometry.  The  correspond- 
ing stresses  for  clomped  edges  arc  also  presented  lor  comparison.  Figure 
5. 2. 2-2?  illustrates  a comparison  between  estimated  RMS  stress  and  measured 
RMS  stress  using  fiarkson'i  (4)  method,  Areas'  (14)  method,  and  Ballentine's 
(15)  method.  Whereas  Clarkson  and  Areas  assume  flexible  boundaries,  and 
compare  results  with  experimental  data  fui  a wide  variety  of  aircraft  struc- 
tural specimens,  'fa  I lent i ne  assumed c 1 amped  edges  and  utilized  laboratory 
specimens  and  a '..ntrolled  acoustic  environment. 

5. 2. 2. 2. 5 Static  Stress  Response 

This  section  presents  design  equations  and  nomographs  for  estimating  the 
bending  stress  response  of  rectangular  isotropic  plates  subjected  io  a uni- 
form static  pressure  of  unit  magnitude.  The  boundary  conditions  considered 
are  all  edges  clamped  and  all  edges  simply  supported.  For  clamped  edges 
stress  predictions  are  obtained  at  the  plate  center  and  at  the  center  of 
each  edge  of  che  plate.  For  comparison,  stress  prediction  at  the  center 
of  a simply  supported  plate  is  also  presented. 

Per i vat  ion : The  results  presented  here  are  based  upon  tabulated  values  of 

bending  moments  for  uniformly  loaded  plates  as  discussed  by  Timoshenko 
(3,  pp-  2^*0-245).  These  tabulations  are  based  upon  an  assumed  value  for 
Poisson's  ratio  of  v=  0.20.  Since  most  metallic  aircraft  materials  exhibit 
values  of  Poisson's  ratio  closer  to  0.3,  the  techniques  presented  here 
result  in  an  error  of  approximately  7 % over  panel  aspect  ratios  1.0  < b/a. 
This  approximation  is  sufficiently  accurate  for  acoustic  fatigue  analyses 
when  the  static  stress  estimate  is  used  with  Miles'  single  degree-of-f ree- 
dom  theory  (5)  to  obtain  an  estimate  of  the  stress  response  to  random 
acoustic  excitation  (see  Section  5. 2. 2. 2. 6). 


Pcs i gri  Equat i on : The  stress  at  a point  on  the  plate  surface  is  given  by 

the  expression 

a ' 6M  T.'  •-  K aVli7  (5.2. 2-26) 

o o u 

where  M is  the  bending  moment  at  the  point  of  interest  due  to  a uniform 
static:  pressure  of  unit  magnitude  and  a is  the  short  dimension  of  the 

plate. 


For  0.L0  the  values  of  the  parameter  K are  presented  in  Table  5-?. 2-5 

i or  Lilt  iinJ’euieJ  loculi,  ns  ami  at  r pluitccl  in  figure  5.?.. 2-23.  For  the 

plate  ecine  I'resses  n and  a , results  ci  Table  5. 2. 2-4  and  tquation 

x , v , . ' . 

(F.z.z-zbt  have  peon  useo  coprepare  a nomugi  apn . mis  t-uge  stress  nomo- 
graph is  presented  in  Figure  5.2.2-24. 


Pxai-ip  I e : For  a rectangular  plate  with  d i me  i . , ' ir.-  a - 6.  n inch,  s,  b - 9-0 
inches  and  thickness,  h = 0.f>32  inches , c..  Icu  I ale  the  edge  arid  ten  ter 
stresse1  For  clamped  edges  and  the  center  stresses  f.a  s-  p ported  edges. 
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- I GURE  5.2.2-21  VARIATION'  OF  STRZ : S RESPONSE  TO  UNIT 
MAGNITUDE  UNIFORM  STATIC  PRESSURE 
FOR  TYPICAL  DATA  (REF.  U) 
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FIGURE  5.2.2-22  COMPARISON  OF  PREDICTED  AND  MEASURED 

RMS  PANEL  STRESS  USING  THREE  DIFFERENT 
METHODS  ( REF.  lA) 


TABLE  5.2. 2-5 

STRESS  PARAMETER  K,-  -'OR  CALCULATING  STRESS  RESPONSE 
OF  A PLATE  TO  UNIFORM  STATIC  PRESSURE  CF  UNIT  MAGNITUDE 


0> 

u u *-» 

0)  0)  ro 
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Panel  Stress:  a Q = KJa/h)^,  psi/psi 

l7a  is  panel  stress  response  to  uniform 
panel  static  loading  of  unit  magnitude 
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FIGURE  5.2.2-23  NOMOGRAPH  FOR  CALCULATING  0 IMENS I UNLESS 
STRFSS  FACTOR  FOR  A UNIT  MAGNITUDE 
UNIFORM  STATIC  PRESSURE  (u  - 0.2) 


,2-lk  NOMOGRAPH  FOP  CALCULATING  STRESS  R.ESPO  ,SE  OF  PLATE  IN  KS I 
DUE  TO  A UNIFORM  STATIC  PRESSURE  OF  UNIT  MAGNITUDE  IN  PS! 


For  a plate  with  aspect  ratio  b/a  — Vj£,  one  can  use  either.  lable  5-2. 2-5 
or  riijuie  5.2.2  24.  Tor  w.uch  position  the  parunk,t.cr  ( i/h)  - 3.51b  10**  i 

required  and  one  obtains  the  following  result. 

At  the  center  of  the  long  side  of  the  plate  tor  clamped  edges 


L it 

a = 3.516*10  (-0.4542)  = -1  ’ .37^10  psl  = -15-97  ksi 
x 

(From  Figure  5.2.2-24  the  value  is  -'5  k s 1 ) 

At  the  center  of  the  short  side  of  the  plate  for  clamped  edges 

4 4 

!Ty  = 3.516*10  (-0.3420)  = -1.202*10  psi  = -12.02  ksi 
(From  Figure  5.2.2-24  the  value  is  -11  ksi). 

At  the  center  of  the  plate  for  clamped  edges 

o « 3- 516x10^(0. 2148)  = 7-55*103  psi  = 7.55  ksi 
n = 3-516x10^(0. 1014)  = 3-57*103  Psi  - 3.57  ksi 


and  for  supported  edges 
3.516x10*' 

3- 516*10**  (0.2556)  = 8.98/*103  psi  = 8.99  ksi. 


o = 3-516x10**  (0. 4204)  = 1.654*10**  psi  = 16-54  ksi 


5. 2. 2.2.6  Response  of  Plates  to  Random  Pressure  Loading 


This  section  presents  the  development  of  the  theory  required  to  apply  the 
general  analysis  of  Section  5-3- 1 to  plate-like  structures  exposed  to  pres- 
sure loading.  The  magnitude  of  the  pressure  loading  is  assumed  to  vary 
randomly  In  both  time  and  space  (position  on  'he  pla'e).  Tills  loading 
results  in  stresses  the  magnitude  of  which  also  varies  randomly  with  time. 
It  is  assumed  that  the  excitation  pressures  are  a stationary  and  ergodic 
random  process  wi th  a Gaussian  (normal)  probability  distribution.  Linear 
small  deflection  plate  theory  Is  assumed  to  apply  so  that  Uv  panel  stress 
response  exhibits  a Gaussian  (normal)  probability  distribution.  Hence,  the 
emphasis  of  this  section  Is  to  obtain  estimates  of  the  mean  square  values 
of  the  various  quantities  of  Interest. 


Particular  emphasis  shall  be  placet!  upon  additional  ussumpt'ons  required 
during  the  development  of  simplified  results  from  general  expressions . The 
significance  of  modal  coupling  resultlnn  from  either  the  pressure  loading 
o.  the  dumping  exhibited  by  the  structure  is  explained  so  that  I he  designer 
will  appreciate  the  importance  of  the  approximations.  lire  results  presented 
in  Section  4.0  for  loading  actions  are  Integrated  with  he  results  presented 
previously  for  estimating  natural  frequencies  and  strt  to  obtain  the  ran- 
dom response  of  the  plate. 


Deriv  Lion:  The  development  presented  here  is  based  upon  the  analysis  of 

Powe  1 I "ITS”)  and  the  excellent  paper  by  Clarkson  (4)  with  results  quoted 
from  Eringen  ( ! 7 ) and  Wagner  (18).  General  results  are  presented  fi-st 
with  the  expressions  then  specialized  to  the  case  of  rectangular  plates. 

The  normal  mode  method  is  used  to  emphasize  the  approximations  required 
to  obtain  simplified  results.  Emphasis  is  placed  upon  simplified  results 
since  most  empirical  design  equations,  and  the  resulting  nomographs,  are 
based  upon  these  simplifications.  These  results  allow  the  designer  to 
apply  basic  theory  of  Sect  ion  3-2  iu  his  particular  situation  when  the 
structural  configuration  differs  significantly  from  the  available  design 
techniques  presented  in  Section  5.3. 

When  a continuous  structure,  such  as  an  aircraft  fuselage  or  control  sur- 
face, is  excited  by  broad  band  random  pressures  the  resulting  structural 
vibration  can  be  treated  as  the  summation  of  responses  in  a large  number 
of  modes.  The  resulting  structural  response  will,  in  general,  appear  to 
be  broad  band.  For  some  structures,  however,  only  a few  modes  or  only  a 
single  mode  may  predominate  the  response.  If  the  latter  case  is  the  sit- 
uation, then  many  simplifications  are  possible  and  useful  approximate  results 
are  obtained. 

Using  the  normal  mode  method,  it  Is  assumed  that  the  transverse  displace- 
ment. of  the  structure  surface  can  be  expressed  as  a summation  of  the  nor- 
mal modes  of  vibration  of  the  structure  as  follows: 


W ( x , t = l Wr(xHr(t)  (5.2.2-27) 

r 

wheie  x is  a point  on  the  surface,  W (x)  is  the  mode  shape  of  the  r*^ 
mode,  and  f,  (t)  is  the  generalized  coordinate  of  the  mode. 

Following  standard  techniques,  such  as  described  In  Section  5.1.2,  the. 
spectral  density  of  the  displacement  at  point  ~ on  the  surface  of  the 
structure  can  be  expressed  in  terms  of  the  assumed  normal  modes  of  the 
structure,  the  dynamic  character  i s • res  of  the  structure,  and  the  char- 
acteristics of  the  pressure  field  as; 


G (xT, ui)  = '/  V W (x)W  (x)»  (a;) 

w L r s r s 


(5.2. 2-28a ) 
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iu)  Is  the  cross-spectral  density  of  the  excitation 
pressure  of  the  points  x^  and  yj. 


Similar  to  Equation  (5-2.2-28),  the  general  expression  for  the  spectral 
density  of  velocity  Is 


G^(x,e>)  = l l Wr(5r)wJx)id2S2rs(u))  . (5.2.2-29) 

r s 

The  spectral  density  of  acceleration  Is 

G..(*>)  - l l W 0T)W  (x)^  Ur  (id)  . (5.2.2-30) 

W L L.  r s rs 

r s 

and  the  spectral  density  of  stress  is 

Gu(x,u)  - H L (W(.  fx") ) • | (w__  (x)  ) s;rs  (m)  (5-2.2-31) 

r s 


’■here  o(7)  m L (W  (x))  Is  the  stress  ut  x and 

L(  ) Is  a linear  operator  relating  stress  to  displacement. 

The  mean  '-quare  spectral  density  of  a quantity  is  obtained  by  Integrating 
the  special  density  expression  over  oil  frequencies.  That  is,  the  mean 
square  d i -,p  lacerrient  response  is 


w2(x,t)  = / 


G (x,w)du> 
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J y w (x)w  (x)  / V.  (w)da 

1 '■>  ts  f b 


(5.2.2-32) 


and  the  expression  for  the  mean  squ.ue  »«  ioeity,  acce  lei  a i i on , anil 
stress  are,  respectively 


w2(x,t)  = 1 l W (x)  W (J~)  j t/il  (in)  did 
r s r.  r s 
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M?(x,t)  = )’  y L (W  (x)  ) ' L (W  (x)  ) / U 

r s o ' s 

i’  s 

Three  difficulties  arise  in  attempting  to  apply  the  theory  to  obtain 
practical  results.  First,  one  must  consider  the  number  of  terms  used 
to  approximate  the  surface  deflection  as  expressed  In  Equation  (5.2.2-27). 
In  general,  many  terms  mu  .t  be  taken;  however,  the  simplest  case  of  a 
single  term  is  often  a reasonable  assumption  for  approximating  experimen- 
tally observed  response  data.  It  is  now  logical  to  describe  the  various 
physical  situations  that  will  allow  one  to  retain  only  a few  terms  ot  , 
indeed,  o single  term  for  the  plate  displacement  w(x",t)  and,  hence,  all 
other  response  quantities. 

From  Equation  (5-2.2-28),  the  exptession  for  the  displacement  spectral 
density  function  comprises  a product  of  assumed  modes  and  a modal  coupling 
term  ly  ^ (m)  . The  term  1)  (to)  Is  comprised  of  a product  ot  terms 

(gj) FT  (w)  that  describe  the  coupled  mechanical  frequency  response  of  the 

system  and  an  Integration  over  the  area  of  the  plate  t ha t describes  (he 
modal  coupling  resulting  from,  the  form  of  the  pressure  loading.  To  deter- 
mine t tie  significance  of  the  coupling  terms,  one  must  now  consider  the 
effects  ot  both  mechanical  coupling,  H (m) H" (m) , and  the  strut  vur,il- 
pressure  coupling  (joint  acceptance)  terms. 

Finally,  to  obtain  simplified  results,  the  Integrations  in  the  frequency 
domain,  as  indicated  in  Equations  (5.2.2  !2)  through  (5.2.2-35),  must 
be  obtainable  i ri  a reasonably  simple  form  (l.e.,  numerical  integration 
must  be  avoided:  See  Robson  (19)). 

The  lirst  approx  I mat  i un  involves  the  coupling  terms  M ^ (ie ) H (m)  . It  is 

assumed  that  the  natural  frequencies  ny  and  ui  are  well  separated  in 

frequency  and  that  the  modal  damping  factors  , t.  or  n , g are  small 

t s r 

«-j* n • ’ i h i h such  that  the  inodes  appear  uncoupled,  I ’iqur*  *>.2.7-25  illustrates 
tin*  el  I cl  t of  Spat  i ruj  of  natural  fi  equine  i es  and  i hoc  Li  1 damping  (i||  - 1(2) 
on  tfw  magnitude  of  l hr  coupling  t rn:s  as  reported  by  Knbsnn  (19).  Figure 

r.  7.7-7f>n  I l I us  t rn  t <■  \ t lv*  ease  of  gin  I r 1 - ■ t » • » - • 1 frequerv  • »•<-.,  m ^ , and 

Figure  !*  2.2-2f>b  is  f 01  ~ 1.5  Mj-  It  should  be  noted  tfi.it  typical 

values  1 nr  n . 1 r more  on  the  order  ot  O.Oj  1 .1.111  1 hi  values  iim-J  by 
Kob  son  so  that  in  practice  the  res  p*  »n  se  l u 1 ves  1 » hkk  I <(■.  »i  . . b.  1 1 p I y 
pealed  at  re:  niumcc.  ..for  widely  '..parotid  not  in.,  I Iruuiau  ie.,  tu. 
luui.  1 i in  'el  ms  I i ^ ( o> ) II  (r.»)  are  small  and  the  d i r e<  t mk.hI.i  I 1.  . pt.n  -■  terms* 
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chat  the  pressure  fiel;  is  Homogeneous.  That  is,  the  pressure  cross-spec- 
tral density  is  a function  only  of  the  separation  distance,  ~ ■-  x-  ' X|  , 
between  the  points  x^  and  . further,  it  is  convenient  to  separate 

explicitly  the  space  caordinates  and  the  frequency  dependence  of  the  pres- 
sure cross-spectra  I density  so  chat  for  a homogeneous  pressure  field,  one 
obtains  the  form 

Gp(x]t  x2,  or)  - GpU)d(7)  (5.2.2-36) 


In  using  Equation  (5.2.2-36),  it  has  been  assumed  that  the  direct  spectral 
her s i t y of  the  pressure,  Gp  (o) , is  the  same  at  each  point  on  the  surface 
of  the  structure  and  that  the  narrow  (frequency)  band  space  correlation 
coet'icient,  d ( r~l  , has  been  normalized  by  the  spectral  density  (d(r)  will 
take  on  values  in  the  range  ^ I ).  The  utility  of  this  representation  is 
that  the  frequency  can  be  explicitly  removed  from  the  integration  required 
to  obtain  ,,  which  yields 


" rs 


(.  ) 


HrU)Hs(w)Gp  (*>) 


M M 
r s 


W (x | )Ws (x2)d (x2~X| )dA (x  j )dA (x2) 

(5.2.2-37) 


integral  appearing  in  Equation  (5.2.2-37)  is  a modified  form  of  the 
‘ vressjeint  acceptance"  of  the  pressure-structure  coupling  as  originated 
by  Powe i I (16). 


for  most  aircraft  configurations,  the  direct  spectral  density  of  the  exci- 
tation pressure,  Tp  (i  ),  varies  considerably  ovei  the  surface  of  the  air- 
craft as  a result  of  the  strong  directional  characteristics  of  jet  noise 
(bee  figure  k. 2. 2-6)  If  one  considers  a small  section  of  the  aircraft 
surface  (typically  less  than  2.5D  , 0 = diameter  of  jet  exhust  nozzle), 
such  as  a single  plate  or  array  of  plates,  it  is  reasonable  to  assume 
that  the  spectral  density  of  the  excitation  pressure  is  constant  in  mag- 
nitude over  the  surface  of  the  plate. 

Considering  the  narrow  band  space  correlation  coefficient,  d (r)  , one 
issumnrion  that  has  found  nog  I i cat  I on  !n  ih  m i i ■ -I  Lud  ; ui  ^ l.ue 
i\  sponse  to  boundary  layer  excitatiori  has  been  to  assume  that  d (' T)  is  a 
birac  delta  function  in  space  so  that  the  double  area  integration  indi- 
cated in  Equation  f. 2. 2-37)  reduces  to  a single  integration  ot  the  square 
of  the  mode  shape  (which  cancels  with  a none  i a I i zen  mas-  term1  and  the 
double  summation  in  Equation  (5.2.2-2K)  reduces  in  a - i nei  i ■ seminar ion  of 
direct  terms  (17).  More  realistically,  however,  foi  Loundai y layer  exci- 
tation tl  (T)  is  of  the  form  of  a duinpcJ  exponential  wevc  -a.  t h >t  the  modes 
>iie  l.iehly  coupled.  Bozich  (20)  resents  such  a result  rhi-i  i in  a lOinpli- 

i .lied  ••  - 1 1 1 i e i t expression  tor  the  "c  i < ■■  ■ j ■ ■ i n t a ' < >■  p t am  e"  i , . ,l<  t a i net  I . 

K<  v i - i j i n>  i t ie  r •-*■.!  1 1 ! o ! b L i oi i - J . 1 eiu  sees  i ha  i bound  1 zy  .q  - r 

>•  > . i ; a i i on  generally  is  not  amc  nab  1 . i <■  a si  mp  1 i i i •,  I > nm  tin.;:  i . ponse 

analysis  since  the  modes  an,  in  u.i.rol  highly  • i -d  i . , > ,,a  ..ample 

the  pap.  t |,y  Coe  and  Ciiyu  (21)). 
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In  the  wse  of  jet  noise,  the  spatial  scale  of  the  correlation  coefficient 
i on  the  same  order  as  the  mode  wave  length  iesu!ting  in  modal  coupling. 

In  practice,  however.  the  structural  damping  is  very  small  and  the  reso- 
nance effect  will  dominate  the  response.  Hence,  i or  jet  noise  the  modal 
coupling  terms  will  be  small  except  for  the  rase  of  closely  spaced  natural 
frequencies.  Mercer  (22)  has  investigated  the  effect  of  including  the 
coupling  terms  for  the  case  of  a continuous  beam  on  many  supports  excited 
by  acoustic  pressures  (the  response  frequency  spectrum  is  similar  to  a 
row  of  coupled  plates).  Typically,  coupling  terms  contributed  only  5 to 
10  percent  to  the  overall  rms  response  level.  It  Is,  In  general,  suf- 
ficiently accurate  to  neglect  the  cross  terms  due  to  the  relatively  small 
errors  accruing  from  this  approximation.  Generally,  one  must  still  con- 
sider many  of  the  direct  terms  as  being  potentially  significant  since 
broadband  acoustic  excitation  may  excite  many  modes. 

Neglecting  the  cross  terms,  one  obtains  from  Equations  (5-2.2-28)  the 
simplified  expression  for  the  spectral  density  of  displacement,  for  example, 
as 
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(5-2.2-38) 


where 


G ( ^ ) 

H (m)  =-^5 — I H ^ (ar ) I ^ / / Wr(^,)W|.(x2)d(x2-x1)dAU))dA(x2) 
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Similarly,  the  expressions  tor  the  mean  square  response  quantities  are 
obtained  for  displacement  as 


(x,t)  = ) Wr  (x ) / urr  (<.<)dli> 
r u 


for  velocity  as , 


v/(x,t)  = / W2(x)  j 


n)2Pr  (iii)  d'i) 
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(In/sec)  (5.2.2-<t0) 


I or  acco I e ra l i on  a s 
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ji  W‘  (x)  f or  o.^  ( (u>) dm  (in/sec.*')  (5.2.2  kO) 


and  fur  stress  as 
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o (x  , t 


l L?(W  (x))  / wr..(ir'dm  (psi)'  (5. 2. 2 -It!) 
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l J (W  (7)  ) L(w  (x))  I (W  (7) ) 


To  obtain  results  one  requires  integrations  of  the  form  J 

more  explicitly 
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(S-2.2-k2a) 

(5.2.2-Ii2b) 


(5.2.2-i)2c) 


which  are  all  functions  of  the  natural  frequency,  w , and  the  modal  damp- 
ing  f,  or  nr . From  Equation  (5-2.2-28)  or;  obtains  for  viscous  damping 

i Hr  (co)  | 2 - Hp(w)H*(w)  - ((Jr  - J)2  + (5-2.2-43a) 

and  for  hysteretic  damping 

I Hr  (uj)  1 2 = Hp(w)H*(u)  = ((J  - J)2  + ry-Jr'.  {S.2.2-U}b) 

For  small  damping  in  each  mode  (i,  r_0.05),  the  response  curves  will  be. 

highly  peaked  sc  that  with  the  assumption  of  well  separated  frequencies 
one  can  simplify  the  above  integrations  if  GpU)  can  be  considered  to  be 
constant  in  the  frequency  band  surrounding  each  resonance  peak.  With 
this  approximation,  one  can  obtain  explicit  integrations  as  follows 
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(5-2.2-^b) 


to  i r j 

f c4|H  (u)  |2Gn(c)do)  = G_  (oj  )/  u>  |H  :(jl')I  2 dai  = 7i uj  (l+4t2kn  (u>  )/H 
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(5.2.2-Wc) 
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where  |H,U)j‘  has  the  form  of  Equation  (5 . 2 . 2-5  3a ) . lo  uluam  similar 

results  for  light  hysturetic  damping  one  can  substitute  £ - r /2. 

Typically,  suitable  values  for  the  modal  damping  ratios  are  0 00r  e C <0.05 
-o  thai  the  above  results  are  valid  for  all  types  of  aircraft  sticture 
(set-  Section  5-3)  with  the  only  restriction  be'ng  that  toe  r iturr. 1 fre- 
quencies be  well  separated  and  that  the  excitation  speci  al  density  G (u) ) 
varies  slowly  with  frequency. 

More  general  forms  of  the  Integrations  given  in  Equation  iS.2.2  '--l)  are 

\.  > . on  i _d  by  James  (23),  and  by  Crandall  (14,  p.  72)  f • -r  r. : h t.  tu<)  can 


2.63 


be  expressed  as  a polynomial  in  u.  Wagner  and  Rama  Baht  ( 1 3 ) presents  the 
results  for  such  integrations  for  an  exponential  form  of  the  excitation 
power  spectral  density  illustrating  the  complicated  form  of  the  response 
power  spectral  density  when  modal  coupling  is  important. 


Substituting  from  Equation  (5-2. 2-44)  into  the  expression  for  the  mean 
square  displacement  response  spectral  density,  Equation  (5-2.2-3S)  one 
obta i ns 


w2  (x , t ) = y 
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(5.2.2- 1*5) 


where 


Similarly,  one  obtains  the  expressions  for  the  mean  square  values  of  the 
velocity,  acceleration,  and  stress  mean  square  spectral  density  as 
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(5.2.2-46) 


w2(x,t)  = l (1  + 4r,2)  I ^ G (wr)W^  (x) 


(in/sec2)2  (5.2.2-47) 
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(5.2.2.48) 


The  next  simplification  involves  the  form  of  the  Integral  I , Equation 
(5.2.2-45).  If  the  pressures  are  exactly  In  phase  over  the  whole  plate, 
then  d(x2'7j)  e 1.0  and  one  obtains 


lrr=[/fl  Wr(x,)dA(x1)] 


(5.2.2-49) 


It  can  be  shown  that  the  displacement  response,  w^(x"),  of  the  plate  to 


3 un  i roi  m b id  i i l pi  tibbiii  c u f unit.  m 5 g n 1 1 d c 
x,  can  be  written  in  the  form 

v,'  (x-^  ~ J V (x) 

rt  * « ik 


point  on  su rf arp. 

(5.2.2-  0) 


or 


a:  M 
r r 


/ (x  j )dA  (x  ^ ) W^_  (x)  = — 


T 


ri- 


al M 

r i 


W ix, 

r 
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wher  e W 


Physically,  W (x;  is  the  r component  of  t.he  static  displacement 
response. 

Then,  one  can  express  Equations  (5. 2. 2-1(5)  through  (5.2.2-148)  formally 
as 


and 


w2  (x  , t ) 


w2(x,t) 

W2(x,t) 


02 (x , t) 


= l TiT  Gp(a)r)Wor(7)  in2 

r r 

TTW^ 

“ I Tfir-  Gp{air)wor^  (in/sec) 

r r 

ni^O-t1*?2)  „ _ 

“ I Gp^r^Wor^  ('n/sec  ) (5.2.2-51c) 

r Jr 

n CO 

" l T^r-  Gp(u'r^°or^  (psl)2  (5.2. 2-5 Id) 

r r 

c ~JT~y  L2  (W  W)  * L 2 ( ' (x))  psi/psi  (5.2.2-52) 

w.  H r 


(5  - 2 . 2-5  la) 
15.2.2-516) 


The  utility  of  the  forms  of  Equations  (5.2.2-51)  is  that  the  designer  need 

be  concerned  only  with  determining  the  undamped  response  frequencies,  to  , 

and  the  static  d i sp  1 acemer  ts , W (x)  , or  the  static  stresses,  o (xT)  at 

or  or 

a point,  x,  on  the  surface  of  the  plate  resulting  from  a uniform  static 
pressure  of  unit  magnitude  using  any  convenient  technique.  Then,  knowing 
the  modal  damping,  r,r  (0.02  Is  s good  typical  value),  and  the  excitation 
pressure  nwer  spectral  density,  G (w),  for  the  range  of  frequencies,  to  , 
the  van  mean  square  response  quantities  can  bo  estimated.  Tin  nnlyr 
caution  ,t  the  designer  must  exercise  is  that  consistent  units  must  be 

used  in  applying  these  results.  For  the  Hcv  Inp.tu-nt  to  this  point  is  has 
been  assumed  that  (u> ) has  the  units  (ps  i ) 2-sec /'  ad  ian . 

The  results  pi tsen led  to  this  point  have  been  obtain.  •!  i r t_rrr--,  of  radian 

f requency  . io.  From  a practical  standpoint,  the  design  mu  i nee  r requires 

expressions  in  circular  frequency,  f,  In  Hertz.  To  convert  the  previous 

results  one  must  substitute  « = 2nf  and  G„  (to  ) = Gn(f  )/2.i  into  equations 

r Hr  P i 

(5  2. 2-51)  to  maintain  consistent  units.  This  result  stems  I 1 an  ttm  defl- 
n I r i on  of  the  excitetlon  spectral  density  function  in  term-  of  the  mean 
square  pressure  level  as 


O 00 

p (t)  - 1 G (to) do) 

O P 


! 


/ 


V 


Hi 


I r t ) ■ ! 1 . (5.  -.2-53) 

' o P 
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2" 


■n 

1 


The  pressure  spectral  density  function  G (f)/2  or  5 (f)  then  has  the  units 
? / P P 

(psi)Vlh.  The  designer  must  always  I ■ aware  of  the  definition  of  the  exci- 
tation spectral  density  function  to  see  that  it  is  property  normalized. 

Substituting  = 2rf^  and  Gp  (n  r ) = Gp  (f  ^ ) /2~  into  Equations  (5-2.2-51), 
one  obtains  for  the  mean  square  displacement 


2,~  ^ 
W 1 K 


"f 


- l tT  Wor® 


. 2 

i n 


or 


W2(x,t)  = 1-27—  -p(fr)Wor(7) 


,2f 


•.,,2 


(5.2.2-53a) 


(5.2.2-53a) 


For  the  n>ean  square  velocity,  one  obtains 

*>  ? 


w (x,t)  = \ ■ , -r  Gp (fr)Wor (x~)  (in/ sec) 2 (5. 2. 2-5^3) 


W2(x,t)  - l — — - ■t'p  (fr)W2r  (7)  (in/sec)2  (5 . 2 . 2-  5^b ) 


r r 


2nV 


For  the  me  .it  square  acceleration,  one  obtains 

A,5f5 


w2(x,t)  = ).  — (i  + ^,2)Gp  (ff)W2r  (x)  (in/sec2)2 

(5.2.2-55a) 


*r 


VJ 


8l,6f5 


(x,t)  = l (I  + 1*VV-,VVol  (x)  (in/seo  ’ 

r r <5.2. 2- 55b) 


For  the  mean  square  stress,  one  obtains 


:.f 


= t T7“  Gp(rr)o2(x)  (p  i)‘ 
r 'r 


(5.2.2-56a) 


or 


ii  1 


(x,0  - l 2r-r  ,!'p(fr)''0(x)  (psiV 


(5  2 . 2 - 5 6 b ) 
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where 


(5.2.2-56c) 


O2  (x) 
o 


rr  L2(w  (?)) 


“O' 

d n 
r r 


The  usual  manner  in  which  the  results  of  Equations  (5.2.2-53)  through 
(5.2.2-56)  have  been  applied  in  practice  is  the  form  utilizing  Gp(f  ) as 
the  excitation  power  spectral  density  function.  If  the  estimated  sound 
pressure  level  is  in  the  form  of  a filtered  band  level  (octave  band,  1/3 
octave  band,  etc.),  then  the  appropriate  expression  for  GD(f 


G (f  ) - pT  , *10L/1° 
p r rref 

L - L.  - 10  log  Af  , 


Is 


(5-2.2-57) 


ref 


bai  < level  of  the  noise  with  bandwidth 
Af  in  which  the  resonant  frequency,  f , 
occurs. 


0.0002  dynes/cm  - 2.9  * 10~3  psi 


2 

The  units  of  Gp(fr)  are  the  units  of  (P^^.)  /Hz  and  one  obtains 

Gp(fr)  “ 4xl0^L/'°  ^ (dynes/cm2 ) 2/Hz  (5.2.2-58) 
or 

G p (f ) - 8.M*10U/ IU"'6)  (psi) Z/Hz  (5.2.2-59) 

The  final  simplification  to  be  tea li zed  Is  that  if  only  a single  mode 
responds  s ' gn  ' f i cant ly  then  the  summations  in  Equations  (5.2.2-53)  through 
(5.2.2-56)  reuuce  to  a single  term.  This  approximation  was  flrsi  pre 
senteJ  by  Miles'  (5)  and  its  use  has  become  known  as  "Miles'  single 
degree-of-f reedom"  theory.  This  approx i mat 'on  is  commonly  used  fo*  all 
sonic  fatigue  analyses  and  the  results  are  for  the  mode  (usually 
the  fundamental  mode) 


nf 


w (x,l  = 7——  G (f  )w  (x) 

h',  P r or 

r 


(5  2 . 2-60a ) 


w2(x,t)  = 


T1  ' t ' 


— G (f  )W  (I) 
K P r or 


( i ri/sec 


(5.2. 2-60b) 


w2(x,t)  = 


(l+f  2 ) G (f  )'J2  (x)  ( i ri/vi  r.?)2 

r P r or 


(5  ?.2-60c) 


(>■  ,t) 


(5.2.2-60d) 


- ^ Gp(fr)o^  (psl)2 

r 

32(x)  ■ — t~  r L (W  (x*> ) 

° u/V  r 
r r 

•rr-(/A  V/f  (7,  )dA  (7()]  2 


(5.2.2-61) 


It  now  remains  to  present  the  results  of  Equations  (5.2.2-60)  in  the 
specific  format  associated  with  thin  plates.  In  particular,  rectangular 
thin  plates  with  either  all  edges  clamped  or  all  edges  simply  supported  will 
be  considered.  The  results  can  easily  be  extended  to  any  level  of  the  pre- 
vious derivation. 

For  thin  lectangular  Isotropic  plates,  the  assumed  panel  displacement  func- 
tion Equation  (5.2.2-27)  has  the  form 


w(x,y,t)  = fab  ll  xm(x)Yn(y)&mn(t)  In.  (5-2.2-62) 

m n 

where  X^(x)  c sin(mnx/a)  for  supported  edges 

= cosh(C  x/a)  - cos  (C  x/a)  - a (sinh(C  x/a)-sin(C  x/a) ) 
m w\  m m m 

for  clamped  edges 

Y^(x)  = '.in(rmy/b)  for  supported  edges 

= cosh|,Cny/b)  - cos(Cny/b)  - un(slnh(C  y/b)-sin(C  y/b)) 
for  clamped  edges 

a ,a  ,C  ,C  are  constants  defined  in  Table  5-2. 2-1. 
in’  n’  m’  n 

For  clamped  edges,  X (x)  and  Y (y)  are  taken  as  the  modes  of  a c lamped - 
clamped  beam  (6).  m n 

From  Equation  (5.2.2-50),  the  modal  mess  Is 


mn 


phab  / / X' (x) Y? (y)dydx 

' * m n 


O o 


(5-2.2-63) 


2,  2 


= pha  b /4  for  supported  edyes 
fur  clamped  edges 


2 2 
= pha  b ' 


The  radian  frequency,  m - 2r,f  , is  given  by  Fqu.it  ions  (5. 2.2-1)  and 
(5. 2. 2-2)  or  car,  be  oL Earned  from  Figures  5-2. 2-2  thr  .ugh  -10. 


.68 


Assuming  that  the  excitation  pressures  are  exactly  In  phase  over  the 
whole  plate  then  fror  Equation  (5.2.2- ^*9 ) 


/‘  «„<»>»„  <v)W  (5.2.2-64) 

- j|  2 T "l]2  for  supported  edges 

it  m n 

" ( C~V~  ) K- I )m_  I]  2 [('  1 )n~  I ]2  for  clamped  edges 

' m n ^ 


Then,  from  Equation  (5.2.2-50)  the  static  displacement  response  for  the 
(m,n)  mode  of  the  plate  for  a uniform  pressure  of  unit  magnitude  is 


W (x,y)  - — « 
omn  ’ ' 2 


/ ( I ) 

mn  /aT  X (x)  Y (y)  (5.2.2-6M 

m n 


tu  H 

mn  mn 


for  supported  edges  one  obtains  from  Equation  (5.2.2-6l4a) 


V (x.y)  - 5ln(mnx/a)sln(nna/h)  (5.2.2-6l)b) 

onin  o ^ r ^ j 


tj  ^Dmn  [m*  (b/a)+n2  (a/b)  ] 


2.  2 


16a  b s I n (m^x/ajs in (nry/b) 

— Z 5 5 y 

f 0mn[m  (b/a)+n  (a/b)] 


; m,n  = 1,3,5,. . . (5.2.2-640 


= 0 ; in , n = 2 , 4 , 6 , . . . 
for  clamprd  edges  one  obtains 


Vi  a a2b2[(-l)m-l  l(-l)n-l] 


W (x,y)  = 
omn 


OR  C C 
mn  m n 


X (x)Y  (y)  (5.2. 2-6  ^td  I 

m n 


l6;i  u 
m n 


DR  C C ‘ ' *•’' 

mn  in  n 

- ft;  ni,n  ^ C* 


X (x ) V fv)  : n>  1 1 ■ 1 


( N . / ? - h k p ) 


where  \{  - C**(b/a)^  + C^(a/b)2  ■+  2A 

mn  m n mn 

X (x)  and  Y (n)  are  defined  by  Rijuat.  Inn  ('i  *>.?-£,?.}  fur 

III  M 

clamped  edges 

k . C , f are  defined  by  id!)!*-*  0 . ? . * ’ I 
m n m n 

A is  defined  by  Fiiuatinn  (S.2  > 1 ) 

mn 


s'M 


From  Lqu  tions  (5-2. 2-6A)  it  is  seen  t it  for  a spatially  uniform  excita- 
tion pressure  in  phase  over  the  surface  of  the  plate  that  only  the  odd 
mode  i-sponse,  (m,n)  = (1,1),  (1,3),  (3,1),  etc.,  is  predicted  as  being 
nonzer.'  by  the  theory. 


w (x,y , t)  = 


32a  V 


2 2 

G (f  )sin  (mix/a)sin  (m-y/b) 
V V p mn 

L L 2 2,  2, 


10 /p|!,D3  m n r,mnm  n [m  (b/a)  + n (a/b)]' 


in  (5.2.2-65a) 


m,  n >=  1,3,5... 


and  for  clamped  edges 


w (x , y , t ) 


G (f  )a2<j2  , . 

I l P ' 2%  V2  Xm(x)Yn(y) 

O m n ; C2C2R3/2  n n 

mn  m n mn 


32a3b3 


►’phO 

m,n  - 1,3,5,... 

R - C4(b/a)2  + C4(a/b)2  + 2A 
mn  m n mn 


, 2 
i n 


(5-2.2  - 65b ) 


From  Equation  (5.2.2-5^a)  and  the  above  results  one  obtains  the  expression 
from  the  mean  square  velocity  response  for  simply  supported  edges  as 


2 2 

— . G (f  )sin  (mvx/a)s!n  (miy/b) 

.2,  , J2ab  r r p mn 

w (x.y.t)  = ~~  l l 2 2 

6 J i 77 3n  m n r,  in  n [m  (b/a)  + n (a/b)] 
r » uin;  L)  mn 


m , n = 1,3,5,... 
and  for  clamped  edges 


( I n/ sec)2 


(5 • 2 . 2-66a) 


.2 

V J 


(x,y , t) 


32ab 

/(cl.)  3(> 


i ?: 

m n r. 


G (f  )r‘2,'i 
p mn  m n 


2 2 
C C R 
mn  m n mn 


/? 


x2(x)r2(y) 


(in/sec)2  (5. 2. 2 -66b) 


m,n  - 1,3,5,-.. 

From  Equation  (5.2.2  55a)  and  the  above  results  one  obtains  the  expression 
tor  the  mean  square  acceleration  response  for  simply  suppot ted  edges  as 
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••2 , . \ 32  J D/(oh)^  7 V zi.i.,2  2,  /L^,  2,  „ ,,  , 2,  , ^ 

w (x,y,tj  ” 5 1 ) ( 1 + i*r>mir>)— 1 c — — ylm  (a/b)+n  (a/b)]sln  (tm-x/a)- 

(5.2. 2 - 6 7a ) 


ab’  m n 

s I (niry/b) 
and  for  clamped  edges 


inn  2 

m ri 
mn 


m,n  ■=  1,3,5... 


2 2 2 

■ § ^(ph)5  l l yf„Xn (5-2.2-67b) 

m n c C C K 

mn  m n 


m,n  - 1,3,5,... 


To  obtain  expressions  for  the  mean  square  stress  response,  the  linear 
operator  appearing  In  Equation  (5.2.2-56c)  must  be  selected  depending 
upon  the  type  of  stress  of  Interest  to  the  designer.  For  small  deflec- 
tion thin  plate  theory  and  plates  of  rectangular  shape  the  linear  oper- 
ators for  the  direct,  bending  stresses  ux  and  o and  the  shear  stress 
tXy  are,  respectively 


L (W  (x))  - - [W  + vW  ] (5.2. 2-68a) 

x r h2  r.xx  r,yy' 

L (u  (7))  = - [,.W  + W ] (5.2  2-68b) 

V r ^2  r.xx  r,yy 

L (W  (I) ) - 6~  (l-v)W  (5.2. 2-68c) 

xy  r ^2  r,xy 


For  simply  supported  edges  Wmn(x,>)  = /ah’  s I n (m«  x/a ) s i n (nn  y /b  ) and  from 
Equations  (5.2.2-66)  one  obtains  for  the  (m , n J ^ mode  (m,n  = 1,3,5,  ..) 

2 

L (W  ) = ~^71  — fm^(b/a)  + vn^  (a/h)  1 s | n fmux  /a)  s 1 n (n  y/h  ) (5  . 2 . 2-6ya) 

A hSC.b 

2 

L (W  ) = —7-'-  — fvn  (b/a)  *-  n (a/b)  J s I n (mnx/a)  s in  (11  ny/b ) (b.2.2-69b) 

y run  i.  r ~ 

11  /ai 

,2 

L (W  )» y--  ■ (l-v)mn  cos  (mu  x/a)  cos  (n*y/b)  ('.■  2,2-69c) 

miii  1 2.  / 

h fab 

Then,  from  Equation  (5.2.2-56*)  on  » !>••  1L1  ■>.'*;  rt--.u  : 1 .-in  nit*  1 ns  1 ■>*  the 
(ir.n)’^  mode  (m,n  1.3.5,...) 


1 


, ( X , 


jv  (id)  u b lu  (h/e)  ‘ n h/h)^  . ?. 

'XT' 2 2,  2 , > 2,  ,,  s 

h n n l ni  (b/a)  + n (o'b)] 


in  v'i' 1 * • / --  ) U m 1 ('•  i ■ •,  / b ) 

(5 . 2 . 2- 70a) 


36  (16)  2a2b2  [vm2  (b/a ) + n2(a/b)]‘‘  .2,  . , . 2, 

— - - — — — s i n (mnx/a ) s i n (nry  / b ) 


r8hVn2[m2(b/a)  + n2(a/b)lA 


(5.2.2- 70b) 


36 ( 1 6 ) 2 a2b2 ( I - v) 2cos2 (mnx/a ) cos2 (nny/b) 


'OXy(X’V)  8l/  [m2  (b/a)  + n2(a/b)/ 


(5.2.2-70c) 


Then,  fron  Equation  (5.2.2-56a)  the  expressions  for  the  mean  square  stress 
response  of  a simply  supported  rr <- tango  1 ar  plate  are 


-7 . G (f  ) [n12(b/a)-tvn2(a/b)]? 

o (x,y,t)  ■ — r—T—  »’0/ph  T V -E — ■ ■. * y—  sin  (nmx/a)sin  (mny/b) 

i\  h m n c,  m n [m  (b/a)+n  (a/b)] 

mn  (5 • 2 . 2-7 1 a) 

nr,  . G (f  } (vm2  (b/a)+n2  (a/b)  ]Z 

o (x.y.t)  = r— - t'o/ph  £ £ -2 — — - — — s sin  (mix/a)sln  (rnry/b) 

y i h m n t.  m n (m  (b/a)  + n (a/b)] 


(5-2.?-71b) 


-» . i . G (f  )cos  (mrx/a)cos  (nny/b) 

2 / \ 115dab  — r-  /,  ,2  ■■  r p mn 

(x  , y , t ) ” -jr-jp—  v D 7 c h ( l - v ) / £ 


in  n ' [m2  (b/a/tn2 (a /b)  ] ^ 

mn 


(5.2. Z- 71c) 


With  »'  ,n  ---  1,3,6,... 


th 


For  a plate  with  clamped  edges  the  mode  shape  for  the  (m,n)  mode  Is 

W (x,y)  = Fab  X (x)  Y (y)  where  X (x)  and  Y (y)  are  c I amped -c  1 amped  beam 
mn  ' m n m n r K 

vibration  modes  defined  by  Egualiuii  (5.2.2-62).  prom  Filiations  (5.2.2-68) 

one  obtains  f ■ > >-  the  (m,n)t'’  mode 


I (W  ) = - •/— — S (x,y) 
v.  mn  , 2 r—r  xmn 

n y a h 


L (W  ) 

V inn 


L (W ) = 


6D  . , , 

9~:r 


, . ymn 

n vao 


6P 

f/^b 


(l-v)C  C X’ (x) Y 1 (y) 


in  n m n 


(5.2, 2- 72a ) 
(5.’.2-72b) 
(5.2.2-72c) 


where  S (x,y)  -=  (.  (b/a)X"(x)Y  (y)  + vC  (a/b)X  (x)Y"(y) 
xmn  ' m m n n iti  n 


..  n 


S (x,y)  - v C ‘ (b/a)X"(x)Y  (n)  + C 2 < a / b ) X (x)YM(n) 
ymn  ’ " r>  m n r>  m n 

X 1 ( x ) denote^  v i t fe ren t i at i on  with  respect  to  the  argument  of  the 
m 

mode  f unc r i on . 


Then,  from  Equation  (;.2.2~56c)  and  the  above  results  one  obtains  the 
stress  response  in  the  (m,n)th  mode  due  to  a uniform  static  pressure  of 
un i t magn i tude  as 


o ( x , y ) 
ox  ’ ' ' 


2 2 2 2 2 

36(16) 

rm 

h CEft 


SxmnU-v) 


(5  2 ,2-73a) 


l,oy(x'y) 


2 2 2 2 2 
36(16)  a b an)an 

4 2 2 2 

h CmCnRmn 


’’ymn  ^ Y ^ 


(5 . 2 . 2 - 7 3 b ) 
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Toxy 


(x.y) 


36(16)  a b (1->j)  a un  2 



mn 


(5-2.2  - 73c) 


From  Equation  (5-2.2- 56c ) and  using  Equations  (5-2.2-73)  the  expressions 
tor  the  mean  square  stress  response  01  a rec  1 an _,u  i a 1 plait  with  clamped 
edges  are 


G (f  )a^:x^  , 

- mn  m n 2 


(x,y,U  - 1152  V ./D7ph  I l P ,.r2o3/2  SxmnU,y)  (5.2.2-/'ta) 
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mn  in  r mn 


t.  (r  ),V 


■>hx,y , t)  - 1 -l’  - 'r  - 0 / -I.  1 C y/Y  (5.2  2-7^) 


. n..  c2C!'kOTJ'""' 

mn  m n mn 
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r.  (f,„n)  ' 


xy 


'D/Th  ( 1 a)  2 v > t'  -1^-  Vi  ( ••  I ; 1 7 n ■ ( 6 . 2 . 2 - 74c ) 


ut  n ’ H 

iMfi  mn 


Ti,  ,,,  .•  vious  result;  are  sumnur  i • >1  in  T ,!  l<-  5. 7 2-6  eh,  i.  th 
number,  for  a mean  square  quant i ty at  pi  i -rented  . lues.  itsnl 
th.i>  only  the  direct  modal  contributions  t ..  'he  total  t eypmi'. 
cent.  In  particular  it  has  been  assumed  liiat  the  natural  lie 
widely  separated,  that  the  damping  r liqiii  and  he  ilie  i-x.  i 
sure  •.  | m * 1 1 a 1 density  function  v.irn".  si  owl  / w i th  i ' I'U.m.y  i 


. iill.i  ; ort 

i - d "■>  - 1 1 >e 

e .11  a I un  i f i - 
i, u.  nr  i ■ ■ are 
i a i oti  |> res 
in  .1 1 1 i iii-  natura 


I reqneru  i e.s  . 
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TABLE 
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NUMMARY  OF  REbULfO  TOR  rf  EOF' ON  OF  CALCULATIONS 


TABLE  Of  LQUAT I ON  NUMBERS 


Mean  Square 

, I 

Quant i ty 

A1 1 Edges 

jUpportrtJ 

Al  1 Edges 

C 1 amped 

w2(x,y,t) , 

■ 

2 

i n4- 

(5  2. 2-6Sa) 

(5.2. 2-65b) 

page  270 

page  2 70 

w4-  ( x , y , t ) , 

(in/ sec) 2 

(5.2.2-fe6a) 

(a  . 2 . 2 -66b) 

page  270 

page  270 

w2 (x  ,y , t ) , 

( i n/sec) 2 

(5-2.2-67a) 

(5.2. 2-67b) 

pane  ?J]  ! 

page  271 

•2(x,y.t), 

(psi)2 

(5.2.2-71**) 

(5.2.2-7|*a) 

1 

s 

page  272 

page  273 

■ ( > , y . t ) , 

<P  T 

t ( 5 . 2 . 2 - / 1 b ) 

(5  - 2 . 2-7^b) 

/ 

1 

! 

page  2/2 

page  273 

: 2 ( >'■ , v , i ) . 

(psi)2 

! 5 . 2 . 2 - 7 1 c ) 

(5. 2.  2-7M 

*y 

1 

page  2/2 

page  273 

Tfie  final  result  is  to  assume  that  only  the  fundamental  mode  exhibits  sig- 
nificant response.  Then,  for  a simply  supported  plate  one  obtains 


vi  ( x , y , t ) - 


2 2 

32a3h3  Up  (f|j)sin  ( n x / a ) s i n ( r y / L ) 


■ 1 °/1.0T  '■||l(L/a)  + 


( in)” 


<5.2.2-/6a) 


2 


vi  ( x , y , t ) 


32ab 


G ( f | | )s  i n ' ("  x/a)  *.  i o’  ( y/b)  7 

T^7TTb7aT“ri7rn ( i n / s e c ) ' ( 5 . 2 . 2 - 7 5 b ) 

I I 


( x , y , t , 


(.  h)  lj  1 


n f '' ' I I ) r’p'  r 1 | 1 [ fb/u)  1 (e/'h)  ] s i n (t.x/ u)  sin  ( ■ y/b) 


(m/se.?)2  (5.2.2-75c) 


C,  If,  ) [ (!■/«)  t-vf  ../I.)  r 

( v , y , l ) - ~7rn7~~J  ^D/i-h  ■ m sin  ( iix/,i)  s i (7:  y/b) 

"’l-  C i i [ (0/ a)  * (u/1. ) J 


■ 0 (3.2. 2 - /5d) 


271) 


2,  . Il57-ab  r- — 

'■!v(*.y  .t;  = -5-5 — / v/oh 

t»  h 


Gp(f  ) t ) ['■>  (b/ a)-*-  (a/b)  ]' 
C , ( [ (b/a)  + (a/b)  ] 3 


2 2 
sin  (ux/a)sin  (ny/b) 


(psi)2  (5.2.2-75e) 


1 1 52ab 


1 xy ' 


,V,t)  = ^ L 'D/ph  (l-\> 


it  h 


2 j )cos2 (nx/a)cos2 Uy/b) 

;1  1 [(b/a)  -r  (a/b)]  (psi)2 


(5.2. 2 - 75f ) 


For  a plate  with  all  edges  clamped,  one  obtains  from  Table  5. 2. 2-1 
<1.  = 0.9825  C,  = 4.  73004 

An  - 151-3524  Rn  = 151  . 3524  [3. 307 f b/a)2  + 3-307(a/b)2  + 2.0] 

and  the  mean  square  response  quantities  assuming  only  a fundamental  mode 
response  are 


. 3.  i992-10'5  a3b3  G (f  , ) X2 (x) Y2 (y ) 

v/(x,y,t)  = P II  I 1 


/hD3  r [3 . 30? (b/ a) 2 + 3.307(a/b)Z  + 2]3/2 


in2  (i.2.2-76a) 


W ( X t y » t ) ” 


4.8420- 10_3ab  G (f  . , ) X2 (x) Y2 (y) 

E__ JJ ! ! 

/(pit)  gn  (3. 307  (b/a) 2 •!  3-307U/b)2  ■:  2] 1/2 


( in/sec)2 

(5.2. 2— 76b) 


i-/(x,y,t)  = 0.7329  J\)j (ph)3 


^ 1 + ^ ^ 1 l 2 2 1/2 

" Gp(fn)  [3-307(b/a)2+3.307(a/b)2+2] 


' XX(x)Y2(y)  (in/sec2)2  (5-2.2-76c) 


.‘(K,y,i)  - 1.152-  10  - -j- 


o 3 b fti7p : 1 G ( ‘ 1 1 ) 5 , , ( x , y ) 


n,  __  ? Cl  u r W U 1 1 M \ I 1 , . V 1 1 

2,  . . 1 in.  in  3 F P 11  >11 


h ?n[3  307( 


h/a) 2 ■+  3. 307 (a/b) Zt 2] 3/2 


(psi  / 

(S  ,2.2-76d) 


j 


i 

1 


1 ;; 

l . 


n 
» ■ 


! 

! « 


z 

r 

* : 
y 
l 


')  7L 


; ggggBBg§^  jlgggt . 1 


ab/D/ph  G (f  , . )S  , , (x,y) 


, aw  u \ I , , I J , . 

(x.y.t)  = 1-152-10  " -,j £ — ■---  1 1 


h , E 3 - 307 ( b/a)  2 + 3.307(a/b)2  + 2]3  2 


(ps i ) 2 
(5.2.2-7M 


ab/57p'FT(1-v)2  G (f  ) (X!  (x)Y‘  (y))2 

/..(x.y.t)  = n. 5765O  1 1 


xy 


i — ; — 

h , [3 . 307 (b/a)  + 3-307(a/b)  +2] 


2 JJ2  (ps')‘ 


(5-2.2-75f) 


In  utilizing  the  results  of  Equations  (5.2.2-76)  the  following  quantities 
are  presented  for  specific  points  on  the  surface  of  the  plate  (see  Table 
B. 1 . 1-5,  page  551) . 

Center  of  Plate: 


Xj  (a/z)Y^(b/2)  = 6.36160 


S$n(a/2,  b/2)  = I865.8[(b/a)  + v(a/b)]2 


S2n(c,  '2,  b/2)  = 1 865. 8 [v (b/a)  + (a/b)]2 


Approximate  Location  of  Maximum  Shear 


(5.2.2-77a) 
(5.2. 2 - 77b ) 
(5  2.2-770 


Edge  of  Plate: 


(X} (0 . 22a) Y J (0.22b))2  = 1. IA389 


S2n  (0  , b/2 ) = 5050.1  (b/a)2 


S2n  (72,0)  = 5050.  1 (a/b)  2 


(5 . 2 . 2"77d) 
(5 . 2 . 2-/ 7e) 

(5  - 2 . 2- 7 7f ) 


1 he  previous  results  have  been  based  upon  the  assumption  that  the  excita- 
tion power  spectral  density  function,  G (f),  is  constant  or  varies  slowly 
with  frequency  in  the  vicinity  of  the  rbsonant  peak.  From  a practical 
standpoint,  the  excitation  density  are  typically  smoothed  into  spectra 

as  a series  of  straight  lines  on  log-log  plots.  The  slopes  in 
.trying  spectral  denr.itv  arc  generally  given  in  terms  of  decibels 
Mathematically,  the  straight  line  log-log  plots  are  governed  by 


that  appear 
regions  of 
per  octave, 
eg  1 ia  1 1 on 


an 


of  the  form 


2 76 


(5.2.2-783) 


log  ^(Si)  = log  G^O)  f B log  Si 

where  U = f/f^,  ^ r 's  * resonar|f  frequency  of  the  r1-*1  mode. 

The  above  relationship  can  alternately  be  expressed  as 

(il)  = G (l)i;B  (5.2.2-78b) 

p P 

The  exponent  B is  related  to  the  dB/octave  variation  in  level  using  the 
following  procedure.  If  two  frequencies  £2.  and  £2„  are  n octaves  apart 
then 


Vnl  “ 2 n (5.2. 2-79a) 

or  n = log(£22/fi|)/log  2 = 3.322  log(f22/fi  ) (5.2.2-79b) 

The  decibel  difference  between  the  spectral  densities  at  the  two  frequencies 

i s 


dB  =*  10  log  (G  (u  )/G  (fl,)) 

(5.2. 2-80a) 

or 

dB  - 10  B log  (n  /SJj ) 

(5.2. 2-80b) 

The  dB/octave  variation,  N,  is  obtained  from  Equations  (5-2.2-79b)  and 
(5-2. 2-80b)  as 

N - dB/n  ■=  3 • 0 1 OB  ; 3B  (5. 2.2-8  ) 

Assuming  resonant  response  of  a system  whose  resonant  bandwidth  lies  within 
the  frequency  band  of  excitation,  the  resonant  bandwidth  Is  taken  as  the 
effective  random  bandwidth,  t /2 . Figure  5.2.2-28  presents  a plot  of  normal- 
ized resonant  response  us  a function  of  B for  various  values  of  the  modal 
damping,  £r.  That  is,  if  the  excitation  spectrum  as  plotted  on  log-log 
naner, slopes  in  the  vicinity  of  a resonanr  peak  with  a slope,  of  N dB/octave, 
then  the  values  for  Gp(f  ) appearing  in  Equations  (5.2.2-53)  through 
(5.2.2-75)  must  be  multiplied  by  the  factor  indicated  by  Figure  5.2.2-26. 

To  use.  this  figure  one  determines  N in  the  vicinity  of  the  resonant  response 
frequency,  f , moves  vertically  to  the  value  for  modal  damping,  •,  , and  pro- 
ceeds to  trie  left  to  determire  the  correction  factor.  it  Is  not,,  u that  for 
light  damping,  r,  jt_0.05,  less  titan  a 10?.  error  in  estimating  rh>*  resonant 

response  will  occur  by  assuming  a constant  spectrum  level,  G (f  ). 

P r 

The  above  results  are  from  a paper  by  Pulgrano  and  Ablowitz  (25).  they  pre- 
sent mi"  h more  detailed  calculation  procedures  for  correcting  "white  noise" 
rt'.'ipnnsi’,  calculations  to  account  for  irregular  spectrum  shape..  In  particu- 
lar, they  show  how  non  resonant  response  can  become  s i un i f i t an f . 
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equency 


Example:  Using  the  results  of  Section  5. 2. 2. 2. 6 compute  the  m«.  n square 

displacement,  velocity,  acceleration,  and  stress  respons-  of  a rectangul  ' 
plate  exposed  to  jet  'olse  excitation  assuming  both  simply  supported  and 
clamped  edge  conditions.  The  data  for  the  plate  Is  as  follows:  a »=  6.0 
Inches,  b » 12.0  inchis,  h - 0.032  inch,  £ » 10.3' i 0°  p s i , v - 0.32,  and 
Y - 0.101  lbs/ln^.  The  jet  noise  excitation  Is  assumed  to  result  from  a 
J57-P21  turbojet  engine  with  afterburner  operating  with  the  plate  located 
l*  nozzle  diameters  downstream  and  3 nozzle  diameters  away  from  the  jet  axis 
(see  Hermes  and  Smith  (31),  P-  76).  Assume  panel  damping  is  c * 0.02  for 
all  modes. 

From  Section  5-2. 2. 2 1 the  response  frequencies  for  the  plate  are  deter- 
mined to  be  as  folio's 


Mode  No. 

Supported  Edges 

Clamped  Edges 

(1,1) 

fn  - 105  Hz. 

f - 222  Hz, 

0,3) 

f,3  - 273  Hz. 

f , 3 - 437  Hz. 

0,1) 

-h 

H 

'-J 

X 

N 

f31  «=  1072  Hz 

(3,3) 

1-33  = ik*}  Hz. 

t33  - 135A  Hz 

For  a panel  with  simply  supported  edges  the  mean  square  displacement 
response  is  obtained  from  Equation  (5.2,2-65a),  assuming  for  the  moment 
that  all  odd-odd  modes  up  to  the  (3,3)  mode  respond,  as 


w (x.y.t)  = 2 . 51 102 [3 ■ 7000g^ (f ^ ) s I n2 (nx/a ) s 1 n2 (ny/b) 

+ 0.02 02  ( f | j ) s I n2  (nx/a)  s i n2  (3uy  /b) 

+ 0 . 000880^  (f  3 ^ ) s 1 n2  (3nx/a)sin^(ny/b) 

+ 0.00005JtGfi(f^)sin2(37'x/a)s!n2(3ny/b)  ] (in)2 

from  Hermes  and  Smith  (31),  p.  /6,  the  third  octave  band  sound  levels  for 
frequency  bands  containing  the  response  frequencies  are  presented  below  with 
lire  third  octave  band  levels  being  converted  to  pressure  spei  r r mn  levels 
using  Equation  (b . 2 . 2-55))  as  follows 
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1/3  0 . B . Center 
F requency , Hz 

1/3  O.B.  Sound 
Leve 1 , dti 

1/3  Octave' 
Bandwidth,  Hz 

(ps 1 )2/H 

100 

127 

22.9 

1.841- 10 

200 

133 

46.0 

3.648-10 

250 

134 

58.0 

3.642- 10 

400 

137 

92.0 

4.582-  10 

800 

13/ 

183.0 

2.303-  10 

! 000 

136 

231.0 

1 . 449-  10 

1250 

134 

291 .0 

7.259-  10 

For  simply  supported  edges 

G <f  . . ) - G (105) 

p n p 

G (f  ) = G (273) 
p 1 3 p 

G (f,.)  = G (777) 
P 31  p 

G (f„)  = G (945) 
P 33  P 


1.891-  10 
3.642-10 
2.303'  10 
1.449'  10 


Then,  the  expression  for  the  mean  square  displacement  response  is 


w2(*,y,t)  = 1.481-10  3 [1.0000  sin2 (nx/a)sln2 (ny/b) 

r 0.0125  s i n2 ( nx/a) s 1 n2 (3"y/b) 

+ 0.00034  s 1 n2 (3"X/a ) s I n2 ( ny/b) 

+ 0.00001  s!r.2(3"X/a)sln?(3iiy/b)]  (In)2 

It  is  seen,  for  example,  that  at  the  center  of  the  plate  the  fundamental 
mode  contributes  98. ']%  to  the  total  displacement  nsponse.  Hence,  the 
assumption  of  considering  only  the  fundamental  mode  Is  appropriate. 

From  Equation  (5. 2 . 2 — 75b)  the  mean  square  velocity  response,  assuming  only 
the  fundament.. I mode  responds,  is 


w2(x,y,t)  = 651.6  sin2 (nx/a)sinZ  (ny/b)  (in/sec)2 

and  the  mean  square  acceleration  response  is  obtained  from  Equation 
(5. 2.2-75c)  as 


w 


U.y.t) 


^ rj  n 

2.8/1'  10  sln  (i.x/a)sin  (ny/b) 
1.923-  103sln2(..x/a)sln''(ny/b) 


(in/sec2)2 


me  I..GI,  2.1.11. 


?8n 


g 


For  simply  supported  edges,  the  mean  square  stress  response  is  obtained 
from  liquation  (5-2.2-75d,  ~75e,  md  — 75 f ) as 


aj(x.y,t)  " **.  377'  1 O^s  1 n2  {vx/a)  s in2  (ny/b)  (psi)2 


ay(x,y,0  * > • 219- lO^s In2 (nx/a)s in2 (ry/b)  (psi)2 

Txy(*,y.t)  - 1* . 338  ■ I0^cos2(7ix/a)cos2(7iy/b)  (psi)2 

Assuming  a fundamental  mode  response,  for  ( amped  edges  the  mean  square 
response  quantities  are  obtained  from  Equat  on  (5.2.2-76)  with  the  results 
be  I ng 

7~(x,y,t)  - 3.3683-10"5  X2(x)Y2(y) 
w^x.y.t)  - 59-l45X2(x)Y2(y) 


w2(x,y,t)  - 1 . 0^03-  108  X 2 ( x ) Y 2 { y ) 


ax(x,y,t)  - 219.08  S2, } (x,y) 


°y (x.y.t)  - ?19  OR  S2j ( (x,y) 


\y(x,Y,t)  - 1 .S  103-  10b  (X  j (x)  Y'  (y) ) 2 
At  the  center  of  the  plate,  one  obtains  from  Table  E , 1 . 1 - 5 , page  551. 
X2 (a/2)Y2(b/2)  = 6.36I6 


sxll(a/2’ 

b/2) 

- 8.705-10 

7 

Syllta/2’ 

b/2) 

- 2 . A25 ’ 10 

HltM,  at  L ille  LCHICI  U! 

rile 

p i a ie 

w2  (a/2  , b/2 , t)  - 2 . 1 ^ 3 - 1 0 ~ '4  (in)2 

— X “ 

w (a/2,  b/2,  t)  - 376.3  (in/sec)2 
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w2  (a/2  b/2,  t)  - 6.618-108 

7r~{a/ 2,  b/2,  t)  - l .yo/-  ll/’ 

X 

o2 (a/2 , b/2,  t)  - 5.3ty-105 

At  the  edge  of  the  plate 

?2 , , (0 , b/2)  » 2.020- 104 
xl  1 

S2  , . (a/2 ,0)  = 1.263- 10^ 
yl  I 

ar.d 

o2  (0 , b/2  , t ) - 4.I.25-  106  (psi) 


o2  (a/2 , 0 , t ) - 2.766-  10^  (ps I ) 
Y 


( in/sec2 ) 2 

<psi  V 
(psi)2 
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5. 2. 2. 3 Rectangular  Specially  Orthotropic  Plates 


This  section  provides  design  oriented  methods  for  estimating  the  response 
of  rectangular  specially  orthotrop'c  plates  to  random  acoustic  loading.  By 
the  term  "specially  orthotropic"  1 l Is  assumed  that  the  plate  material 
possesses  three  mutually  perpendicular  axes  of  elastic  symmetry.  Two  of  the 
axes  are  In  the  plane  of  the  plate  parallel  to  the  respective  sides  of  the 
plate.  The  third  symmetry  axis  is  normal  to  the  other  two  and  hence  perpen- 
dicular to  the  plane  of  the  plate.  The  plate  thickness  and  Its  transverse 
displacement  are  taken  to  be  small  so  that  small  deflection  theory  can  be 
used . 

Section  5-2. 2. 3.1  provides  design  equations  for  estimating  the  response  fre- 
quencies of  specially  orthotropic  rectangular  plates  with  either  all  edges 
clamped  or  all  edges  simply  supported.  Section  5-2.2. 3.2  provides  design 
equations  for  estimating  the  d I splae^ment  response  and  strt  ,s  response  for 
a plate  to  a uniform  static  pressure  of  unit  magnitude  assuming  a fundamental 
mode  response.  Section  5-2.2. 3-3  uses  the  results  of  the  previous  section 
and  Equations  5.2.2-60  to  estimate  the  response  of  the  plate  to  random  acous- 
1 1 c exc I tat  Ion . 

General  references  tor  this  section  are  i imoshenko  (i) , Ambartsumyan  F2t>) , 
and  Ashton  (27,28).  for  plates  made  of  a material  whose  principal  elastic 
axes  are  skewed  with  respect  to  the  plate  geometric  axes  one  must  resort  to 
numerical  techniques  as  described  by  Ashton  (28)  or  Mohan  and  Kingsbury  (29). 

5. 2. 2. 3- I Estimation  of  Natural  Frequencies 

This  section  presents  design  equations  for  estimating  the  natural  frequen- 
cies of  rectangular  specially  orthotrop ic  plates  with  all  edges  Humped  or 
all  edges  simply  supported. 

Deri  vat i on : Thr  Rayleigh  Method  for  estimating  the  response  frequency  of  an 

uncoup  1 ed~ mode  of  vibration  was  used  by  Hearmon  (3D)  to  extend  Warburton's 
analysis  for  rectangular  Isotropic  plates  (see  Section  5-2. 2. 2.1).  The 
results  for  a plate  with  all  edges  simply  supported  Is  exact  and  yields  a 
lower  bound  for  the  frequency  estimate  for  the  actual  panel  installation. 

The  results  for  a plate  with  al)  edges  clamped  Is  obtained  by  assuming  a 
plate  mode  stiape  in  the  form  of  c lamped-c lamped  beam  modes  and  yields  an 
upper  bound  for  the  frequency  estimate  for  the  actual  panel  installation. 
Hearmon  (30)  presents  results  for  all  six  possible  combinations  of  clamped 
and  supported  edges.  The  plate  geometry  and  material  axis  nomenclature 
arc  presented  In  Figure  5-2. 7-21. 

ues  i gn  t qua  1 1 oris : me  uesign  equations  rnr  tne  rrequcncy  oi  tin  (m,n;  mode 

of  vibration  of  the  plate  arc  as  follows: 

All  Edges  Simply  Supported 

n 

f 2 =■  r~r  [mV/a**  + nV/b^  + 2D.m2n2/a2b2]  H z*  (5.2.2-82) 

mn  n l z 5 


2 8? 


All  Edges  Clamped 


*)  ] LULL  ? 9 , 

F”  - ~4 — [cV/a  + t D„/bH  + 2A  D,/a  b 1 

mn  , / . ml  n 2 mn  3 

4u  pn 


Hz 


(5.2.2-83) 


where  0, 


Ellh 

1 2 ( l - v 1 2^ , 7 


E22h 

2 “ l2(l-v12v2]) 


3 3 

V21Ellh  . I „ ,3  "l?E22h  1 h3_  n ... 

°3  = 12  0'-v,.~;,T  FG12h  ' ,2'f-v,.v-')  +^G12h  -D4  + 2D12 


12  21 


'12  21‘ 


and  C , C and  A are  defined  In  Table  5. 2. 2-7  for  modes  up  throuqh  the 
m n mn 

(3,3)  mode  (compare  with  Table  5. 2. 2-1). 

The  mode  number  nomenclature  is  as  shown  In  Figure  5. 2. 2-1. 


TABLE  -j  .2.2-7 


VALUFC>  OF  C , C , AND  A FOR  EOUATION  (5.2.2-83) 

m n mil 


(m,n) 

in  n 

C 

mil 

c 

A 

m 

n 

mn 

(l.D 

i*. 730 

^ . 730 

151.3 

(1,2) 

4.  730 

7.853 

565.5 

(1.3) 

4 730 

IO.996 

1216.7 

(2,1) 

7.853 

A.  730 

565.5 

(2,2) 

7.853 

7.853 

2102.6 

(2,3) 

7-853 

10.996 

4548. 1 

(3,0 

10.996 

^4. 730 

1216.7 

(3,2) 

10.996 

7.853 

4548.1 

(3,3) 

10.996 

10.996 

9785.2 

For  the 

fundamental  mode  Equations 

(5-2.2-82)  and  (5.2.2-83)  are 

, respectively 

fli  = TTpF  lVa  + 

..4  . , 2,  2,  ,,  2 

b 2 / b + ZLl^/u  b j iu 

(r . 2 2 84  0 

for  simply  supported  edges  and  for 

c lamped  edejes 

f(l  ' Hi-  * 

;.307b2/bl4  + 2D3/a2b2]  Hz? 

(5 . 2 . 2-84b) 

Lxamp le : Compute  the  fundamental  mode  lesponse  frequency  of  a rectangular 

plate  with  dimensions  a = 6.0  Inches,  b =■■  12.0  inches,  h = 0.032  i nebes  for 
the  following  orthotropic  material  piupertles  (boron  epoxy  material,  50?, 
resin  by  volume) 


= 0.38 


r 

E 

G 


1 I 

2? 

12 


30 
3 >< 


„6 

* 1 0 psi 

V12 

10^  psi 

V21 

- 10  psi 

Y 

v12E22/E!1  = 
0.0922  lbs/in 


0.038 

3 


The  plate  bending  rigidities  are 

F j 1 h 3 

D,  « ■T-.-rr— y-  83.1203 

1 l2'''vi2v2r 


= E22h 
^2  1 2 ( 1 - v j ? v?  j ) 


8.3120 


D3  = 9- I b60^ 


Then,  from  Equation  (5.2.2-84a),  the  fundamental  mode  response  frequency 
for  simply  supported  edges  Is 


f2,  = (3.2314  * 1 05 ) [83  . 1203/6^  + 8.312/12^+  2 (9.  16604)  /f>2  > 122]  Hz2 

2 ft  2 

f, j - 2.1997  x 10  Hz 


f) , = 148  Hz  . 

From  Equation  (5.2.2 -84b),  the  fundamental  mode  response  frequency  for 
clamped  edges  is 

f2  , - (5.01924  x 105) [274.879/6A + 27 . 4878/ 1 2^ + 18.3321 /62  x 1 22 ] Hz2 
i 2 1 .08097  . 105  IL2 


fn  = 330  Hz  . 

For  the  material  reoriented  90°  so  that  the  elastic  properties  are 
t(  t = 3 x 10^  psi  J,2  ■=  0.038 

E„.;  = 30  > I06  psi  \>„t  = 0.38 

G | 2 = 1.1  x I 0E  psi 

the  above  results  are,  for  simply  supported  edges  f|j  =67  Hz  and  for 
clamped  edges  = 138  Hz. 


5 1 1 3 ? f.Mponsp  of  Specially  Orthotroplc  Plates  to  Uniform  Static 
Pressure 


The  analysis  of  Section  5-2. 2. 2. 6 Indicates  that  the  response  of  the  plate  to 
a uniform  static  pressure  of  unit  magnitude  Is  required  to  estimate  the  mean 
square  displacement  and  stress  response.  This  section  presents  design  equa- 
tions for  estimating  tne  static  displacement  and  static  stress  response  of 
a specially  orthotropic  plate  due  to  a uniform  pressure  of  unit  magnitude. 

It  is  assumed  that  the  natural  frequencies  are  well  separated  so  that  each 
response  mode  can  be  considered  as  an  uncoupled  single  degree-of-f reedom 
response.  Results  for  the  (m,n)^"  mode  of  vibration  are  presented  for 
specially  orthotropic  plates  with  both  clamped  edges  and  simply  supported 
edges . 

For  a specially  orthotropic  rectangular  plate  using  small  deflection  theory, 
the  stress-strain  relationships  are 


Ellcl 


V1 2E22e2 


1 (l-v12v2, 


T+  IF 


12v21  * 


1 E I ifj  E22c2 
°i 2  " Tr_V  lZ^T7  °-^12v21 } 


T 1 2 “ G12yI2 


(5.2.2-85a) 

(5.2.2-85b) 

(5.2.2-85c) 


where  the  orientation  of  the  three  mutually  orthogonal  elastic  axes  with 
respect  to  the  plate  axes  are  given  In  Figure  5.2.2-27. 

i he  s t ra i n-u i sp laceiiietit  relationship;,  for  the  r.p'-rlnl  1y  orthotroplc  material 

are 


2 


zw. 


yy 


7 12 


(!3.2.2-85d) 


which  relate  the  material  axis  system  denoted  by  the  subscripts  (1,2)  to 
the  plate  (x,y)  axis  system. 

The  stress  resultants  for  the  specially  orthotroplc  plate  are 


- / 


-h/2 


za.dz 


V’yy> 


(5.2. 2-86a) 
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j-h/2  2°2dZ  = "LV’xx  + l,2W-yy] 


(5.2.2  Sub) 
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(5.2.?-86c) 
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h/2 

/ zt,„d/ 

-h/2 


12 


2D,  -w 
12  ’ xy 


where  Equations  (5.2.2-85)  have  been  used  in  Equations  (5-2. 2-8^). 


For  a poin'  on  the  surface  of  the  plate,  the  stresses  are  given  by 


u 


1 


, 2 


(5.2.2-87) 


Assuming  an  uncoupled  response  inode  of  the  form  w(x,y)  = W (x) Y^  (y ) une 

obtains  the  static  response  amplitude,  W of  the  (m,n)1^  mode  by  equating 
the  maximum  strain  energy  to  the  maximum  potential  energy  of  the  plate 
when  uniformly  loaded  by  a unit  magnitude  uniform  static  pressure. 

For  simply  supported  edges  the  mode  shape  assumed  for  the  uncoupled  (m.n)^*1 
mode  i s of  the  form 


w(x,y)  = W^s i n (mux/a ) s i n (n 1 y/b ) 


(5.2.2-88) 


and  for  a specially  orthotropic  plate  with  all  edges  clamped  the  assumed 
form  of  the  (m.n)*-"  mode  is 

w(x.y)  = WQXm(x)Yn(y)  (5.2.2-89) 

where  X (x)  and  Y (y)  are  vibration  modes  for  a straight  slender  beam  with 
both  enlfs  clamped? 

The  displacement  response  amplitude  for  the  (m.n)*1^  mode  for  simply  supporte.d 
edge  cond i t i ons  i s 


w Aa2b?[(-l)'"-l][(-i)n-l]  

° '^mn iD^m  (b/a)^  + D^n  (a/b)2  + 2D^m2n2] 

and  for  clamped  edge  conditions 

l.a2b2uRan[(-l)m-l][(-l)n-l] 

° [D,C.\b/a)2  + n.C,‘(a/b)2  4 2D. A ]C  C 

I m z n _•>  mu  m n 

where  A - n C a C (n  i.  -2)(.t  C - 2) 
mu  mmnn  mm  nn 

and  a C , etc.  are  given  Indies  5. 2, 2-1  .mil  5.2.2  / 
m m 


(5.2.2-90a) 


(5.2.2-90b) 


Denoting  by  a subscript  "o'1  quantities  referenced  to  a unit  magnitude  uni- 
form static  pressure,  the  stress  response  for  simply  supported  edges  is 
obtained  by  using  Equations  (5.2.2-88)  and  (5.2.290a)  in  Equations  (5.2.2-87) 
to  obtain 


°o1 


?.4ab[(-l)m-l]  [(-1)n-l]  [Djrr2(b/a)  + D^fa/b)] 

£ * 

” h mn[Dj(n  (b/a)  + D^n  (a/b)  + 2D^m  n ] 


s i n (rrmx/a)  s i n (nny/b) 

(5 • 2 . 2—9  la) 


co2 


24ab[(-l)"1-l]  [ (-  1 )n-  1 ) [D/}m2(b/a)  + D?n2(a/b)] 
* h2mn[D1m  (b/a)2  + O^n  (a/b)2  + 2D^m2n2] 


s I n (rrmx/a)  s in  (n^  y/b) 

(5-2. 2~9 l b) 


to12 


48a  bD  [ ( - 1 ) n _ 1 ] cos  (mmx/a)  cos  (niry/b) 

11  h2[Djm  (b/a)2  + D^n  (a/b)2  + 2D3m2n2] 


(5-2. 2-9 1 c) 


For  the  fundamental  mode,  (m,n)  *=  (1,1),  the  above  results  for  simply 
supported  edges  are 

96ab[D  (b/a)  + D.(a/b)] 

a . = —r-j ~ 5 s I n (mx/ a ) s i n (rry/b)  (5.2.2-92a) 

r h2[Dj (b/a)z  + D2(a/b)2  + 2D3) 


96ab[Di)(b/a)  + D2  (a/b)  ] 

J°2  - V[D,  (b/a)*  + D,,  (a/b ) 2 + 2D?] 


sln(i'x/a)sln(iry/b)  (5.2.2~92b) 


192abDj  ^cos  (nx/a)cos (ny/b) 

012  n^h2 [D] (b/n)2  + 02(n/b)2  + 2D3] 


(5.2.2-92c) 


For  a specially  orthotropic  plat^wl  th  all  cdgt;s  damped,  the  stress 
response  for  the  uncoupled  (m,n)  mode  due  to  a unit  magnitude  un i form 
static  pressure  is  obtained  by  using  substituting  Equations  (5.2.2-89) 
and  (5.2,2-90b)  into  Equations  (5.2.2-87)  to  obtain 


24abaman[dl)ni-l][(-l)n-l]S1mn(x>y) 

h2[D.c\h/0)Z  + D (a/b)2  + 2D,A  ]C  C 
1 m 2 n 3 mn  m n 

24aba  a [(-l)m-l][(-l)n-i]S.n  (x.y) 
m n zmn 

G/  h 2 ( D . (b/a)  2 + D„C!|  (a/b)''  + 2D, A ]C  C 

1 in  > n 3 mn  m n 


(5.2.2-93b) 


(5.2.2-93c) 


o 1 2 


A8D12abaman[(-I)m-  1]  [(-])"  - 1 ] (x)  (y ) 

h2  [ D ,C ^ ( b/a ) 2 + DC  ^ ( a / b ) ° + 2D, A j 
1 m 2 n 3 mn 


S,  (x,y)  = -[C2D.  (b/a)X"(x)Y  (y)  +C2D,(a/b)X  (x)Y"(y)]  (5-2.2-93*1) 

i mn  mi  m n n H m n 

S9  (x,y)  - -[C2D,  (b/a)x"(x)Y  (y)  + C20  (a/b ) Xm (x ) y" (y ) ] (5.2.2-93*) 

2mn  m *4  mn  n Z mn 

For  the  fundamental  inode,  (m,n)  = (1,1),  the  above  results  for  clamped  edges 
are 


0.02738  ab  S]M(x,y) 


a „ = 


o2 


h“  [3 • 307D ] (b/a) 2 + 3. 307D2(a/b)2  + 2D3] 
0.02738  abS2)1  (x.y) 

h2  [3. 307D,  '■  /a)2  + 3- 307D2 (a/b)2  + 20  ] 


(5.2.2-94-) 


(5.2.2-94b) 


1 . 225  D j £ab  Xj(x)Yj(y) 


0,2  h2  [3- 307D1 (b/  )2  + 3-307D2(a/b)2  + 2D3] 


(5.2.2-94c) 


Sn,(x,y)  = -22. 373  [D  ( (h/p)X."(x)Y,  (y)  + (a/b)  X , (x)  Y1,'  (y)  ] (5.2.2-94d) 

S2n(x,y)  = -22.373[DA(b/a)X'l(x)Y|  (y)  + (a/b)  X , (x)  y’,'  (y)  ] (5.2.2-94e) 

Similar  to  Equations  (5.2.2-76)  one  obtains  the  following  results  for 
specific  points  on  the  surface  of  the  plate  (see  Tab  1 e B . 1 . 1 -5  ) for  the 
fundamental  mode 

Center  of  Plate 

X ] (a/2) Y 1 (n/2)  = 2.5222  » 

= n|(d/2,  b/2)  = l'J5[D,  (b/a)  +l)i((a/b)]  | (5.2.2-95*) 

S211(a/2,  b/2)  = 43.19510^1/3)  + D^a/b)]  / 

Edge  of  Plate 

S]n(0,  b/2)  = -71 . 063D ) (b/a) 

Szn  (a/2,  0)  = -71.063Dz(a/b) 


(5.2.2-95b) 


Appioxlmate  Location  o’  Maximum  Shear: 


Xj (0.22a)Yj (0.22b)  = 1.06953 


(5.2.2-950 


5.2.2  3-3  Response  of  Specially  Orthotropic  Plates  to  Random  Acoustic 
Exc i tat i on 


This  section  combines  the  results  of  Sections  5-2. 2. 3.1  and  5.2.2. j. 2.  to 
obtain  design  equations  for  estimating  the  mean  square  stress  response  of 
specially  orthotropic  rectangular  plates  excited  by  random  acoustic  pres- 
sures. It  Is  assumed  that  only  the  fundamental  mode  responds  significantly 
and  that  the  excitation  spectral  density  varies  slowly  with  frequency  about 
the  fundamental  mode  resonant  frequency. 


The  basic  relationship  for  estimating  the  mean  square  stress  assuming  a 
single  mode  stress  response  Is  given  by  Equation  (5.2.2-60d)  for  the  rth 
mode  as 


2 

a (x,y , t)  = 


Gp(fr)oo(x.y) 


(5.2.2-96) 


Assuming  a fundamental  mode  response  and  all  edges  of  the  plate  to  be 
imply  supported,  one  combines  Equations  (5-2.2~86a)  and  (5-2.2-92)  to 
obtain  the  me., in  square  stress  response  as 


I152ab  G (f  ) [D  (b/a)  -t-D.  (a/b)]2 

c,(x,y,t)  » — x— s sin  (nx/a)sin  (ny/b) 

t> Vph  h ^^[O^b/a)  +D2(a/b)  +2[>3]3/ 

(5.2.2-9/a) 


o2U,y,t)  = -6---T 


1 1 52  ab  G (f  ,,)  [^(b/a)  +D2(a/b)]' 


A/Fh  h4  r. , j [ D T (b/a)2  + D2(a/b)2  +2D3]3/Z 


sin  (nx/a)sin^(ry/b) 


12 


U.y.t)  = g— - y 


^608  ab  D^G  (f  ^ ) cos2  (iix/a)cos2(  ny/b) 


fpTT  h C | | [ D ^ ( b / a ) + D2(a/b)  + 2 D ^ ] 


37F 


(5.2.2-97b) 

(5.2.2-97c) 


Assuming  a fundamental  mode  response  and  all  edges  of  the  plate  to  be 
clamped,  one  combines  Equations  (5.2.2-84b)  anu  (5.2.2  So)  to  obtain 


”, (*,y. t) 


1.  i53-10'3ab  Gp(rn)SZn(x,y) 

*/pF  A,,  L3.30/D)  (b/a)2  + 3- 307D2  (a/b)Z  + 2D3)  3/2 


(5.2.2-98a) 
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(x,y , t) 


2 
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(x.y, t) 


U,y) 


1 . 153-  IO~3afcGp(f[1)s^[| (xfy) 

/pTT  [3.307D, (b/a)2  + 3. 307D2  (a/b)2  + 2D  ]3'2 

2.3072  abDj2G  (f  n)[xJ(x)yj  (y)]2 

v^h  hcj , [3-3070, (b/a)2  + 3- 307D2(a/b)2  + 2D3] 3/2 

= 500 . 6 ( D,  (b/a)  X ^ 1 ( x) Y , ( y)  + D4  (a/b)  X 1 ( x)  Y ” (y ) ] 2 

“ 500.6[D4(b/a)X|'(x)Y1(y)  + 0? (a/b) X , (x) Y j ' (y)] 2 


(5.2. 2-g8b) 


(5.2.2-98c) 


(5.2.2-98d) 


(5-2.2-98e) 


The  relationships  given  by  Equations  (5-2.2-95)  are  useful  in  evaluating 
the  quantities  Xl(x)Yj(y),  XV(x)Y.(y)  and  X.  (x)Y.  (y)  at  specific  points  on 
the  plate  (see  Table  B. 1,1-5) • 

Example  : Compute  the  mean  square  stress  response  of  a rectangular 

specially  orthotropic  plate  with  dimensions  a * 6.0  inches,  b = 12.0 
inches,  h = C.Q32  inches  for  the  following  orthotropic  material  properties 
(boron  epo'"'  m ferial,  503  resin  by  volume'!: 

, , .->0  x 1 0^  ps i v]2  = 0.38 

E,  ..  ' n°  psi  v2!  = v,2E22/En  = 0.038 

0 . 1 . I x 106  psi  y | = 0.0922  lbs/in3 

A.sume  a sound  pressure  specti uni  level  of  130  dB  at  the  fundamental  mode 
resonance  and  r,,,  = 0.02. 

From  the  example  problem  of  Section  5-2. 2. 3-1  one  obtains 

D1  = 83.120  in. lb.  = 9-166  in. lb.  D,2  = 3 . 00A  In. lb. 

D?  = 8. 312  in.  lb.  D4  = 3.155  In. lb. 

ihc  fundamental  mode  resonant  frequencies  are  t,,  = 1^8  Hz.  for  all  .-dges 
simply  supported  and  f,,  = 330  Hz  for  all  edges  clamped. 

From  F.r|uation  ( 5 • 1 - 2.—  59 ) the  acoustic  pressure  spectral  density  function  is 
Gp(fn)  = 8.A1  x 10(130/I0-18)  ^ g 4l  x )0-5  (psi)z/H2i 

For  all  edges  simply  supported  one  obtains  from  Equations  (5-2.2-97) 
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o2  (x,y , t)  **  5.31J1*  x 10®  s In2  (nx/a)  s in2  (ny/b)  (p s i ) 2 

02(x,y,t)  2.0721  x 106  u!n2(.,K/a)-jIn2(hj/b)  (pi.1)2 

x22(x,y,t)  - 6.8|78x  10®  cos2  (7ix/a)cos?  (iry/b)  (ps  i ) 2 
For  all  edges  clamped  one  obtains  from  Equations  (5.2.2-98) 

o2(x,y,t)  = 3.  19/*1S^11  (x,y)  (psi)2 

a2(x>y,t)  = 3.  19^1S2j , (x,y)  (psl)2 

T22(x,y,t)  = 5.768x10i4(xJ(x)^(y))2  (psi)2 

S2n(x,y)  - 500.6[l66.2X,|'(x)Y)(y>  + 1 . 58x  , (x)  Y1'  (y)  ] 2 

S2  j i (x,y)  = 500.6  [6. 1 38X  j (x)  Y j (y)  + ^ . 1 6X  ( (x)  Y^’  (y ) ] 2 

At  t.hc  r.cnti'r  nnrl  tlv  nHfirs  of  rh<’  r.l  nmp<*H  plain  one  obtain*; 


o2  (a/2, b/2 , t ) 

O 

= 1.679x10 

(psl)2 

a2  (a/2, b/2 , t ) 

= 6.538x10® 

(psl ) 2 

o2(0,  b/2,  t) 

= 'iJi58x108 

(psi)2 

a2  (d/2,  0,  t) 
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5.2.3  VIBRATION  OF  OPI  N CIRCULAR  CYLINDRICAL  SHELLS 


The  topic  of  shell  vibration  has  received  as  much  attention  in  the  litera- 
ture as  has  the  topic  of  plate  vibration  (see  Section  5-22).  Following  his 
compendium  on  plate  vibration  Lelssa  (1)  has  completed  an  extensive  compila- 
tion of  the  literature  on  shell  vibration.  As  pointed  out  by  Lelssa  (1) 
two  factors  complicate  the  topic  of  shell  vibration:  first,  there  is  no 

one  accepted  theory  Used  to  obtain  the  equations  oi  motion;  secondly,  the 
choice  of  boundary  conditions  is  much  greater  than  that  for  flat  plates. 

For  example,  there  are  21  distinct  combinations  of  clamped,  simply-supported, 
or  free  edges  for  a flat  rectangular  plate  (two  comb  i nat i ons  ar«-  presented 
in  Section  5.2.2);  however,  there  are  136  combinations  of  simplt  boundary 
conditions  for  closed  shells  and  1 8^96  combinations  for  open  shells.  For 
most  practical  situations,  one  only  need  to  consider  the  cases  of  all  edges 
simply  supported  or  all  edges  clamped  to  obtain  a bound  on  frequency  esti- 
mates. Since  Lelssa  (1)  presents  such  a complete  development  of  shell 
theory  and  a compilation  of  results  with  numerical  studies  comparing  the 
various  theories,  one  interested  in  the  detailed  analysis  should  refer  to 
this  publication  as  a primary  reference. 

The  explicit  results  presented  here  are  based  upon  the  work  of  Sewa 11  (2) 
and  Plumblee  (3)  for  shallow  shells  an  I the  work  of  Gontkevich  (A)  and  (5), 
us  reported  by  Lelssa  (l),  for  open  circular  cylindrical  shells  that  need 
not  he  shallow.  The  panel  geometry  and  nomenclature  are  illustrated  in 
Figure  5. 2. 3-1. 

5 . 2 . j . I Shallow  Open  Circular  Cylindrical  Shells 

This  section  provides  design  equations  for  estimating  the  natural  frequencies 
of  shallow  open  circular  cylindrical  shells.  The  definition  of  a shallow 
shell  is  based  upon  the  ratio  of  the  rise  of  the  shell,  h ",  to  the  smallest 
side  of  the  shell  measured  In  the  plane  of  its  supports.  This  condition 
for  open  circular  cylindrical  shells  is,  according  to  Vlasov  (6), 

h ' /a  or  h:7*  0.20  . (5.2.3-la) 


Referring  to  Figure  b.2.3-1  one  obtains 

[1  - cos  (<T/2)]R/a  < 0.20  (5.2.3-Za) 


il  a j •„  the  shorter  dimension  .iritl 

[1  - cos(<!72)]/sln(<!>/2)  < 0.40  (5.2.32b) 


i t 1 

U 2K  sin  ('1/2)  I 

s the  shorter  dimension. 

A 1 

results  in  this 

section  require  that  Equations 

(5. 2. 3' 2)  are  satisfied 

f Ol 

t h(  t lieot  v to  be 

va lid. 
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ARC  LENGTH:  b - 


SPAN: 

RISE: 


l - 2R  5 I n (4/2 ) 
h*  - R[ 1-cos (4/2)) 

m - rvimHfr  of  half  waves  In  nenerator  direction 

ii  - number  cl  null  wuvee  In  circumferential  direction 


MGUKE  5.2. 3-1  OPEN  CIRCULAR  CYLINDRICAL  SHLLL  GE0ME7.Y 
AND  NOMENCLATURE 


Sewe  t 1 (2)  used  an  a. turned  mode  approach  and  used  Donne  1 1 -Mushtar i theory 

(l)  to  obtain  a general  frequency  expression  for  shallow  open  cylindrical 
she  1 1 i^neg  lec 1 1 ng  tangential  inertia  effects.  The  results  are  for  the 
(m,n)  mode 
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The  quantities  M , 1^,  I ^ , - - - . I ^ are  presented  in  Table  5. 3-2-1  for  the 

shells  with  all  edges  simply-supported  and  all  edges  damped.  The  form 
of  Equation  (b-2.3‘3)  depends  upon  the  edge  conditions,  the  form  of  the 
assumed  modes,  and  the  assumption  that  the  modes  are  uncoupled. 


Using  the  results  from  Table  5. 2. 3*1  Inequation  (5.2. 3"3)  the  expression 
for  I hr  response  frequency  o(  the  (m,n)  modi  ui  a shallow  open  cylin- 
drical shell  with  all  edges  simply  supported  is  (see  Equations  (5-2. 3"2)) 
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(5- 2. 3-4) 


f .onipnr i nq  this  result  with  the  flat  panel  frequency  exp  res  * Ion,  Equation 
(5.2  2-1),  one  see-  that  the  first  term  is  exactly  the  result  for  a flat 
uctangulnr  panel  with  simply  supported  edges  and  that  I he  second  term 
Is  thi  curvature  effect. 


* 1 s r nq  the  results  I ram  lable  S.2.T-1  In  Equation  (5-2. 3“ 3)  the  expression 
Itu  tie  fundamental  mode  response  frequency  of  a shallow  open  cylindrical 
dir.  I I with  all  edges  clamped  and  an  assumed  value  of  Poisson's  ratio 
\>  O.32  is  (see  Equations  (5. 2. 3-2)). 


TABLE  b- 2.3-1 
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FUNCTIONS  It)  THE  FREQUENCY  EQUATION  {5.2. }~i) 
FOR  AN  OPEN  CIRCULAR  CYLINDRICAL  SHELL 
Tobies  5 • 2 . 2-  I , B. I. I S and  f .gure  5-2-3  W 
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14.051  Eh2 

L 2 K2 
hit  pa  b 


[ 3 - 307 (b/a) 2 + 3.307(a/b)2  + 2] 


+ E [l  .0685(b/a)2  + 0.6692(a/b)2  + 7-3243 
4TT2pR2  (b/a)2  + (a/b)?‘  + 9.4419 


Hz2  (5- 2. 3-5) 


The  second  term  in  brackets  varies  from  0.678  to  1.043  as  b/a  varies  from 
0.1  to  10.0. 


Again,  the  form  of  Equation  (5.2.3_5)  is  the  first  term  being  the  expression 
for  the  flat  panel  fundamental  mode  frequency  and  the  second  term  is  the 
curvature  effect  for  the  fundamental  mode. 


Plumblee  (3)  developed  an  expression  for  the  fundamental  mode  frequency  of 
a shallow  open  cylindrical  shell  with  all  edges  clamped,  using  an  approach 
similar  tc  Sewall  (2).  Both  Plumblee  and  Sewall  noted  that  experimental 
results  for  the  lower  order  modes  --  especially  the  fundamental  mode  fre- 
quency --  fell  between  the  cases  of  all  edges  simply  supported  and  all 
edges  clamped.  Plumblee  empirically  determined  constants  for  the  funda- 
mental mode  frequency  expression  to  obtain  for  v = 0.32. 
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Hz2  (5. 2. 3-6) 


Plumblee  (3)  also  presents  the  derivation  of  an  expression  for  the  ratio  of 
the  root  mean  square  stress  response  at  the  center  of  the  straight  edge  of 
the  shell  in  the  circumferential  direction  to  obtain 
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(5.2. 3-7) 


The  stress  (ay)f]at  's  obtained  from  Section  5. 2. 2. 2. 6 using  Equations 
(5.2.2-76e)  and  (5.2.2-77f)  to  obtain 
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(psi)  (5. 2. 3-8). 


In  using  the  results  of  Equations  (5.2.3"7)  and  (5. 2. 3"8)  it  has  been  assumed 
that  the  acoustic  pressure  spectrum  level  is  constant  for  the  frequency 
range  including  the  flat  panel  and  the  curved  panel  response  frequency.  In 
addition  it  has  been  assumed  that  v = 0.32. 
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A nomograph  giving  both  the  curved  to  flat  plate  frequency  ratio  and  the 
curved  to  flat  plate  stress  ratio  was  developed  by  Plumblee  and  is  pre- 
sented in  Figure  5.2. 3“2. 

Examp  1 e : Compute  the  fundamental  mode  response  frequency  of  an  open  cyl- 

indrical ly  curved  shell  for  both  all  edges  simply  supported  and  all  edges 
clamped.  Compare  Sewall's  analytical  results,  Equation  (5.2. 3 - ^ ) and 
(5-2. 3"5),  to  Plumblee's  ana  1 y t i cal -emp i r i ca 1 relationship,  Equation 
(5. 2.3“6).  The  data  for  the  problem  is  as  follows:  a = 11.25  inches, 

b = 9.0  inches,  h - 0.032  inches,  R = 72  inches,  E = 10.3'10°  psi, 
v = 0.32,  and  y = 0.101  lbs/in5. 

First,  one  must  check  to  see  that  the  shell  geometry  is  such  that  shallow 
shell  theory  applies.  Since  the  shorter  panel  dimension  is  the  straight 
edge  (a  = 9-0  inches)  the  shallow  shell  criterion  is  given  by  Equation 
(5.2.3"2a)  with  the  result 


$ = 9/72  = 0.125 

[1  - cos  (0/2)  ] R/a  = 0.0125  0 . 20  . 

Hence,  shallow  shell  theory  applies  so  that  the  results  of  Section  5-2. 3-1 
apply. 

For  the  fundamental  mode,  (m,n)  = (1,1),  the  frequency  expression  for  the 
shell  with  all  edges  simply  supported  is  given  by  Equation  (5.2.3~4) 
which  yields 


f^,  = 3 - 789  * 1 03  + 29  - 323  * 103  = 33.1  12- 103  Hz2 
fn  = 182  Hz. 

For  the  fundamental  mode  the  frequency  expression  for  the  shell  with  all 
edges  clamped  is  given  by  Equation  (5  - 2 . 3 ~ 5 ) which  yields 

f2u  = 1.3006-10**  + 1. 49706-105  = 1 . 627 1 2 ‘ 1 05  Hz2 

fn  = 403  Hz. 

Plumblee's  ana ly t i ca 1 -emp i r i ca 1 expression  for  the  fundamental  mode  response 
frequency,  Equation  (5  - 2 . 3~ 6 ) for  an  open  circular  cylindrical  shell  has 
the  constant  0.2788  appearing  in  the  curvature  term  determined  from  experi- 
mental laboratory  data  for  shells  with  all  edges  clamped.  Substituting  the 
above  data  into  Equation  (5. 2. 3-6;  one  obtains 

f2  = 1.3006-10**  + 5.3681-10**  = 6.66857-  10**  Hz2 

fn  = 258  Hz. 

It  should  be  noted  that  the  first  term  in  both  Equation  (5-2. 3_5)  and  Equa- 
tion (5. 2. 3-6)  represents  the  fundamental  mode  response  frequency  of  a 
flat  rectangular  plate  with  dimensions  axb  and  thickness  h. 
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FIGURE  5. 2. 3-2  NOMOGRAPH  FOR  CALCULATING  FREQUENCY  AND  STRESS  RATIOS 
FOR  SHALLOW  OPEN  CIRCULAR  CYLINDRICAL  SHELLS  (REF.  3) 


Using  the  results  of  Equation  (5-2. 3"7).  one  obtains  the  root  mean 
square  stress  response  of  the  shell  at  the  middle  of  the  straight  edge 
in  terms  of  the  flat  plate  stress  response  as 


(a  ) . = 0.71  (a  ) 

y curved  y flat 


Assuming  that  the  curved  shell  is  exposed  to  a random  acoustic  excitation 
pressure  with  a spectrum  level  of  135  dB  that  is  constant  over  the  fre- 
quency range  100  Hz  to  300  Hz  (this  is  required  so  that  the  excitation 
pressure  at  llA  Hz  (flat  panel  fundamental  mode  response  frequency)  and 
at  258  Hz  is  constant). 


Then,  from  Equation  (5-2.2-59) 

Gp(fn)  = 2.659^8- 10_i<  (psi)Z/Hz. 

and  assuming  a damping  ratio  of  t,  j j = 0.02  one  substitutes  the  curved 
panel  data  of  this  example  into  Equation  (5.2. 3"8)  to  obtain 

Uy)2f]at  = 7.986*  10^  (ps  i ) 2 

(a  ) = 2.826*10^  psi  = 28.3  ksi 

y flat 


Then,  from  the  above  results  the  root  mean  square  stress  response  for  the 
open  circular  cylindrical  shell  is 


(a)  , = 0.71(o  ),,  = 0.71  (28.3)  = 20.1  ksi 

y curved  y flat 


Note:  The  nomograph  presented  as  Figure  5 - 3 - 2 - 2 was  apparently  developed 

as  a result  of  Plumblee's  earlier  work  (7)  and  calculates  the  stress  response 
to  sinusoidal  excitation  rather  than  random  excitation. 


5- 2. 3-2  Moderately  Deep  Open  Circular  Cylindrical  Shells 

Very  often  designers  are  faced  with  the  task  of  predicting  the  response 
frequencies  of  open  circular  cylindrical  shells  the  geometry  of  which  exceeds 
the  limitations  of  Equations  (5.2.3-2).  For  lack  of  a better  method,  very 
often  in  these  cases  shallow  shell  theory  is  misused  by  designers.  The 
problem  of  applying  the  appropri ate’  theory  is  compounded  in  that  coupling 
effects  betv/een  the  inplane  displacements  and  the  transverse  displacement 
of  the  shell  must  be  considered  and  that  accurate  mode  shapes  must  be  con- 
sidered when  applying  approximate  techniques  such  as  the  Rayleigh-Ri tz 
Method . 


To  consider  the  coupling  effects,  even  if  one  were  to  retain  only  a single 
term  in  the  displacement  functions,  frequencies  can  only  be  obtained  by 
solving  at  least  a 3*3  eigenvalue  problem.  This  is  a trivial  problem  for 
a computer;  however,  it  is  not  very  convenient  for  occasional  quick  design 


estimates.  The  second  aspect  of  the  problem  of  estimating  response  fre- 
quencies using  an  assumed  mode  method  is  that  the  straight  beam  eigen- 
functions even  though  convenient  do  not  represent  accurately  the  expected 
transverse  displacement  of  a cylindrical  shell.  Thompson  (8)  illustrates 
the  effect  of  curvature  on  mode  shape  using  the  results  of  a finite  element 
ana  lysis. 


Both  Sewall  and  Plumblee  used  assumed  mode  shapes  in  the  form  of  products  of 
straight  beam  functions  to  obtain  results  for  shallow  shells.  Leissa  (1), 
pp.  1 65" 1 70 , reports  the  work  of  Gontkevich  who  developed  a method  of 
analysis  of  uyen  circular  cylindrical  shells  using  straight  beam  functions 
for  the  generator  direction  and  circular  arch  vibration  modes  for  the  cir- 
cumferential direction.  (See  Lang  (9)  and  Archer  (10)).  Gontkevich's 
method  requires  the  solution  of  a 3*3  linear  algebra  eigenvalue  problem. 
However,  if  one  can  consider  moderately  deep  open  circular  cylindrical 
shells,  then  it  is  appropriate  to  neglect  the  coupling  between  the  inplane 
and  transverse  displacements. 


For  moderately  deep  open  circular  cylindrical  shells  - neglecting  coupling 
effects  between  the  transverse  displacement  and  the  inplane  displacements  - 
the  frequency  expression  for  the  shell  has  the  form 
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(5. 2. 3-9) 


JL  2 v 

where  E“  = E/(l  -v  ),  m is  the  number  of  half-waves  in  the  direction  of  the 
generator  (straight  edge),  and  n is  the  number  of  half-waves  in  the  circum- 
ferential direction. 


For  the  fundamental  mode  of  a moderately  deep  open  circular  cylindrical 
shell  with  all  edges  clamped  the  expression  for  the  frequency  is 


E*/P  (E*/p)h 

4tA2  mAV 


|500 . 6 (— ) 2 + -lUl. 


e 


2 

(f)2+  2A.605  [6 

D 9 j 1 


V (yj  + 6 J } Hz2 
(5.2.3-10) 


where  the  quantities  ccj,  y^>  ^j>  hj,  Bj  ate  functions  of  the  included  angle 

of  the  cylindrical  shell  (see  Figure  5 . 2 . 3 “ I ) and  are  presented  in  Figure 
5. 2. 3-3.  Leissa  (l)  presents  more  general  results  considering  both  higher 
order  modes  and  other  boundary  conditions.  If  the  assumption  of  uncoupled 
inplane  and  transverse  vibrations  cannot  be  made,  then  the  reader  is  advised 
to  refer  to  Leissa  (1)  or  Gontkevich  (4)  and  (5)  and  to  check  the  analysis 
closely  since  typographical  errors  apparently  originated  in  the  original 
work . 
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Example:  Compute  thi  fundamental  mode  response  frequency  of  an  open  cir- 

cular cylindrical  shell  with  all  edges  clamped  for  the  following  data: 
a = 10.0  inches,  b = 75-4  inches  (<&  = 60°  = 0.33"  rad),  h = 0.032  inches, 
R = 72  inches,  E = 10.3" 10  psi,  v = 0.32,  and  y = 0.101  Ibs/in^. 

First  from  Equation  (5.2.3“2a)  one  checks  to  see  if  shallow  shell  theory 
appl ies 


[1  - cos  (<f/2)  3 R/a  = 0.965  >_0.2O 
and,  obviously,  it  does  not  apply. 

From  Figure  5*2.3“3,  one  obtains  the  following  data  for  4>  = 0.33'"  radians 
a,  = i*.  to  5,  = 0.590  e]  = 0.9665 

Y,  - -0.593  n = 1.160 

Then,  for  the  above  data  one  obtains  from  Equation  (5.2.3"lO) 

f*  = 2.145-105  + 5.216(2.846- 10^  + 8.  353  + 2.983*  102)  Hz2 

= 2.145-105  + 1.501-105  = 3.646- 10^  Hz2 
fj  j = 604  Hz  . 


309 


REFERENCES  FOR  SECTION  5-2.3 


1.  Leissa,  A.  W. ; Vibration  of  She  Ms,  NASA  SP-288,  National  Aeronautics 
ancJ  Space  Administration,  Scientific  and  Technical  Office,  Washington, 

0.  C.,  1973- 

2.  Sewa 1 1 , J.  L.;  "Vibration  of  Cy 1 i ndr i ca 1 1 y Curved  Panels  with  Simply 
Supported  on  Clamped  Edges  and  Comparison  with  Some  Experiments," 

NASA  TN  D- 379 1 > National  Aeronautics  and  Space  Administration, 

January,  1967- 

3.  Plumblee,  H.  £.,  et  a 1 . ; "Refinement  of  Sonic  Fatigue  Structural  Design 
Criteria,"  AFFDL-TR-67- 1 56 , Air  Force  Flight  Dynamics  Laboratory,  Air 
Force  Systems  Command,  Wr ight-Patterson  Air  Force  Base,  Ohio;  January, 
1968. 

4 . Gontkevich,  V.  S.;  "Natural  Vibrations  of  Plates  and  Snells,"  A.  P. 
Filipov,  Ed.,  Nauk  Dumka  (Kiev),  1964  (Translated  by  Lockheed  Missiles 
and  Space  Company) . 

5.  Gontkevich,  V.  S.;  "Natural  Vibrations  of  Rising  Cylindrical  Shells," 
T~ans.  Akad.  Nauk  USSR  (Kiev),  Laboratoriya  Hidraul  ichnykh  Mashyn. 
Sbornik  Trudov,  No.  10,  1962,  pp.  27"37. 

6.  Vlasov,  V.  Z.;  "General  Theory  of  Shells  and  Its  Applications  in  Engi- 
neering," NASA  TT  F-99 . National  Aeronautics  arid  Space  Administration, 
1964. 

7.  Ballentine,  J.  R.;  Plumblee,  H.  E. , and  Schneider,  C.  W.  ; "Sonic  Fatigue 
in  Combined  Environment,"  AFFDL-TR-66-7 , Air  Force  Flight  Dynamics 
Laboratory,  Wr i ght-Patterson  Air  Force  Base,  Ohio,  May  1966. 

8.  Thompson,  A.  R.  G.;  "Acoustic  Fatigue  Design  Data  - Part  I," 

AGARDograph  No.  162  (AGARD-AG- 162  - Part  I),  Advisory  Group  for  Aero- 
space Research  and  Development,  North  Atlantic  Treaty  Organization, 

May  1972. 

9-  Lang,  T.  E.;  "Vibration  of  Thin  Circular  Rings,  Part  I.  Solutions  for 
Modal  Characteristics  and  Fcced  Excitation  and  Part  il.  Modal  Func- 
tions and  Eigenvalues  of  Constrained  Semicircular  Rings,"  Technical 
Report  No.  32-261,  Jet  Propulsion  Laboratory  California  Institute  of 
Technology.  1962. 

10.  Archer,  R.  R.;  "Small  Vibrations  of  Thin  Incomplete  Circular  Rings," 
International  Journal  of  Mechanical  Sciences,  Vol . 1,  p.  45,  I960. 


310 


5.3  BUILT-UP  STRUCTURES 


The  designer  will  find  the  data  presented  in  this  section  to  be  the  most 
specific  and  reliable  techniques  for  estimating  the  sonic  fatigue 
resistance  of  various  structural  configurations.  These  results  are, 
generally,  the  easiest  methods  to  use  since  many  of  the  design  methods 
are  presented  in  the  form  of  design  charts  or  nomographs.  Most  of  these 
results  have  been  established  by  extensive  sonic  fatigue  tests  of  the 
specific  structural  configurations.  The  designer  is  cautioned;  however, 
to  always  read  the  text  preceding  the  specific  design  method  to  establish 
the  basis  (and  hence  the  limitations)  of  each  technique. 

This  section  is  divided  into  eight  subsections  with  each  subsection  devoted 
to  a specific  structural  configuration.  Each  subsection  is  further  sub- 
divided by  topic  depending  upon  the  amount  of  data  reported  in  the  litera- 
ture. The  structural  configurations  presented  here  are  skin-stringer 
panels,  box  structure,  wedge  structure,  honeycomb  sandwich  panels,  chem- 
milled  panels,  corrugated  panels,  bonded-beaded  panels,  and  laminated 
plates . 

For  quick  reference  to  data  contained  in  this  section,  the  subdivision  of 


topics  i c presented  as  follows: 

Section  Page 

ST  I FFENED-SKI N PANELS 312 

Skin  Design  Criteria  for  Ambient  Temperatures 31^ 

Stiffener  Design  Criteria  for  Ambient  Temperatures 317 

Skin  Design  Criteria  for  Elevated  Temperatures 320 

BOX  STRUCTURE 352, 

WEDGE  STRUCTURE 38I 

HONEYCOMB  SANDWICH  PANELS 39 1 

Design  Criteria  for  Flat  Aluminum  Honeycomb  Panels 392 

Design  Criteria  for  Diffusion  Bonded  Titanium  Honeycomb  Panels 399 

Curvature  Effects 2,00 

CHEM-MILLED  PANELS ^05 

'CORRUGATED  PANELS i*09 

BONDED  BEADED  PANELS 4l6 

ANISOTROPIC  PANELS 2,25 


I 
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5.3.1  ST  I FFENED-SKI N PANELS 


The  structural  configuration  for  stlffened-skin  panels  as  considered  here 
is  a flat  sheet  of  material  stiffened  by  frames  and  stringers  intersecting 
at  right  angles.  The  earliest  sonic  fatigue  analysis  for  this  type  of 
structure  was  performed  by  McGowan  (1).  Later,  Ballentine  (2)  refined 
McGowan's  work  to  obtain  an  Improved  design  method  for  sizing  the  skin 
thickness.  Subsequently,  Rudder  (3)  refined  McGowan's  method  for  sizing 
the  stiffeners,  jnd  Schneider  (A)  developed  techniques  to  account  for  ele- 
vated temperatures. 

Ballentine's  design  technique  has  been  compared  to  various  other  techniques 
and  available  experimental  data  by  Areas  (5)  and  Phillips  (6)  and  has 
proven  to  be  as  accurate  as  any  other  method  for  selecting  skin  thickness 
for  sonic  fatigue  resistant  structure.  A typical  test  specimen,  as  used 
by  Ballentine  (2),  Rudder  (3),  and  Schneider  (4),  is  illustrated  in  Figure 
5-3. 1-1. 


5. 3- 1 • 1 Notation 


The  following  notation  is  used  in  this  section.  Other  parameters  are 
defined  as  they  are  introduced. 


a 

b 

d 

E 

E 

e 

f 

o 

f (r ) 


T 


T 

c 

W 

W 

o 


Panel  bay  short  dimension,  inches 

Panel  bay  long  dimension,  inches 

Depth  of  stringer,  inches 

Young's  modulus  at  ambient  temperature,  ps i 

Young's  modulus  at  elevated  temperature,  psi 

Fundamental  mode  response  frequency  at  ambient  temperature,  Hz. 
Fundamental  mode  response  frequency  at  elevated  temperature,  Hz. 
Frequency  of  the  fundamental  mode,  Hz. 

Skin  thickness,  inches 
Fatigue  life,  cycles  to  failure 
Temperature  ratio,  T/T^ 

Excitation  power  spectral  density  at  fundamental  frequency, 

(psi  )//Hz. 

Temperature  increase  above  ambient  temperature  of  panel  (assumed 
to  be  un i form) , °F. 

Temperature  increase  above  ambient  temperature  required  to  cause 
panel  to  buckle,  °F. 

Mean  square  displacement  response  of  panel,  inches 
Buckling  amplitude  of  panel,  inches 


312 


a 


C,5 


1 1 


v 


P 


0 


f 


a 

s 


0 


T 


a 

x 


a 

y 


a 


x 


b 


Coefficient  of  Linear  Expansion  for  skin  material,  In/in/°F. 

Fundamental  mode  damping  ratio 

Poisson's  ratio 

Mass  density  of  panel 

Root  mean  square  flange  stress,  ks  i 

Root  mean  square  skin  dynamic  stress,  ksi 

Panel  thermal  stress,  psi  or  ksi,  as  noted 

Panel  mean  stress,  psi  or  ksi,  as  noted 

Panel  buckling  stress,  psi  or  ksi,  as  noted 


5- 3-1-2  Skin  Design  Criteria  for  Ambient  Temperatures 

This  section  presents  a design  equation  and  a nomograph  for  estimating  the 
stress  response  and  fatigue  life  of  flat  stiffened  aluminum  alloy  panels 
at  ambient  temperature  (i.e.,  no  thermal  mean  stress)  when  exposed  to 
broad  band  random  acoustic  excitation.  The  skin  design  criteria  for 
sonic  fatigue  resistance  was  developed  by  Ballentine  (2).  This  technique 
presents  a stress  estimation  and  fatigue  life  prediction  based  upon  cor- 
relating simple  analytical  results  (such  as  presented  in  Section  5-2.2) 
with  laboratory  experimental  data.  Details  of  the  structural  configura- 
tion, test  techniques,  and  response  data  can  be  obtained  from  the  original 
report . 

Derivation:  The  basis  for  the.  skin  design  criterion  is  as  follows:  a)  the 

fundamental  mode  of  a single  flat  rectangular  plate  forming  an  array  of 
plates  is  the  predominant  mode;  b)  stiffeners  forming  the  edge  support  of 
the  plate  are  typical  in  size  to  that  encountered  in  aircraft  structure; 
c)  a regression  analysis  of  strain  and  failure  data  obtained  in  laboratory 
sonic  fatigue  tests  of  nine-bay  structural  specimens;  d)  specimens 
manufactured  from  7075-T6  aluminum  alloy  structure. 

' The  design  criterion  is  expressed  in  terms  of  the  root  mean  square  stress 
response  at  the  center  of  the  long  side  (rivet  line)  of  the  plate.  The 
stress  estimates  are  valid  for  aluminum  alloys  in  general. 

The  stress  response  prediction  method  and  the  design  nomograph  presented  in 
this  section  were  derived  from  laboratory  sonic  fatigue  tests  of  30 
st i ffened-sk i n panel  designs  with  2 specimens  of  each  design  tested  simul- 
taneously to  check  repeatab i 1 i ty . Broadband  random  acoustic  excitation  was 
used  to  simulate  the  service  loading.  The  range  of  design  parameters  for 
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the  s t I f fened-ski n specimens  were 


skin  thickness 
rib  thickness 
rib  spacing 
aspect  ratio 


0.020  inch  to  0.100  inch 

0.027  inch  to  0.125  inch 

3.00  inches  to  10.00  inches 
1.50  to  3.00 


Design  Equation:  The  design  equation  for  estimating  the  dynamic  stress  at 
the  center  of  the  long  side  of  a flat  rectangular  plate  at  ambient  temper- 
ature with  edge  restraints  typical  of  aircraft  construction  is  given  as 


-A  1/A  a1'25  SD(fll^  (b/a^'75 

1.62  x 10  u/ o)  2 — U — 

h'-7V'56l3(b/a)2  + 3(a/b)2  7 Z]0-8'1 


Vfn>  - 


ks  i 

(5.3. 1-D 


Nomograph:  The  design  equation  given  above  was  used  to  prepare  a nomograph 

for  its  solution.  The  stress  values  obtained  from  this  nomograph  were 
related  to  the  random  fatigue  failures  experienced  during  Ballentine's 
test  program  to  obtain  an  estimate  of  fatigue  life.  in  using  Equation 
(5.3- 1-1),  one  must  first  obtain  an  estimate  of  the  fundamental  mode  response 
frequency  from  Figure  5-2. 2-2  for  clamped  edges  for  the  values  of  a,b,  and 
h and  use  the  value  of  G (f.,)  corresponding  to  this  response  frequency. 

P ] / ^ 

To  develop  the  design  nomograph  it  was  assumed  that  (E/p)  = AA3  to  obtain 

0.072  a1-25S  (fn)  (b/a)1*75 
"S  = h^^[3(b/a)i  + 2(a/b)^ 


2] 


OJT 


ks  i 


(5.3. 1-2) 
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The  design  nomograph  based  upon  Equation  (5- 3. 1-2)  is  presented  in  Figure 

5.3. 1- 2. 

Example : A flat  aluminum-alloy,  skin  stringer  structure  is  required  to 

, withstand  an  estimated  service  noise  spectrum  level  of  120  dB.  The  design 
life  is  5 x 10°,  the  damping  ratio  is  assumed  to  be  0.012,  the  assumed 
stringer  spacing  is  a = A. 75  inches,  and  the  aspect  ratio  is  assumed  to 
be  1.5.  Following  through  the  nomograph,  Figure  5-3- 1-2,  as  indicated  by 
the  arrows  to  obtain  the  skin  thickness  of  h = C.032  inches.  From  Figure 

5.2. 2- 2  the  fundamental  mode  response  frequency  is  determined  to  be  370  Hz. 
At  this  frequency,  the  service  noise  spectrum  level  is  checked  with  the 
noise  spectrum  level  used  above.  If  necessary,  an  iteration  i r,  made  to 
obtain  agreement. 
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NOMOGRAPH  FOR  STRESS  AND  FATIGUE  LIFE  FOR  STIFFENED  PANEL  SKI 
AT  AMBIENT  TEMPERATURES  - EQUATION  (5. 3-1 -2)  - (REF.  2) 


To  establish  stringer  geometry  to  provide  a sonic  fatigue  life  con- 
sistent with  the  skir  design  established  by  the  methods  of  this  section 
proceed  to  the  next  secti-on 


5 . 3 • 1 • 3 Stiffener  Design  Criteria  for  Ambient  Temperatures 

For  st i f fened-ski n structure,  such  as  illustrated  in  Figure  5 - 3 • 1 - 2 , the  skin 
and  the  stiffeners  represent  a coupled  system  so  that  the  design  life  of 
each  element  must  be  considered  together  to  establish  an  optimum  design. 
Ballentine  (2)  used  McGowan's  (I)  rib-flange  design  criteria  to  design  the 
substructure  for  the  st i ffened-ski n panel  specimens  described  in  Section 
5 - 3 - 1 . 2 . Ballentine  observed  no  rib  failures  during  the  conduct  of  his 
experimental  program.  Rudder  (3)  refined  McGowan's  rib-flange  design  cri- 
teria by  conducting  acoustic  fatigue  tests  under  laboratory  conditions 
using  broadband  random  acoustic  excitation. 


This  section  presents  a design  equation  and  nomograph  for  estimating  the 
stress  response  and  fatigue  life  of  stiffeners  of  flat  stiffened  aluminum 
alloy  panels  at  ambient  temperature  (i.e.,  no  mean  thermal  stress).  It  is 
possibly  significant  that  Ballentine's  specimens  utilized  extruded  aluminum 
stiffeners  with  no  failures  observed  and  that  Rudder's  specimens  utilized 
stiffeners  brake-formed  from  flat  sheet  metal  stock  using  standard  air- 
craft manufacturing  processes.  Details  of  the  rib  configurations,  test  tech- 
niques, and  response  data  can  be  obtained  from  the  original  reports. 


Derivation:  The  stiffener  design  criteria  are  based  upon  an  assumed  funda- 

mental mode  response  of  a single  bay  of  a multibay  array  of  rectangular 
flat  panels.  The  acoustic  loading  on  the  surface  of  the  stiffened  panel 
is  transferred  to  the  stiffeners  predominately  by  a transverse  shear  load- 
ing, causing  the  stiffeners  to  bend  and  twist  (see  Appendix  B.l.l).  It  is 
assumed  that  the  stiffener  is  clamped  at  its  end  so  that  the  loading  is 
reacted  at  the  clip  attachment  to  the  frame. 


The  flange  stress  design  criterion  is  based  upon  specimens  manufactured 
from  7075-T6  aluminum  alloy  material  and  may  be  used  for  aluminum  alloys 
in  general  with  design  judgement.  The  criterion  is  based  upon  laboratory 
sonic  fatigue  tests  of  12  stiffened  panel  designs  with  two  specimens 
of  each  design  tested  simultaneously.  The  skin  failures  observed  by  Rudder 
were  consistent  with  Ballentine's  prediction  method  presented  in  Section 
5.3. I .2.  The  range  of  design  parameters  covered  in  Rudder's  experimental 
prog i' am  were 


skin  thickness 
stiffener  thickness 
s t i f fener  spac i ng 
s t i f fener  shape 
panel  aspect  ratio 


0.032  inch  to  0.050  inch 

0.025  inch  to  0.040  inch 

6.0  inches  to  9-0  inches 

zee,  channel,  and  hat  cross  section 

2.0  to  3.0 


Design  Equation:  The  design  equation  for  estimating  the  dynamic  stress  at 

the  end  of  a stiffener  at  the  clip  attachment  to  the  frame  of  a flat  rec- 
tangular stiffened  panel  at  ambient  temperatures  is  given  as 
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of  = 0.372 
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(5.3. 1-3) 
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Nomograph : The  design  equation  given  above  was  used  to  prepare  a nomo- 

graph for  its  solution.  The  stress  values  obtained  from  this  nomograph 
were  related  to  the  random  fatigue  failures  experienced  during  Rudder's 
test  program  to  obtain  an  estimate  of  fatigue  life.  In  using  Equation 
(5.3. 1-3) > one  must  first  obtain  an  estimate  of  the  fundamental  mode 
response  frequency  from  Figure  5. 2. 2-2  for  clamped  edges  for  the  values 
of  a,  b,  and  h and  use  the  value  of  G (f^)  corresponding  to  this  response 
frequency.  The  stiffener  thickness  aRd  shape  are  considered  in  the  value 
of  1“ . Expressions  for  the  stiffener  cross  section  parameters  I , I , 
and  I are  presented  in  Figures  B. 1.1-8  through  -10.  It  will  be  necessary 
to  iterate  on  the  stiffener  geometry  ( 1“  and  d)  checking  panel  response  fre- 
quency and  excitation  spectrum  level  at  each  step.  It  is  suggested  that 
the  panel  dimensions  a,  b,  and  h be  selected  first  using  the  results  of 
Section  5. 3-1. 2.  It  is  also  suggested  that  the  design  life  for  the 
stiffener  be  selected  to  be  greater  than  that  for  the  skin  especially  if 
the  substructure  is  in  a location  that  cannot  be  easily  inspected.  In  this 
respect,  the  designer's  judgement  is  very  important.  The  design  nomograph 
is  presented  in  Figure  5-3- 1~3- 


Example : It  is  required  to  estimate  the  sonic  fatigue  life  of  an  equal 

leg  2ee  section  aluminum  stiffener  with  height  d =,1.25  inches,  thickness 
h^.  = 0.040  inches,  and  flange  width  of  0.75  inch  ( I"  = 0.01255  inches1*,  from 
Figure  B.- 1.1-8)  with  the  stiffener  used  with  an  aluminum  panel  with  dimen- 
sions a = 9-0  inches,  b = 18.0  inches  and  skin  thickness  h = 0.040  inches. 
Assume  a spectrum  level  of  132  dB  and  damping  5^  = 0.015. 

From  Figure  5. 2. 2-2  the  fundamental  moJe  response  frequency  is  estimated 
to  be  148  Hz.  From  Figure  5 • 3 - 1 ~ 2 or  Equation  (5-3. 1-2)  the  estimated  root 
mean  square  skin  stress  Is  15-2  ks i with  an  estimated  fatigue  life  of 
1.5  x 105  cycles.  From  Figure  5. 3.1-3  or  Equation  (5-3- l-3)  one  obtains 
an  estimated  root  mean  square  flange  stress  of  4.27  ksi  with  an  estimated 
fatigue  life  of  1.5  x 10°  cycles. 


For  a response  frequency  of  148  Hz,  the  minimum  cyclic  life  for 
stringer  is 


L i fe 


N 

3600  f 


1.5  x 106 

3600  x 148 


2.8  hrs . 


the 


and  for  the  skin 


L i fe 


1.5  x 105 

3600  x 148 


0.282  hrs 
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NOMOGRAPH  FOR  STRESS  AND  FATIGUE  LIFE  FOR 
STIFFENED  PANEL  STRINGER  AT  AMBIENT  TEMPERATURES - 
EQUATION  (5.3. 1-3)  - (REF.  3) 


for  a service  spectrum  level  of  132  dB. 

5. 3-1-^  Skin  Design  Criteria  for  Elevated  Temperatures 

The  response  of  st i f fened-skin  structure  to  a combined  random  acoustic 
and  thermal  environment  was  first  considered  by  Ballentine  (?)•  Recently, 
Schneider  (k)  and  Jacobson  (8)  have  conducted  research  programs  to  estab- 
lish design  criteria  for  structure  at  elevated  temperatures.  The  analytical 
basis  for  the  empirically  determined  design  equations  and  nomographs  pre- 
sented in  this  section  are  discussed  in  Sections  5-2. 2. 2 and  5.2.2. 3- 

The  basic  effect  of  elevated  temperatures  is  to  induce  inplane  loading 
into  the  heated  skin  causing  the  skin  to  buckle  between  rivet  lines.  Once 
the  panel  buckles,,  the  mean  stress  distribution  varies  along  the  edges  of 
the  panel  being  a minimum  at  the  center  of  the  panel  edge  (see  Figure 
5.2.2-15).  If  the  buckled  panel  is  exposed  to  random  acoustic  excitation, 
the  panel  may  "oil  can"  or  exhibit  "snap-through"  buckling  causing  large 
nonlinear  strains  and  a very  early  fatigue  failure.  If  the  panel  does  not 
exhibit  the  "oil  caning"  effect,  the  fact  that  the  panel  has  buckled  will 
cause  both  the  response  frequency  to  increase  and  the  mean  stress  distribu- 
tion to  vary  significantly  along  the  panel  edge.  The  criterion  for  predict- 
ing an  "oil  can"  effect  developed  by  Jacobson  (8)  is  presented  for  guidance. 
The  criterion  and  design  procedure  developed  by  Schneider  (k)  is  presented 
for  panels  that  do  not  exhibit  significant  oil  canning. 

5 - 3 - 1 . A . 1 Skin  Oil  Canning  Criterion 

The  prediction  of  oil  canning  of  a thin-skin  multibay  panel  is  based  upon 
the  assumptions  that  each  bay  is  represented  as  a simply  supported  plate 
with  the  geometry  taken  as  the  nominal  dimensions  of  the  bay.  An  iterative 
prediction  technique  is  utilized  to  determine  the  panel  dynamic  amplitude 
resulting  from  the  acoustic  excitation.  Then,  the  panel  buckling  amplitude 
due  to  the  temperature  rise  above  the  ambient  temperature  is  calculated. 

Assuming  that  the  panel  responds  in  the  fundamental  mode  and  that  the  panel 
edges  are  completely  restrained  from  movement  in  the  plane  of  the  panel, 
the  criterion  for  predicting  the  presence  of  oil  canning  is  that  the  fol- 
lowing two  inequalities  are  satisfied 

1.5  < Wq/W  <6.0  (5.3.  1-M 

' W/h  >0.3 

The  constants  appearing  in  Equation  (5 . 3 . 1 -^ ) were  determined  by  thermal- 
acoustic  response  tests  of  three  bay  panel  structure.  The  physical  reason- 
ing for  the  constants  is  as  follows:  If  W0/V  > 1.5,  then  it  is  implied 

that  there  is  no  stable  curved  configuration  in  the  thermal-acoustic  environ- 
ment since  the  instantaneous  dynamic  deflections  occur  repeatedly  whose 
amplitudes  are  greater  than  that  corresponding  to  thermal  buckling; 

WQ/W  > 6.0  implies  that  the  dynamic  deflection  during  acoustic  response  is 
less  than  the  thermal  buckling  and  the  peaks  of  the  acoustic  excitation 
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and  acoustic  response  will  not  cause  the  panel  curvature  to  change  from 
concave  to  convex  or  vice  versa;  if  5F/h  < 0.3  the  panel  dynamic  displace- 
ment is  small  compared  to  the  panel  thickness  with  the  resulting  stresses 
being  so  small  that  sonic  fatigue  failure  is  not  likely  to  occur. 

To  utilize  the  criterion,  it  is  necessary  to  calculate  the  parameters  WQ 
and  W.  Assuming  that  the  thermal  buckling  amplitude  is  small  relative  to 
the  panel  width  and  the  panel  is  heated  uniformly  by  a temperature  rise,  T, 
above  ambient,  from  shallow  strip  theory  one  obtains 

W = 0.707  a v'oT  inches  (5-3. 1-5) 

o 

where  a is  the  coefficient  of  linear  expansion  for  the  material. 

To  determine  the  root  mean  square  displacement  response,  W,  an  iterative 
solution  is  required  since  the  panel  stiffness  and  hence  response  depends 
upon  the  panel  response. 

The  expression  for  the  fundamental  mode  response  frequency  is 


1 1 


2 TT 

2 4 


/i<7M  , Hz 


where  K = tt^O [ 1 /a2  + 1/b2]  + V Ehfl/a^  + l/b^]W2 


* 

M = ph  = yh/386 . 4 


(5.3. l-6a) 


The  expression  for  the  root  mean  square  displacement  response  is  - 
assuming  a fundamental  mode  response  and  a constant  acoustic  pressure 
spectrum  level  in  the  frequency  range  of  interest 


W = 


0.657 

K 


71  f nGP(f  1 1 


1 1 


)lI/2 


i nches 


(5.3. 1 -6b) 


An  example  will  illustrate  the  iterative  procedure  for  determining  W and 
hence  evaluating  the  oil  canning  criterion  of  Equation  (5 . 3 . 1 - ^) . 

Example:  A rectangular  aluminum  panel  is  to  be  exposed  to  random  acoustic 

excitation  with  an  average  spectrum  level  of  116  dB  while  the  panel  is 
heated  from  8C'°F  to  100°F.  The  physical  parameters  for  the  problem  are: 
a = 8.0  inches,  b = 16.0  inches,  h = 0.040  inches,  y = 0.10  lbs/in*, 

; = 0.03,  a = 12.7  x 10“6  in/i n/°F , E = 10.5  * 106  psi , and  v = 0.33 

The  following  parameters  are  independent  of  the  panel  dynamic  response  and 
are  calculated  first 

D = Eh3/ 12  ( 1 -v2)  = 62.84  in. lb. 

M = (0. 10) (0.04)/386.4  = 1.035  * lo"5  lb.sec2/in3 
G (f  n)  = 3.35  x 10~6  (ps  i ) 2/Hz . 
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Then,  from  Equation  (5 . 3 • 1 -6a ) 


K/M  = 2.256  x 105 
and  from  Equation  (5-3- l-6b) 

W » 6. 151  x 10'3 

The  iteration  procedure  is  to  guess  a value  for  W,  calculate  the  frequency 
from  Equation_(5. 3- l-6a)  using  (a)  above,  and  to  use  Equation  (b)  above 
to  calculate  W.  The  procedure  is  repeated  until  the  calculated  value  for 
W agrees  with  the  guessed  value. 

Initially,  one  assumes  W = 0.020  inches  (W  is  one  half  the  plate  thick- 
ness) then  from  (a) 

K j/M  - 2.256  x 105 

Kj  = 2.335  lb/in3 
f,  = 75.6  Hz. 

From  (b),  Wj  = 0.0229  inches 


+ 2.653  x 103  W2 


(a) 


(b) 


Since  the  initial  guess  was  low,  guess  = 0.023  inch.  Then,  from  (a) 

K2/M  = 2.256  x 105 
K2  = 2.335 
f2  = 75.6  Hz. 


and  from  (b) , W2  = 0.0229  inch. 

Hence,  the  iteration  is  complete  since  the  assumed  value  for  W is  essen- 
tially equal  to  the  calculated  value  for  W. 


For  the  temperature  rise  T = 100°F  - 80°F  = 20°F,  one  obtains  from  Equation 
(5.3. 1-5),  WQ  = 0.0902  inch. 

Then,  W / W = 0.0902/0.023  = 3-92 

o 

W/h  = 0.023/0.0^0  = 0.58 


hence,  from  the  criterion  of  Equation  (5.3»l-*0  it  is  expected  that  oil 
canning  will  occur  (Jacobsen  reports  that  a specimen  tested  under  the  con- 
ditions of  this  example  did  experience  oil  canning). 
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5 - 3 • 1.^.2  Skin  Desit-i  Criteria 


Stiffened  panei  structure  exposed  to  a uniform  temperature  rise  above  the 
ambient  temperature  and  not  experiencing  oil  canning  can  be  assessed  as 
to  the  sonic  fatigue  life  using  the  design  procedure  developed  by 
Schneider  (4)  . The  procedure  requires  the  calculation  of  several  parameters 
using  either  design  equations  or  nomographs. 

Derivation:  The  skip  design  criteria  for  elevated  temperatures  is  based 

upon  an  empirical  correlation  of  experimental  data  of  the  analysis  presented 
in  Section  5. 2. 2. 2. 3.  Certain  of  the  assumptions  used  in  the  analytical 
development  were  negated  by  the  empirical  data  correlation.  The  criteria 
are  based  upon  laboratory  sonic  fatigue  tests  of  23  panel  designs  with 
two  specimens  of  each  design  tested  simultaneously.  Thirteen  of  the  panel 
designs  were  manufactured  from  7075 -T6  aluminum  alloy  material  and  ten  of 
the  panel  designs  were  manufactured  from  6AL- 4V  annealed  titanium  alloy. 

The  range  of  physical  parameters  for  the  specimen  designs  were 

skin  thickness  0.024  inch  to  0.063  inch 

rib  thickness  0.036  inch  to  0.071  inch 

rib  spacing  5.0  inches  to  9.0  inches 

aspect  ratio  1.5  to  3-0 

The  range  of  env  i ronn.enta  1 parameters  was  based  upon  design  limitations  of 
the  alloys  considered  as 

7075_T6  aluminum  300°F  maximum 

6AL-4V  annealed  titanium  600°F  maximum 

Schneider  (4)  suggests  that  extension  of  tne  design  procedure  beyond  the 
above  limitations  - especially  mater i al /temperature  limits  - should  be 
taken  wi th  caution. 


Design  Equations:  The  design  equations  for  estimating  the  therma 1 -acoust i c 

response  for  flat  st i f fened-skin  structure  at  elevated  temperatures  are 
presented  below.  An  example  will  illustrate  their  use. 

(a)  Skin  Buckling  Temperature:  The  buckling  temperature  of  a single  panel 

of  a multibay  panel  array  as  illustrated  in  Figure  5 - 3 . 1-1  is  defined  as 
the  temperature  rise  above  ambient  temperature  that  will  cause  the  skin  to 
buckle  and  is  giver  by 


5.251-1  [b/a  + a/b] 


above  ambient 


The  temperature  ratio  is  defined  as  r = T/T  where  T is  the  temperature 
rise  of  the  structure  above  ambient. 


,b)  Skin  Buckling  Amplitude:  The  maximum  buckling  amplitude  at  the  center 

of  the  panel  is  given  by 
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(5-3-1 -8a) 


W = 0 for  r < 1 
o 

= 2. 50h/(r- 1 ) /R  [b/a  + a/b] ^ ^ Inches  (5.3* l~8b) 
for  r > 1 

whe  re  R = 3[(5-v2)(b/a+a/b)2-2(5+v)(l-v)] 

(c)  Mean  Stress:  The  thermal  stress,  o_,  due  to  the  temperature  rise  of 

the  constrained  panel,  and  the  skin  buckling  stresses,  and  , result 

in  the  following  equations  for  the  mean  stress  at  the  center  of  elch  side 
of  the  panel: 

Center  of  the  panel  long  side  (y  = b/2) 


c = [c_  +c  ] x 10  ^ ksi 

x T xb 

(5.3.1 -9a) 

Center  of  the  panel  short  side  (x  = a/2) 

_ ■} 

a - [ay.  + o ] x ! 0 ksi 

y T vb 

(5-3. 1 ~9b) 

where  aT  = -E  aT/(l  ••  v) 

I e 

0.32  E W2  , 

a = [(2  - v )b/a  + va/b] 

Xb  ab  ( 1 - v ) 

1.66  EW l , 

a = [v  b/a  + (2-v  )a/b] 

^b  ab  ( 1 - v ) 

It  is  required  to  evaluate  the  mean  stresses  at  both  sides  of  the  panel 
since  the  mean  stress  at  the  center  of  the  short  side  is  generally  greater 
than  the  mean  stress  at  the  center  of  the  long  side.  The  fatigue  life  is 
estimated  from  random  S-N  curves  for  various  mean  stress  levels  so  that  the 
combination  of  dynamic  and  mean  stress  is  important  in  determining  the  loca 
tion  of  potential  failure.  This  is  in  contrast  to  the  ambient  temperature 
situation  where  one  can  assume  that  failure  will  occur  at  the  center  of  the 
long  side  of  the  panel. 

(d)  Elevated  Temperature  Response  Frequency:  The  fundamental  mode  fre- 

quency for  a temperature  increase,  T,  is  given  by  the  following  equations 

f (r ) = f [0.60  + 0.40/T7]  Hz  0 < r < 1 

0 — — 

(5.3.1-10a) 

f (r)  = f [0.60  + 0.i;4/F:T]  Hz  r>l 

(5-3- 1' 10b) 

f = 0.79/E*7p  h [ 1 /a2  + 1/b2]  Hz  r = 0 
0 

(5.3. 1 ~ 10c) 

E*  = E/(l-v2) 
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(e)  Dynamic  Stress:  The  dynamic  stresses  at  any  temperature  can  be 

computed  by  the  following  equations 

Center  of  the  panel  long  side  (y  = b/2) 

i,  (b/h)2^  (r)/;  S (f  (r) ) 

a = 3.60x10  M = £* 

* [3  (b/a) 2 + 3 (a/b)2  + 2] 

Center  of  the  panel  short  side  (x  = a/2) 

, (a/h)2/f (r)/s  S (f (r) ) 

c = 13.0x10  H 

y [3 (b/a) 2 + 3 (a/b) 2 + 2] 

The  elevated  temperature  panel  response  frequency,  f(r),  must  be  used  for 
these  calculations.  The  dynamic  stresses  at  both  locations  must  be  calcu- 
lated for  elevated  temperature  applications  because  of  the  interaction  of 
the  mean  stresses  and  the  dynamic  stresses. 

Note:  The  expression  for  a , Equation  (5 . 3 . 1 - 1 1 a) , eva 1 uated  at  ambient 

conditions  is  slightly  greater  than  Ballentine's  criteria  given  by  Equation 
(5«3- 1-1).  The  expression  for  the  ambient  temperature  fundamental  mode 
response  frequency,  fQ,  given  by  Equation  (5-3.1-lOc)  yields  estimates 
that  are  approximately  10%  less  than  that  given  by  Figure  5-2. 2-2  for 
clamped  edges. 

Example:  A flat  stiffened  panel  structure  is  to  be  designed  for  a service 

life  of  100  hours  at  a sound  pressure  spectrum  level  of  1 ^0  dB  and  a service 
temperature  of  500°F.  Stainless  steel  PHI  5 ~ 7 M0  is  selected  as  the  alloy 
to  be  used  for  this  structure.  The  physical  dimensions  of  the  panel  are 
a = 6.0  inches,  b = 18.0  inches,  h = 0.050  inch,  x,  - 0.016  with  the  ambient 
temperature  taken  as  80°F. 

From  M I L-HDBK-5B (9) , the  material  properties  are  y = 0.277  lb/in^,  , 
a = 6. 1 x ]0'6  in/in/°F,  E = 29-0  x 106  psi  at  80°F  and  E « 26.98  x 10  psi 
at  500°F.  e 

A fatigue  curve  for  the  alloy  at  the  design  temperature  was  obtained  by 
Schneider  (A)  from  MIL-HDBK-5B,  with  the  compressive  mean  stresses  extrapo- 
lated, to  estimate  the  mean  stress  on  fatigue  life.  This  axial  loading, 
constant  amplitude,  fatigue  curve  was  converter  to  an  equivalent  random 
amplitude  fatigue  curve  using  the  method  of  Section  6.5.1.  This  equivalent 
random  amplitude  fatigue  curve  is  presented  in  Figure  5.3- 1 - A . 

From  Equation  (5.3- 1_7)  the  temperature  rise  required  to  cause  the  skin  to 
buckle  is 


ksi  (5-3- 1-1  la) 


ksi  (5-3. 1-1  lb) 


T 

c 


5 . 25 ( .050) 2 (3 • 33) 

(6.1  x I0"&) (6) (16) (1 .32) 


50.3°F  above  ambient 
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FROM:  Figure  2.5.7.1.8(b),  Ref.  9,  Converted  to  Equivalent  Random  Amplitude 


RANDOM  LOADING  FATIGUE  CURVE  FOR  PH15"7Mo  STAINLESS  STEEL  AT  500 


The  temperature  ratio  Is  r * (500-80) /SO . 3 **  8.35. 

From  Equation  (5.3- 1-8b)  the  buckling  amplitude  Is 

R = 3 [ (^ - 8976) (3. 33) 2 - 2(5-32) (0.68)]  = 1^1.2 

W = 2.50(0.50) (7. 35/141 .2) 1/2(3-33) 75  = 0.234  inch 
o 


From  Equations  ( 5 - 3 . i ~9 ) the  mean  stresses  are  determined  (using  the  value 
of  E at  the  service  temperature)  to  be 


o 


T 


-(26.97  * 106) (6.1  x io"6) (420) /0. 68  = -101.6  ksi 


(0.82) (26.97  x 106) (.234)2 
— TSmSTTOgBT 


((1.8976)  (3.0)  + 0.32/3.0) 


a 

Y 


b 


72.4  ksi 


(1 .66)  (26.97  * 106)(.234)2 

— mmwwv 


(0.32(3.0)  + (1.8976)73.0) 


o = 40.3  ksi 


and  the  mean  stresses  at  the  center  of  each  side  of  the  panel  are 

ox  = -101.6  + 72.4  = -29.2  ksi 
a = -101.6  + 40.3  = -61.3  ksi 

Y 

From  Equation  (5 - 3 - 1-1 0c)  the  ambient  temperature  fundamental  mode  response 
frequency  is 

f - (0.79)  (3.231  x 107  X 386. 4/0. 277)1/2(0. 050) (3.086  10-2) 

f = 259  Hz. 
o 

The  response  frequency  at  the  service  temperature  of  500°F  is  calculated 
from  Equati  on  (5  - 3 . 1-1 0b)  as 

f(r)  = f [0.60  + 0.44(7.35)  1/21  = 1.793  f = 464  Hz. 
o o 

The  acoustic  pressure  spectral  density  cor  respond i ng  to  a spectrum  level  of 
140  dB  is 
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s (t  (r) ) = /G  (f  (r) ) = 2.9  x , 0 ( 1 ^0/'20"9^  = 2.9  x 10_2  psi//Hz 
P P 

From  Equations  (5-3-1-11)  the  dynamic  stress  response  is  calculated  to  be 


a “3-6 

X 

10“\  18/0. 05)  2 (464/0. 01  6) 1/2  (2. 9 

10'2)/29.33 

\ ■ ?-85 

ksi 

a =13-0 

\t 

\0~k (6/0. 05) 2 (464/0. 01 6) 1/2 (2. 9 

10_2)/29.33 

0^  = 3-15  ks i 

From  Figure  5 - 3 - 1 and  a stress  concentration  factor  K_  * 4 with  the  dynamic 

stress  a = 7.85  ks i and  a mean  stress  of  -29-2  ksi,  one  determines  the  fatigue 
x g 

life  to  be  **.5x10  cycles.  For  a = 3.15  ksi  and  a mean  stress  of  -61.3  ksi 

y 1 0 

one  determines  a fatigue  life  greater  than  10  cycles. 

At  the  elevated  temperature  response  frequency  cc  **64  Hz,  the  minimum  cyclic 
life  of  the  structure  is 

, -r  _ N 4 . 5x1 08 

Llf"-  = 36ooTCrT  = T3W7W  = 269  Hours- 


Since  the  calculated  Life  is  greater  than  the  design  service  life  of  100  hours 
the  design  should  be  optimized  by  reducing  the  skin  thickness  so  that  the  esti- 
mated fatigue  life  is  equal  to  or  greater  than  the  100  hour  requirement. 

Nomographs : The  design  equations  given  above  (Equations  (5-3-1~7)  through 

(5-3.1-11))  were  used  to  prepare  nomographs  for  their  solution.  The  strain 
values  and  random  fatigue  failures  experienced  during  Schneider's  (4)  test 
program  were  used  to  modify  Ballentine's  ambient  temperature  skin  design 
nomograph,  Figure  5-3- 1-2,  to  account  for  effects  of  temperature  increase. 
Schneider's  modification  of  Ballentine's  nomograph  is  presented  in  Figure 
5. 3-1-5  with  the  random  fatigue  curves  for  7075-T6  aluminum  alloy  and 
6A 1-4 V titanium  alloy  for  the  ambient  and  elevated  temperatures  indicated. 

The  use  of  Figure  5 - 3 * 1 ~ 5 is  identical  to  that  described  for  the  ambient 
temperature  skin  design  nomograph  given  in  Figure  5. 3-1-2  except  that  the 
panel  response  frequency  must  now  be  determined  from  Equations  5-3-1-10  or 
using  the  following  nomographs. 

(a)  Skin  Buckling  Temperature  Nomograph:  The  solution  for  the  skin  buckling 

temperature  (temperature  rise  required  to  cause  the  skin  to  buckle)  as  given 
by  Equation  (5-3-1 —7)  is  presented  in  nomograph  form  in  Figure  5-3-1 “6 . 

(b)  Skin  Buckling  Amplitude  Nomograph:  The  solution  for  the  skin  buckling 
amplitude  as  given  by  Equation  (5-3-1  — Sb)  is  presented  in  Figure  5-3. 1-7 

as  a nomograph.  The  temperature  ratio  r=T/T  is  required  with  T from 
F i gu  re  5 • 3 • 1 -6 . C c 
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(c)  Thermal  Stress  ;.n d Buckling  Stress  Nomographs:  The  compressive  mean 

stress  experienced  b',  a heated  panel  in  the  prebuckled  configuration  is 
given  by  a = -EaT/(l-v).  A nomograph  for  calculating  o.j.  is  presented  in 

Figure  5 . 3 - 1 - 8 . The  compressive  mean  stress  experienced  by  a heated  panel 
in  the  buckled  configuration  is  given  as  the  sum  of  two  terms  o^.  + The 

buckling  stress,  a,  , must  be  evaluated  both  for  the  long  side  of  the  panel, 

c and  the  short  side  of  the  panel,  c . Figure  5 - 3 - "1  “9  presents  a nomo- 
xb  yb 

graph  for  calculating  a and  Figure  5*3*1-10  is  a nomograph  for  calculating 

Xb 

a . The  valves  for  oT,  o and  a as  determined  from  Figures  5 * 3 - 1 _ 8 
yb  T xt  yb 

through  5.3.1-10  are  combined  as  follows: 

o = aT  + o ksi 

x T x, 

b 

a = •*-  a ksi 

Y T yb 

The  difference  in  this  result  and  Equations  (5-3.1 —9)  is  that  the  nomographs 
calculate  cj_,  a and  a in  ksi  directly.  Figures  5 - 3 - 1 ~ 9 and  5-3.1-10 
Xb  yb 

require  the  value  for  the  buckling  amplitude,  Wq,  and  the  buckling  tempera- 
ture, Tc , from  Figures  5 . 3 • 1 “7  and  5 - 3 - 1 -6 , respectively. 

In  using  Figures  5-3-1 “9  and  5-3.1-10,  use  the  value  for  Young's  modulus 
corresponding  to  the  service  temperature. 

(d)  Elevated  Temperature  Response  Frequency:  The  elevated  temperature 

response  frequency,  as  calculated  from  Equations  (5.3-1-10),  is  also  esti- 
mated using  the  nomographs  presented  in  Figures  5-3.1-11  and  5.3-1-12.  The 
ambient  temperature  fundamental  mode  response  frequency  is  obtained  from 
Figure  5.3.1-11  with  Figure  5.3.1-12  being  used  to  obtain  the  elevated 
temperature  response  frequency. 

Computer  Programs:  A digital  computer  program  developed  by  Rudder  and 

Schnei der  "(4)  is  presented  here  for  calculating  the  dynamic  response  and 
life  of  a multi  bay,  flat  st i f f ened -ski n structure  exposed  to  simultaneous 
- acoustic  and  thermal  environments.  Five  sub-programs  are  required  for  the 
dynamic  analysis  program.  These  programs  were  developed  for  the  Univac  1106 
computer  using  Fortran  V;  however,  the  programs  can  readily  be  adapted  to 
any  digital  computer. 

Analysis  Program:  The  input  data  format  for  the  analysis  program  is  shown 

in  Table  5. 3.1-1  and  the  input  parameters  are  defined  in  Table  5.3. 1-2.  The 
computer  program  is  listed  in  Table  5 - 3 . 1 - 3 while  Table  5.3.1“**  contains  a 
sample  of  the  output  format. 
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Sub-programs  Required:  The  following  sub-programs  are  required  for  this 

analysis  program  : 

ETEMP  (T,  IFF)  - Table  5 - 3 . 1 ~5 

ALPHA  (T,  IFF)  - Table  5-3. 1-6 

SN(SDYN,  STEMP,  TEMP,  CTF , IFF)  - Table  5-3. 1-7 

CTEHP  (TCALP , TC , IFF)  - Table  5-3. 1-8 

PROP  (OPT,  B,  H,  T,  A,  RJ , GAMAT,  XIP)  - Table  5.3. 1-9 

The  input  and  output  parameters  for  each  sub-program  are  given  in  the  fol- 
lowing subsections.  A listing  of  each  of  the  sub-programs  is  contained  in 
Tables  5-3. 1-6  through  5.3. 1-8.  Since  these  sub-programs  are  either 
functions  or  subroutines,  the  input  and  output  are  controlled  by  the  calling 
prog  ram. 

(a)  Sub-programs  ETEMP  and  ALPHA:  These  functions  compute  modulus  of 

elasticity  and  coefficient  of  thermal  expansion,  respectively,  for  alu- 
minum and  titanium  alloys  as  a function  of  temperature.  The  basic  alloy 
properties  are  from  MIL-HDBK-5B.  The  input  parameters  are: 

T - Input  Temperature  at  which  elastic  modulus  or  coefficient  of 
thermal  expansion  desired  - °F 

IFF  - Alloy  Code, 

= 1 Ti tanium  A1 loy  (6A1 -^V  annealed) 

- 2 Aluminum  Alloy  (7075~T6) 

(b)  Sub-program  SN:  This  subroutine  computes  the  fatigue  life  of  aluminum 

and  titanium  alloys  as  a function  of  dynamic  and  thermal  mean  stresses.  The 
input  parameters  are: 

SDYN  - Dynamic  Stress  - ksi  rms 

STEMP  - Thermal  (or  Mean)  Stress  - ksi 

TEMP  - Temperature  - °F 

IFF  -Alloy  Code , 

- 1 Titanium  Alloy  (6A1-M/  annealed) 

= i Aluminum  Alloy  (7075 ~T 6 ) 

The  output  to  the  calling  program  is  CTF  - Lire  in  cycles  to  failure. 


330 


(c)  Sub-program  CTEMP:  This  subroutine  computes  the  skin  critical  buckling 

temperature  for  aluminum  or  titanium  structures.  The  input  parameters  are: 

TCALP  - Product  of  cr:tical  buckling  temperature  and  coefficient 
of  thermal  expansion;  computed  using  Equation  (5*3* 1 ~ 7 ) 

IFF  -Alloy  code , 

= 1 Titanium  Alloy  (6A1-M/  Annealed) 

= 2 Aluminum  Alloy  (7075-T6) 

The  single  output  parameter  to  the  calling  program  is: 

TC  - Critical  buckling  temperature  - °F  above  ambient. 

(d)  Sub-program  PROP:  This  urogram  computes  stiffening  member  properties 
such  as  area  and  moment  of  inertia.  The  basic  relations  are  given  in 
Figure  3. 1.1-8  through  B. 1.1-10.  Three  different  sectional  shapes  are 
available,  a zee,  a channel,  or  a hat  section  with  the  parameters  described 
in  Figures  B. 1.1-8  through  B. 1.1-10. 

The  input  parameters  are 

OPT  - Option  code  to  select  sectional  shape, 

= 0 zee-section 
= 1 channel  section 

B - Flange  width  of  stiffening  member  - inch 

H - Height  of  stiffening  member  - inch 

T - Thickness  of  stiffening  member  - inch 

The  output  parameters  to  the  calling  program  are: 

2 

A - Cross-sectional  area  - in 

, RJ  - St.  Venant's  Torsion  Constant  - in 

GAMAT  - Warping  constant  for  thin-walled  open-section  beam,  with 
the  pole  taken  at  the  shear  center  - in^ 

XIP  - Polar  moment  of  inertia,  referenced  to  rotation  about  the 
attachment  point  - in^ 
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FIGURE  5.3. 
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= Panai  Skin  Temperature-  °F  *>ove  Ambtent 


THERMAL  STRESS  NOMOGRAPH  (REF.  k) 


Pan *4  Buckling  Stress,  ay  , ksi 


.1 


Panel  Buckle  Amplitude  at 
Center  of  Bay,  WQ  Inches 

Note:  v “ Constant  * 0.32 


Vb 


1.66  EWq 
ab(1  p2) 


b , 
- [2  p2) 


f 1 1:  ■ -,T  I ON  STHh.y.  (Rf'F  . 4) 


AMS  I ENT  IE  .^ERATURE  FdNDAME  .TAL  FRE'^jENCY  NOYEERAPH  (REF . 


TABLE  5-3. 1-1 

DYNAMIC  ANALYSIS  COMPUTER  PROGRAM  INPUT  FORMAT 

CARD  I 


NAME 

NCASE 

IFF 

COL (FORMAT) 

1(12) 

3(12) 

CARD  2 


NAME 

OPTX 

BX 

HX 

TX 

COL (FORMAT) 

1(12) 

3(F8.4) 

1 1 (F8.4) 

13 (F8.4) 

CARD  3 


NAME 

OPTY 

BY 

HY 

TY 

COL (FORMAT) 

1(12) 

3(F8.4) 

■ — . -J 

1 1 (F8.4) 
- 

19  (F8.4) 

CARD  4 


NAME 

A! 

A2 

B2 

B1 

COL (FORMAT) 

1 (F8.4) 

9 F8.4) 

17 (f8. 4) 

25(F8.4) 

CARD  5 


NAME 

TS 

RHO 

RNU 

DAMP 

COL (FORMAT) 

1 (F8.4) 

9(F8.4) 

1 7 ( F8 . 4) 

25 (F8. 4) 

CARD  6 


NAME 

PSL 

T 

COL (FORMAT) 

1 (F8.4) 

9 (F8. 4) 
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TABLE  5-3. 1-2 


NCASE 

IFF 


OPTX 

BX 

HX 

TX 

OPTY 

BY 

HY 

TY 

Al 
A2 
B1 
, B2 

TS 

RHO 

RNU 

DAMP 

PSL 


DYNAMIC  ANALYSIS  COMPUTER  PROGRAM 
INPUT  PARAMETER  DEFINITION 

Two-digit  identification  number 
Alloy  identification  code, 

=1  Titanium  Alloy  (6A1-4V  Annealed) 

=2  Aluminum  Alloy  (7075“T6) 

1 Input  parameters  defining  stiffening  member  parallel  to 
x-direction  - see  Sub-program  ,PR0P  for  definition 


) Input  parameters  defining  stiffening  member  parallel  to 
y-direction  - see  Sub-program  PROP  for  definition 


| Panel  bay  dimensions  - See  Figure  5*3* 1-1 


Skin  thickness  - inch 

3 

Weight  density  of  skin  and  stiffening  member  alloy  - lb/in 

Poisson's  ratio  for  structure  alloy 

Damping  ratio  for  structure 

Sound  pressure  spectrum  level  - dB 

Structure  temperature  rise  - °F  above  ambient 
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c 

c 

c 

c 

c 

c 

c 

c 

c 

c 

c 

c 

c 


20  r 


301 

302 

303 
C 


c 


TABLE  5.3. 1-3 
COMPUTER  PROGRAM  LISTING 
NINE  BAY  FLAT  STIFFENED  PANEL 
(CONTINUED) 

THIS  PROGRAM  CALCULATES  THE  DYNAMIC  RESPONSE  OF 
A NINE-BAY  FLAT  STIFFENED  PANEL  EXPOSED  TO  A 
UNIFORM  ACOUSTIC  PRESSURE  AND  A UNIFORM  TEMP- 
ERATURE RISE.  ROOM  TEMPERATURE  IS  80  DEGREE  F. 


T IS  A TEMPERATURE  RISE*  ABOVE  ROOM  TEMPERATURE 

SUBPROGRAMS  REQUIRED!  ALPHA ( T* IFF)  , ETEMPf T* IFF)  , 
SM ( SDYN*  STEMP. T.CTF* IFF)  , CTEMP!  TCALP* TC* IFF)  * 
AND  PROP(OPT*B*H» T* A* ZJ* WC*PIP) 

FUNCTION  DEFINATION 


F(B* A)=R/A+A/B 

R(R. A»PR)=3.*( ( 5,-PR**2 ) * ( B/A+A/B) **2-2 » * ( 5 .+PR) 
1 *1 1 .-PR) ) 

READ ( 5 * 30 1 ) NCASE * IFF 

READ ( 5 * 302 ) OPTX*  BX* HX, TX 

READ(5*3P2)0PTY*RY*HY* TY 

READ ( 5*3015 KK 

READ ( 5 * 303 ) A1 * A2  * R2  * B1 

READ! 5*303) TS*  RHO*  RNU*  DAMP 

READ ( 5 * 303 ) PSL* T 

INPUT  DATA  FORMAT  STATEMENTS 

FORMAT ( 212 ) 

FORMAT!  12  * 3F8 . 4 ) 

FORMAT! 4FR. 4) 

CALCULATE  SUBSTRUCTURE  PROPERTIES 
CALL  PROP ( OPTX* 8X* HX* TX * AX* XJ*WCX*  XI) 

CALL  PROP! OPTY. BY*  HY, TY*  AY*  YJ*  WCY*  YI ) 

H~TS 


GMrRHO 


PR=RNIJ 

CALCULATE  STIFFENER  STIFFNESS  AND  MASS 
RXlzQ , 05088* A1*A!*XJ/ ( WCX* { 1 , +PR) ) 
RX2-0 , 0 5 0 6 3 * A 2 * A 2 * X J / ( WCX* ! 1 , + PR) ) 
RYl=P.05060*Bl*Bl*YJ/( WCY*(1,+PR) ) 


R Y2- 0 . 05088*82*82*  V J / ! WCY* ( 1 , +PR)  5 
SKX~ WCX* ( 1.+RX2+2.*! A2/A1 )*( 1.+RX1) ) /A2 
SKY:;WC  .'*  ( 1 . + RY2+R  . * ( R2/R1 ) * ( 1 , + RY1 ) ) /B2 
H3-H*H*H 


STRr473.7408* ( 1 . -PR* PR) * ( SKX+SK Y) / ( H3*A2*B2 ) 
STR=STR/40P.P 


A3=  ( Ai  / A 2 ) * * 3 
B3=(B1/R2)**3 
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TABLE  5.3. 1-3 
(CONTINUED) 


gm=gm/3RR. 

SKM~0  . ?S*6M*H*A?+B?+  ( 1 ,+?  . *A3+2 .*R3+4 . *A3*B3) 

1 +o.HG9G*GM*  ( X I * A 2 * ( 1 . + 2.+A3) / ( R2*B 2 ) 

? + V T *R2*  ( 1 . + ? „ *R3  ) / ( A?*  A 2 ) ) 

C.  CALCULATE  COVFR  SHEET  ST  I FFNESS  AND  MASS 

F??=F(R2. A2 ) 

F2 1 -F ( R2  » A | ) 

FI 2-F ( R! > A?  ) 

F 1 1 r F f R 1 * A!  ) 

FI S=F2?*F22+2.*( A1/A2 ) *F21*F21 
1 +2.*  f R1/H2 ) *F12*F1 2+4,* ( Al/A?) * ( R1/R2) *F1 1 *F1 ■ 

C FORM  TEMP  STIFFNESS 

SKO~2.02937*ETEMP(RO.  * IFF)  *H3*  ( F1S+STR)  /(  f l.-PR*PR) 
1 *A?*B2) 

C ROOM  TEMP  FRpQ(jfTNCY 

FCf  = 0, 1G4*SQRT(  SKO/SKM) 

C CALCULATF  ROOM  TEMP  MEAN  SQUARE  STRESS  RESPONSE 

AR=3.*(B?/A2)*  1=2+3.*  ( A2/R2)*+2+2, 

C CONVERT  nn  TO  PS  I 

SPL=2.91*1  r .*  ’■■(  PSL./20  . -9 „ ) 

C CALCULATE  RO'iM  TEMP  DYNAMIC  STRESS  AT  X=0»Y=B2/2 

SXO  = l . 3G*R?*R2*  SQRT ( FO/DAMP) *SPL/ ( H*H*AR) 

C CALCULATE  ROOM  TEMP  DYNAMIC  STRESS  AT  X=A2/2»Y=0 

SYi  - = 1 .3L*A?*A?*S0RT(F0/DAMP)*SPL/(H*H*AR) 

C CONVERT  STRESS  FROM  PSI  TO  KSI 

sxo — SXO / 1 1 l : ! .i 

SYOsSYiVllV;  .i 

C CALCULATE  ROOM  TEMPERATURE  LIFE 

CAL1  SN(SXO»r.i  » Ri  ■ , i > CTF!  » IFF) 

CALI-  SN(SYOfi  .1  »R|i,i  t CTF2 » IFF ) 

XI  =A2/2 . 

Y1=0,0 

X2=0.r 

Y2=B2/2, 

STEMPro , 0 

C PRINT  ROOM  TEMPERATURE  RESPONSE 


W R I T F ( G • 4 0 1 ) 
GO  TO (20 1» 20 

2) * IFF 

201 

WRITE (G*40S) 

NCASE 

20? 

GO  TO  203 
WRITE (6» 406) 

NCASF 

203 

WRITE! G » 410 ) 

PSL » T 

WRITE (Gf415) 
WR I TE  ( 6 » 41  G ) 

FO 

3*3 


nnnn  n non 


C 


C 


C 


C 

205 


C 

210 

C 


TABLE  5.3. 1-3 
(CONTINUED) 

WRITE (5. 420) 

WR I TE ( 6 . 425 ) 

WRITE (5, 430)  X2 » Y2  * SXC  . STEMP.CTF1 
WRITE (A# 430 ) XI » Y1 . SYO.  STEMP . CTE2 

thermal  STRESS  EFFECTS 


R2?=R(R2. A2.PR) 

R21=R(B2»Al»PRi 
R12  = R(R1*  A2f PR) 

R1!=R(R1.A! . PR ) 

F2S=F2?*(F2?+2.*(A1/A2)**2*F21+2.*(B1/B2)**2*F12 
1 +4.* (A1/A2)**2*(B1/B2)* +2*F11) 

RST=R22+2.*A3*R12+2.*R3*R21+4.*A3*B3*R1 l 
R0=( F1S+STR) /F2S 

CALCULATE  CRITICAL  TEMPERATURE  RISE*  TCR 
TCALP=5.25*H*H*F22/ { A2*B2* ( 1 ,+PR)  ) 

CALL  CTEMPt TCALP. TCR. IFF) 

**NOTF**  TCA  AND  RS  ARE  BUCKLING  TEMPERATURE 
AND  TEMPERATURE  RATIO  FOR  AN  EQUAL 
SIZE  SIMPLE  PANEL.  R9  IS  TEMP  RATIO 
FOR  NINE-BAY  PANEL 

TCA=TCR/R0 
RS=T/TCA 
R9=T/TCR 
TACT=T+8C. 0 

CALCULATE  MATERIAL  PROPERTIES  AT  TEMPERATURE 
ES=ETEMP( TACT. IFF) 

ALP-ALPHA ( TACT. IFF) 

D=0.0fl33*ES*H3/(l.-PR*PR) 

CALCULATE  RESPONSE  FREQUENCY  AT  TEMPERATURE . T 
SKTsD*F2S*R0/ ( A2*B2) 

FQT=0 . 809* SORT ( SKT/SKM) 

**NOTE**  FQTrFO.  ROOM  TEMP  FREQUENCY 
STLIN=-ES*ALP*T/  ( l.-PR)  /lOPf-.O 
IF ( RS-RO) 205.205. 210 
PRE-BUCKLED  RESPONSE 
FTEMPrFQT* ( 0 . 60  + 0 . 40  * SQRT ( 1 .-R9)  ) 

SXT-STLIN 
SYTrSTL IN 
WO =0.0 
GO  TO  215 

POST-BUCKLED  RESPONSE 
FTEMP=FQT*  C 0 . fSO  + O . 44* SQRT  ( R9-1  • ) ) 

CALCULATE  PLATE  BUCKLING  AMPLITUDE.  WO 
W0= ( 3 .37-0 .20* RO ) *H* SQRT ( F2S*RC* ( R9-1 . ) /RST) 
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TABLE  5.3. 1-3 
(CONCLUDED) 

r CA;  nJLATF  THi  IFRMAL  STRESSES 

n = • . / ( A2*R2+  ( 1 , -PR*PR ) ) 

SXT=STL IN+O.ftl *ES*C1* ( ( 2 , - PR*  PR ) * R,?/  A,?  + A2*  PR/B2  ) 

1 * 'v'.'P*  WO  / 1 1 1 i ti 

SYT'STLIN+1 . 3ft*ES*Cl * ( PR*B2/A2+ ( 2 . -PR*PR ) * A2/R2 ) 

1 *v.P*WO/l  I - i . I 

r CALCULATE  DYNAMIC  STRESS 

2 1 ft  CONTINUE 

C2-SQRT f FTFMP/FP ) 

SXn=C?*SXC 

SYnrC2*SYQ 

C.  CALCULATE  ELEVATED  TEMPERATURE  LIFE 

CAL'  SN( 5X0 , SXT, TACT, CTE1 , IFF) 

CALL  SN(SYC-»SYT,  TACT.CTF2,  IF") 

C PRINT  ELEVATED  TEMPERATURE  RESPONSE 

WRITE (ft, 43ft) 

TAzTCR+flO.i 
WRITE (6,440)  TCR 
write (ft, 44ft)  wr 

WR I TE ( ft , 4 1 6 ) FTEMP 
WRITE (6, 420) 

WRITE (ft » 42R) 

WR T TE  ( ft , 4 3 f' ) X2,  Y2  , SXO , SXT, CTF1 
WRITE ( ft, 430 ) XI , Y1 , SYO, SYT, CTF2 
GO  TO  2('i 

C FORMAT  STATEMENTS  FOR  OUTPUT  DATA 

4 ( • i FORMAT ( *1’ » 2ftX, ’DYNAMIC  RESPONSE  OF  A’»/»19X, 

1 ♦NINE-RAY  STIFFENED  PANEL  EXPOSED  T0’,/*21X, 

2 * ACOUSTIC  EXCITATION  AND  HEATING’,/) 

40ft  F0RMAT(20X,  ’ DATA  C ASE’ » 14  , // , 27  X , ’ MATER  I AL  ! TITANIUM’) 
af:ft  F0RMAT(2RX,  * DATA  CASE’ , 14  ,//,  27X,  ' MATERIAL  : ALUMINUM’) 
4i 0 FORMATtftX, ’EXCITATION  SPECTRUM  LEVEL  = * , F4, 0 , 1 X, ’ DB’ » 
!3X,  ’TEMPERATURE  INCREASE  = ’ , F4. 0 , 1 X, ’ DEG.  F*,//) 

4ift  FORMAT! 24X. ’ ROOM  TEMPERATURE  RESPONSE-,/) 

U i ft  FORMAT ( 20 X, ' FUNDAMENTAL  FREQUENCY  - * , F7 . 1 , ’ HZ',/) 

4 ?n  FORMAT ( ftX, ’ STRESS  AT  POINT’ » 3X> 'DYNAMIC  STRESS’, 3X, 

3* THERMAL  STRESS  ’»3X»* CYCLES  TO  FAILURE’) 

42ft  FORMAT (ftX, ’X’,7X,*Y’,J1X»’KSI',14X,'KSI*»/) 

430  FORMAT (ftX, Fft.2 , 3X, Fft.2*ftX, Fft . 3 ,QX, Fft. 3, 5 OX, 1 PEQ . 2 , / ) 

43ft  F0RMAT(////,22X, ’ELEVATED  TEMPERATURE  RESPONSE’,/) 

4.''.  0 FORMAT  ( ! OX,  * RUCKLING  TEMPERATURE  =', Fft.2,*  DEG,  F' 
i,’  AROVE  ROOM  TEMPERATURE',/) 

44ft  FORMAT ( 1ft X, ’ RUCKLING  AMPLITUDE  ='.Ffl,4, 

1*  INCHES*,/) 

END 
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TABLE  5.3.  I-2* 

OUTPUT  FORMAT  FOR  DYNAMIC  ANALYSIS  COMPUTER  PROGRAM 

DYNAMIC  RESPONSE  OF  A 
NINE-BAY  STIFFENED  PANEL  EXPOSED  TO 
ACOUSTIC  EXCITATION  AND  HEATING 

DATA  CASE  4 

MATERIAL  : ALUMINUM 

EXCITATION  SPECTRUM  LEVEL  =135.  DB  TEMPERATURE  INCREASE  = 220.  DEG.  F 

ROOM  TEMPERATURE  RESPONSE 


FUNDAMENTAL  FREQUENCY  = 175-5  HZ 


STRESS 

X 

AT  POINT 
Y 

DYNAMIC  STRESS 
KSI 

THERMAL  STRESS 
KSI 

CYCLES  TO  1 

o 

o 

6.00 

6.076 

.000 

6.43+06 

3.00 

.00 

5-485 

.000 

1 .03+07 

ELEVATED  TEMPERATURE  RESPONSE 

3UCKLING  TEMPERATURE  = 11.00  DEG.  F ABOVE  ROOM  TEMPERATURE 

BUCKLING  AMPLITUDE  = .2252  INCHES 

FUNDAMENTAL  FREQUENCY  = 417-5  HZ 


STRESS 

X 

AT  POINT 
Y 

DYNAMIC  STRESS 
KSI 

THERMAL  STRESS 
KSI 

CYCLES  TO 

o 

o 

6.00 

9.371 

-16.838 

1.32+05 

3.00 

.00 

8.460 

-24.342 

1 . 40+05 
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TABLE  5-3. 1-5 

SUBPROGRAM  LISTING:  FUNCTION  ETEMP 
FUNCTION  ETEMP ( T » IFF) 

C 

C THIS  FUNCTION  COMPUTES  ELASTIC  MODULUS  FOR 

C ALUMINUM  OR  TITANIUM  ALLOY  AS  A FUNCTION  OF 

C TEMPERATURE 

C 

C T - INPUT  TEMPERATURE  - DEG.  F 

C IFF  - ALLOY  CODE 

C si  TITANIUM 

C = 2 ALUMINUM 

C 

GO  TO  ( 1 0 1 ; » 2 0 ! ) > IFF 

C ****'!  'f  ;■  r|;  if  * if  ;|;  # if  * if  if if  if  if -f  if  * if  if  if if'-U  •!:  if 

MATERIAL  SAL-4 V TITANIUM  ANNEALED  SHEET 
REFERENCE  MIL-HDBK-5B 
TEMPERATURE  LIMITATION  AOu  DEGREES  F 
RT<T<80i;  F 

100  IF(Rfu--T)  180  1 1 50 # ISO 
ISC'  ETEMP={  1.030-0.  Cm  0375*T)  +16.SE+06 
RETURN 

T>800  F 
180  ETEMPrl?. 1E+08 
WRITE (6» 3331 
RETURN 

♦ * * ■!'.  if  !c  :<  if  sS  if  if  * * if  if  if  if  if  if  if  * if  if  if  if  if  f -f  * :jc  * if  if  * if  * * >{i* 

MATERIAL  707S-T6  SHEET 
REFERENCE  MIL-HDBK-5B 
TEMPERATURE  LIMITATION  600  DEGREES  F 
RT<T<200  F 


200 

IF(200-T) 220*210 t 210 

210 

ETEMP= ( 1 . 020-0 . 0 i 0 30* T ) * 1 0 . 3E+06 
RETURN 

C 

2 0 0 < T<  4 0 0 F 

220 

IF ( 400 -T) 240  » 230  » 230 

230 

ETEMPs ( 0 .98—0 , Oi  070* C T-200) )*10.3E+06 
RETURN 

C 

400<T<600  f 

240 

IF ( SO0-T) 260 » 2SD  » 2S0 

2S0 

ETEMPs ( 0 , 82-0 . 0 1 IS* ( T-400 ) ) *1 0 . 3E+0S 
RETURN 

C 

T>600  F 

2 SO 

ETEMP::  0.50*1 O.3E+0S 
WRITE (6» 333) 

333 

FCRMAT(/»SX*  * UPPER  TEMP  LIMIT  ON  ELAST 
1*  EXCEEDED*  t / ) 

RETURN 

END 

MODULUS*  » 

3*»7 
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TABLE  5.3. 1-6 

SUBPROGRAM  LISTING:  FUNCTION  ALPHA 


FUNCTION  ALPHA ( T» IFF) 

C 

C THIS  FUNCTION  COMPUTES  COEFFICIENT  OF  THERMAL 

C EXPANSION  FOR  ALUMINUM  OR  TITANIUM  ALLOY  AS  A 

C FUNCTION  OF  TEMPERATURE 

C 

C T - INPUT  TEMPERATURE  - DEG.  F 

C IFF  - ALLOY  CODE 

C TITANIUM 

C -2  ALUMINUM 

C 

GO  TO  (100.200) . IFF 


* + :)e  * * -'f  -'f 't  ■>:  sfc  * jc iN  * sjok  * !<  '■'£  * * -■<  >];  # 

MATERIAL  (SAL-4 V TITANIUM  SHEET 
ANNEALED 

REFERENCE  MIL-HDBK-5B 

TEMPERATURE  LIMITATION  1000  DEGREES  F 
RT<T<200  F 

100  IF  ( 20 1'  -T)  180  .150.150 
1 50  ALPHAS ( 4 . 45+  0 . 0 0 425*  T) * 1 . 0 E- 06 
RETURN 

2 0 0 < T<  4 P I.  F 

180  IF(400-T) 185.190.190 

190  ALPHAS (4.80+0. Pi  25*T) *1 . 0E-06 
RETURN 

4 0 0 < T < 1 0 0 0 F 

185  IF( 100!  -T) 105. 198. 198 


195  WRITE (6. 500 > 

50I1  FORMAT!/.  5X.  * UPPER  TEMP  LIMIT  ON  COEFF  OF  EXPAN  * 


1 'EXCEEDED* ./) 

198  ALPHA=5.8E-06 

RETURN 

* * 1-'  y.  :'C  * -'r~  I;  * * * *•!■  !:  * * *-.;«**:>;  **  * **  * * '4  * * * * * * * * * 

MATFRIAL  7075-T6  SHEET 
REFERENCE  MIL-HDBK-5B 
TEMPERATURE  LIMITATION  600  DEGREES  F 
RTCTC100  F 

200  IF( 100— T)22 0.210.210 
210  ALPHA” (12.4+0, 0050*T) *1 , 0E-06 
RETURN 

C 100<T<300  F 

220  IF ( 300— T) 240 . 230 . 230 

230  A LPH A= ( 1 2 . 9+  0 . 0 0 275* ( T- 1 0 0 ) ) * 1 , 0 E- 0 6 
RETURN 

C 300<T<400  F 

240  IF ( 40P-T) 260  » 250 . 250 

250  ALPHAS ( 13.45+0, Of  150* ( T-300 ) )*1.0E-06 
RETURN 

C T>400  F 

260  ALPHA=13.6E-06 

IF(600-T) 280.270 .270 
280  WRITE (6. 500) 

270  RETURN 
END 
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TABLE  5.3. 1-7 

SUBPROGRAM  LISTING:  SUBROUTINE  SN 

SUBROUTINE  SN( SDYNr STEMP» TEMP. CTF, IFF) 

C 

C THIS  SUBROUTINE  CALCULATES  FATIGUE  LIFE  FOR 

C ALUMINUM  OR  TITANIUM  ALLOY  AS  A FUNCTION  OF 

C TEMPERATURE  AND  MEAN  STRESS.  THIS  SUBROUTINE 

C IS  BASED  ON  COUPON  FATIGUE  TEST  DATA  AT  ROOM 

C AND  ELEVATED  TEMPERATURE. 

C 

C ROOM  TEMPERATURE  IS  80  DEG.  F 

C 

C SDYN  - DYNAMIC  STRESS  - KSI  (RMS) 

C STEMP  - THERMAL  (OR  MEAN)  STRESS  - KSI 

C TEMP  - TEMPERATURE  - DEG.  F 

C CTF  - LIFE  IN  CYCLES  TO  FAILURE 

C IFF  - ALLOY  CODE 

C = 1 TITANIUM 

C =2  ALUMINUM 

C 

GO  TO ( 1 PL  # 2IH  ) . IFF 

MATERIAL  HAL— 4 V TITANIUM  SHEET  ANNEALED 
TEMPERATURE  LIMITATION  60L  DEG.  F 

101  Cl  = 12. 58-0.0i  376*TEMP 

C2=-5. 40+0. OP 176* TEMP 
ARF=C1+C2*ALOG10 ( SDYN-0 . 1*STEMP) 

CTF=10.**ARF 

RETURN 

* k*  ■ '£  i'-  * -t  !•  . Sr.  -i-.  ■$.  *&*-!'•  ’•!: 

MATERIAL  7075- T8  ALUMINUM  SHEET 
TEMPERATURE  LIMITATION  30 1 DEG,  F 

200  C 1 = 1 0 . 80—  0 , 0 1 584* TEMP 
C?=-4.89+0 , 00347* TEMP 
ARFsCl+C2*AL0G10 ( SDYN-O. 1*STEMP) 

CTF=10.**ARF 

RETURN 

END 
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TABLE  5.3.  t-8 

SUBPROGRAM  LISTING:  SUBROUTINE  CTEMP 

SUBROUTINE"  CTEMP  ( TCALP  ► TC  > IF+" ) 

C THIS  SUBROUTINE  CALCULATES  SKIN  BUCKLING 

C TEMPERATURE  FOR  ALUMINUM  OR  TITANIUM  ALLOY 

C STRUCTURAL  PANELS. 

C 

C TC ALP  - PRODUCT  OF  BUCKLING  TEMPERATURE 

C AMO  ALPHA  FROM  CALLING  PROGRAM 

C TC  - RUCKLING  TEMPERATURE  - DEG  F ABOVE 

C ROOM  TEMPERATURE 

C IFF  - ALLOY  CODE 

C =1  TITANIUM 

C =2  ALUMINUM 

C 

TC-0 « 0 

GO  TO  ( 1 0 1 : » 200 ) • IFF 

MATERIAL  GAL-4 V TITANIUM  ANNEALED 
TEMPERATURE  LIMITATION  1000  DEG.  F 

10n  Cl=4.45E-06 

C2=4.23E-09 
1 = 1 

1  C3=flO.*C2+Cl 

TC=.5*SQRT{ ( C3/C2)**2+4.*TCALP/C2)-.5*C3/C2 
T=TC+flO. 

IF  I T— 260 . ) 50  p 50  » 2 

2 IF ( T— 360 . 1 3 » 3 * 5 

3 Cl=4.9E-0ft 
C2=2 . 5E-09 
1=1  + 1 

IF (1-2)  1 » 1 » 5 0 
5 Cl=5.fl0E-06 

TC=TCALP/C1 
50  TC=TC 
RETURN 
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TABLE  5.3. 1-8 
(CONCLUDED) 

Q * k ';  ::  is-:;* 

MATERIAL  7075-T6  ALUMINUM  ALLOY 
TEMPERATURE  LIMITATION  600  DEG.  F 

201  F1-12.4E-06 

F?-5 . 0F-09 
I T-l 

201  F3-60  ,*F2+F1 

T C - 0 . 60;* SORT  ( ( F3/F2  ) *+2+4 . 0*TCALP/F2  1 -0 . 50*F3/F2 
T=TC+60. 

IF{ T-inr. ) 500 . 500  » 202 
20?  IF ( T— 30o . ) 203  . 203 » 204 

203  Fl=!?.625E-06 
F2=?.75E-09 
IT-IT+l 

IF { 11-2)201 » 201.500 

204  IF  ( T-400  . ) 20  5.205. 206 
206  F 1 - 1 3 . 0 E- 0 6 

F2=l .5E-09 
I T — I I + 1 

IF ( I T-2 ) 20 1 » 201 ► 50 1 ; 

206  Fl=13.6E-06 

TC=TCALP/F1 
500  TC=TC 
RETURN 
END 
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TABLE  5.3. 1-9 

SUBPROGRAM  LISTING:  SUBROUTINE  PROP 

SUBROUTINE  PROPlOP'i  » R # H » T*  A * RJ»  GAMAT » XIP) 

SECTION  PROPFRTICS 

IF  OPT  = V ZEr  5FCTI0N 
IF  OPT  = 1 CHANNEL  SECTION 
H=  STRINGER  HEIGHT t CL  TO  CL 
R=  FLANGE  WIOTH 
T=  STRINGER  THICKNESS 
RFFFRrNCE:  AFFDL-TR-71-107 
WC  - WARPING  CONSTANT  ABOUT  SHEAR  CENTER 
GAMAT  - WARPING  CONSTANT  AROUT  ATTACH  POINT 
A - CROSS  SECTIONAL  AREA 
RJ-  ST.  VENANTS  TORSION  CONSTANT  - J 
XIP  - POLAR  MOMENT  OF  INERTIA  AROUT  ATTACH  POINT 
IF ( OPT)  1 » 1 f 2 

OPT  = n ZEF  STIF-ENER 

1 A=T*  ( H+2 . *B) 

D=H*-.:2*  (ft.*B+H) 

01  = T*  :■ 2*(3.*H+2.*B) 

XXI  = ' T* ( D+01 ) ) /12 . 

02-2 . *R+T 
03=2. *R-T 

XZI=-(  T*H*D2*D3)/8. 

Z7I=(  T/12 . ) * ( 8 , *B*  *3+H*T**2 ) 

RJ=( T* : 3/3. )*(2.*B+H) 

WC=T*B**3*H**2*  ( R+2  • *H)  / ( 12.*(2.*B+H)  j 
SX~B/2 . 

SZ=-H/2. 

D4=SX*  ::2+SZ*  :-2 
05=04* A 

XTP=( XXI+ZZI+05) 

GAMAT=WC+  ( SZ*+2)*Z7I-2.*SX*SZ*XZI+  ( SX*  *2>  *XXI 
RETURN 
C CHANNEL  SECTION 

2 F=2.*R+H 
XRAR=R*  '-2/F 
F1=G.*B+H 
E=3.*B**2/F1 
CX=E+  XBAR 
SX=E+ (R/2. ) 

SZ=-H/2. 

EX=CX-SX 
A=T* ( H+2.*R) 

F2=3.*H+2.*R 

XXT  = T*  ( H*  :<2*F1  + T**2*F2) /12. 

F3=12.*H*XBAR**2+B.-*B**3 

Fii  = R-XBAR 

F5=B-2.*XRAR 

Z7I=T*(F3-24.*XBAR*B*F4+12.*B*F5*T+6.*F4*T**2+T**3) /12. 
RJ=T**3*F/3. 

FF>=3  . *B+2  . *H 

WC=T*3*  <3*H**2  :<Ff>/  ( 12.*Fi  ) 

GAMAT=WC+  ( SZ* ) *ZZI  + { SX**2  ) *XXI 
F7=(EX**2+SZ*:-2)*A 
X I P= ( XX I+ZZI  + F7) 

RETURN 
END 
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5.3.2  BOX  STRUCTURE 


The  broad  definition  of  a box  type  structure  is  taken  to  be  two  parallel 
plates  stiffened  by  deep  shear  webs.  Such  a structure  can  be  taken  as  a 
model  for  flap,  fin,  or  pylon  type  structure  encountered  on  modern  air- 
craft. The  box  structure  is  classified  by  the  number  of  cells  formed  by 
the  intersecting  cover  sheets  and  ribs.  An  illustration  of  a two-dimen- 
sional nine  cell  box  structure  is  presented  in  Figure  5-3. 2-1. 

An  analysis  of  a three  cell  box  structure  was  first  considered  by  Clarkson 
and  Abrahamson  (1)  using  an  assumed  mode  method.  Mead  and  Sen  Gupta  (2) 
and  Sen  Gupta  (3)  present  an  analysis  of  a three  cell  box  structure  using 
wave  propagation  methods.  Rudder  (4)  conducted  an  analytical-experimental 
program  to  establish  sonic  fatigue  resistance  criteria  for  nine  cell  box 
structure  as  illustrated  in  Figure  5. 3-2-1.  Subsequently,  Clarkson  and 
Ashie  (5)  presented  a comparison  of  analytical  results  obtained  using  the 
NASTRAN  finite  element  displacement  method  with  high  intensity  acoustic 
response  data  for  a seven  cell  box  structure.  Abrahamson  (6)  presents  a 
graphical  solution  to  the  differential  equations  of  motion  for  a one  cell 
box  structure  with  an  indicated  extension  for  multicell  box  structure. 
Thompson  and  Lambert  (7)  present  design  equations,  nomographs,  and  a com- 
puter program  for  estimating  the  frequency  and  stress  response  of  nine 
cel  1 box  structure. 

5.3.2. 1 Notation 


3 1 ,a2 
brb2 

lDs 


Fmn(b’a) 

mn 


mnq 

lhs’2hs 

lhr’2hr 


mnq 

K , K 
r * s 


Length  of  cover  sheet  bays  in  x-direction,  Fig.  5. 3.2-1 

Length  of  cover  sheet  bays  in  y-directlon,  Fig.  5. 3.2-1 

Cover  sheet  bending  rigidity,  Eqn.  (5.3.2-2a) 

Depth  of  box  structure,  Fig.  5. 3. 2-1 
Lightening  Hole  depth,  Figs.  5.3.2-11  and  -12 

Young's  modulus  of  the  cover  sheet  and  rib  material 

Lightening  hole  bend  radius 

Defined  by  Equation  (5.3.2-3b) 

Natural  Frequency  of  (m,n,q)tb  mode,  Eqn.  (5. 3.2-1) 

Skin  thickness,  Fig.  5. 3. 2-1 
Rib  thickness,  Fig.  5. 3.2-1 
Modal  stiffness  of  (m,n,q)tb  mode 
Defined  by  Eqn.  (5  3.2-2a) 
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r 


i 


M 


mnq 


M 

r ’ 

M ,M 
x 

m 


s 

y 


N 

n 


q 


a 


s 

Sp(f,) 


General  length,  see  Figs.  5. 3. 2-4,  -5,  and  -6 


Defined  by  Eqn.  (5- 3- 2-2b) 

Bending  moments,  see  Figs.  5. 3. 2-4,  -5,  and  -6 

Mode  number  for  x-di recti  on 

Constant  in  Eqn.  (5.3. 2-4a ) ; cycles  to  failure 

Mode  number  for  y-direction 

Mode  number  for  z-direction 

Spatially  uniform  static  pressure 

Radius  of  lightening  hole 

Rib  spacing  (general  parameter),  Figs.  5. 3-2-9,  -10,  and  -11 
Spectral  density  of  acoustic  pressure,  (psi)  /Hz. 


Y Weight  per  unit  volume 

Yi-.Yg  Bending  moment  factors,  Figs.  5-3. 2-4,  -5,  and  -6 

<$2,.  ..  ,6^  Bending  moment  factors,  Figs.  5. 3-2-4,  -5,  and  -6 

F Stress  defined  by  Eqn.  (5- 3-2-7) 

ci 

F Stress  defined  by  Eqn.  (5  - 3 - 2-8) , ksi 

e; 

o'  Stress  defined  by  Eqn.  (5. 3. 2-5),  dimensionless 

O l 
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5 . 3 • 2 . 2 Frequency  Analysis  of  a Nine  Cell  Box  Structure 


The  configuration  of  the  nine  cell  box  structure  is  illustrated  in  Figure 
5. 3-2-1.  This  configuration  was  adopted  for  Rudder's  experimental  program. 
The  displacement  components  for  each  panel  (either  cover  sheet  or  rib)  are 
taken  in  terms  of  a product  of  sine  waves  in  the  directions  of  the  plane  of 
the  panel.  By  emposing  a zero  shear  condition  at  each  intersection  of  a 
rib  and  cover  sheet  and  assuming  that  all  exterior  edges  of  the  structure 
are  simply  supported,  one  can  obtain  a mode  shape  description  of  the  struc- 
ture using  three  mode  numbers  (m,n,q).  The  mode  number  m denotes  the  number 
of  half  sine  waves  in  the  x-di rection 'for  each  panel  in  the  x-y  plane;  n 
denotes  the  number  of  half  sine  waves  in  the  y-direction  for  each  panel  in 
the  x-y  plane;  and  q denotes  the  numoer  of  half  sine  waves  in  the  z direc- 
tion. Hence,  the  panels  forming  the  cover  sheets  have  mode  numbers  (m,n), 
the  ribs  parallel  to  the  x-axis  have  mode  numbers  (m,q)  and  the  ribs  parallel 
to  the  y-axis  have  mode  numbers  (n,q).  Typical  mode  shapes  in  the  x-z 
plane  for  the  middle  row  of  cells  of  a nine  cell  box  structure  with  geome- 
try a^=a2  = a and  b^b^b  are  presented  in  Figure  5. 3-2-2.  This  figure 

illustrates  the  important  observation  that  for  a fundamental  mode  in  the 
cover  sheet  all  rib  depth  modes  can  be  excited. 

Derivation:  Using  assumed  modes  as  described  above,  Rudder  (4)  used  the 

Rayleigh  method  to  estimate  the  response  frequency  for  the  (m,n,q)th  mode. 
Assuming  that  the  material  properties  of  all  components  are  identical  and 
that  the  thickness  of  the  components  are  as  illustrated  in  Figure  5-3-2-1, 
then  the  expression  for  the  response  frequency  of  the  (m,n,q)  mode  is 


mnq 


mnq 

4tt2M 


Hz.' 


mnq 


(5-3- 2-1) 


The  expression  for  the  modal  stiffness,  K , is 

’ mnq  ’ 


Ad 


1 22 

2“2 


3 


Is 


„ , h 3 

\ = 7- — r—  mV{[l  + (— r~ ) ] K + 2 ) K 

mnq  Aa0b,  1 ,h^  s ^h  r 


(5 • 3 • 2-2a ) 


where  ,D  = E . h 3/ 1 2 ( 1 - v2) 

Is  Is 

Ks  - F,n(b2'  a2>  + 2((a1/a2)F™(b2'al)  + ibl/b2)Fmn(1>l'a2) 
+ 2<al/a2)(bl/b2)Fm„(b]-al)) 


Kr  ‘ <d/b2>lFmq(d-a2>  + 2(Va2)Fmq(d’al)] 

i 3 r 


+ (d/a2)(2hr/lhr)  [Fnq(d’b2)+2(bl/b2)Fnq(d’bl)] 


F (b  ,a ) = [(^)(f)  + £)(£)]' 

mn  n a mb 


356 


2W11 


F .-GURE 


NINE  CELL  CONFIGURATIO 


5. 3- 2-1  NINE  CELL  BOX  STF 


35 


A = d/b 


FIGURE  5. 3. 2-2  MODE  SHAPES  FOR  BOX  STRUCTURE  (REF.  k) 
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The  expression  for  thi  modal  mass,  M , is 

’ mnq 


H 


* r o a.b  |(1  + h / h )M  + 2(\^)  (A)3  (-)M  } (5*3.2-2b) 

4 s 2 2 1 2slss  , h b„  q r ' 

Is  2 


mnq 

where  lps  ~ p l^s  ' ^ 's  the  mass  per  unit  volume) 

Ms  = 1 4-  2(a]/a2)3  + 2(b|/b2)3  + Ma1/a2)3(b]/b2)3 


M = 1 + 2(a,/a9)3+  (^H^)  Q [ 1 + 2 (b,  /b2)  3] 


rv 


Equations  (5. 3-2-2)  can  be  greatly  simplified  if  one  considers  the  special 

geometry:  a.  s a = a.  b.  = b = b,  ,h  = „h  = h , and  ,h  = „h  = h . 

1 2 1 2 , s 2 s s lr2r  r 

Then,  the  expression  for  the  rrt'dal  stiffness  for  the  (m,n,q)th  mode  is 

3r\  h_  , . , 

K = - ■— m n | 3F  f b , a ) + (— l-5  if— )F  I'd  al  >-  i-Tf  fH  hill  (h,3*.  2-3*1 

mnq  2ab  1 mn  ‘ ' 'h  ' "b'  nq  ' ’ ' 'a  nq'-’ 


..<nd  the  expression  for  the  modal  mass  is 

W^V5'3*  " + <|)3(?)2i(^)^)3(^) 

v.here  = Eh3/l2(l-v2) 

F(t>,a)  “ I@<t>  * ©<l>]2 

mn  n a mb 


(5  - 3 ■ 2-3  b) 


5 - 3 • 2 . 3 Stress  Response  of  a Nine  fell  Box  Structure 

As  indicated  by  Equation  (5-2.2-60d),  the  stress  response  of  the  skin  and 
ribs  for  box  structure  due  to  a uniform  static  pressure  of  unit  magnitude 
is  required  to  estimate  the  mean  square  or  rms  stress  response  of  the  struc- 
ture. The  approach  taken  here  is  dependent  upon  the  flexibility  of  box- 
type  structure  as  described  by  Clarkson  (8)  and  is  essentially  different 
from  the  approach  taken  by  Ballentine  (see  Section  5-3- 1.2).  The  approxi- 
mate method  for  computing  stresses  in  continuous  slabs  as  described  by 
Timoshenko  (9,  pp.  236-245)  is  presented  here  --  modified  to  account  for 
the  rib  supporting  the  cover  sheet.  This  modification  was  first  described 
by  L ! a i kson  ( 8 ) . 

per i va t i on : Timoshenko's  approximate  method  relies  upon  the  synthesis  of 

e 1 ementary  solutions  for  uniforrniy  loaded  thin  rectangular  plates  to  obtain 
estimates  of  stresses  in  continuous  slabs.  The  basic  procedure  is  to  divide 
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the  bays  of  the  structure  into  components  such  that  boundaries  between 
adjacent  bays  are  considered  to  be  clamped.  Considering  the  plan-form  of 
the  cover  sheet  for  nine-cell  box  structure  as  Illustrated  In  Figure 
5. 3. 2-1  the  bays  of  structure  are  taken  with  the  boundary  conditions  as 
illustrated  In  Figure  5. 3.2-3.  Timoshenko  presents  tabulated  data  for 
estimating  the  bending  moments  at  the  panel  center  and  the  center  of  a 
clamped  edge  for  uniformly  loaded  plates  with  various  boundary  conditions. 

At  a point  on  the  boundary  between  two  plates,  the  resultant  bending  moment 
is  approximated  by  the  average  value  of  the  component  bending  moments.  As 
illustrated  In  Figure  5 - 3 - 2 - 3 , four  different  sets  of  boundary  conditions 
are  to  be  considered.  Case  1 represents  a rectangular  plate  with  three 
edges  supported  and  one  edge  clamped.  Case  2 represents  a rectangular 
plate  with  two  opposite  edges  supported  and  two  opposite  edges  clamped. 

Case  3 represents  a rectangular  plate  with  one  edge  supported  and  three  H 

edges  clamped.  Finally,  Case  A represents  a rectangular  plate  with  all 

edges  clamped.  The  bending  moments  at  the  center  of  a clamped  edge  for  a 

rectangular  plate  with  dimensions  a x b uniformly  loaded  by  a pressure  of 
magnitude  is  given  by  Timoshenko  as: 

Case  1 M = 6 q 9 " at  (x,y)  » (a/2,0) 

y 2 o 

Case  2 M « 5^  q^J.2  at  (x,y)  = (a/2,0)  £ ta/2,b) 

Case  3 M^  ~ q^2  at  (x,y)  * (0,b/2)  & (a,b/2) 

rfy  - gQf2  at  (x,y)  = (a/2,0) 

Case  k M^  = qQl2  at  (x,y)  = (0 , b/2 ) 6 (a,b/2) 

My  = 6^  V2  at  (x.y)  = (a/2,0)  6 (a/2,b) 

where  l is  the  smaller  of  the  dimensions  a and  b and  the  subscripts  on  the 

y's  and  d's  (the  bending  moment  factors)  follow  Timoshenko's  rotation. 

Plotted  values  of  the  bending  moment  factors  versus  panel  aspect  ratio 
b/a  are  present  In  Figures  5-3. 2-1)  through  5. 3. 2-6.  For  more  accurate 
values  of  the  bending  moment  factor,  the  referenced  tabulated  values  can  be 
used.  The  asymptotic  Vnlues  for  the  bending  moment  factors  are  listed  in 
Table  5- 3. 2-1 . 


TABLE  5- 3. 2-1 


Note:  All  values  for  the  bending  moment  factors  as  presented  here  are 

positive  instead  of  negative  as  presented  b Time  nk->. 


(x,y)  taken  as  local  coordinates  in  each  bav- 
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BENDING  MOMENT  FACTOR 


PANEL  ASPECT  RATIO,  b/a 


FIGURE  5. 3.2-4  BENDING  MOMENT  FACTOR  CASES  I AND  2 (REF.  4) 


BENDING  MOMENT  FACT 


V - .2  j.  - SMALLER  OF  SPANS  a AND  b 


BENDING  MOMEN-  FACTOR 
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FIGURE  5. 3-2-6 


CASE  A (REF.  k) 


The  use  of  the  plot-ed  or  referenced  tabulated  data  for  computing  bending 
moments  in  the  cover  sheet  or  rib  of  the  panel  arrays  shown  In  Figure 
5. 3.2*3  is  best  illustrated  by  an  example. 

Example:  Consider  it  q the  panel  array  Illustrated  in  F!<j"r-:  F . 3.?- ! , the 

value  of  1*5  is  obtained  for  the  two  panels  with  dimensions  6^  * bj  and 

x and  the  values  of  and  <5^  are.  obtained  for  the  center  bay  so  that 
for  point  A 

My  - (yf  + y^/M  (5.3.2 -kit) 

and  for  point  B 

Mx  - (y2  + V2)qo/N  (5-3.2-Ab) 


where  Jtj 

i s 

the 

sma  Her 

the 

two 

d 1 mens  1 ons 

a2 

and 

bl 

*2 

i s 

the 

sma 1 ' r 

of 

the 

two 

d i mens  I ons 

a2 

and 

b2 

*3 

Is 

the 

sma 1 ier 

of 

the 

two 

d i mens i ons 

al 

and 

b2 

N - 

2 

for 

very  stiff 

r i bs 

. h 

>>  h 
r s 

N « 3 for  very  flexible  ribs,  hr  ' 

Stress  Is  obtained  from  Equations  5.3.2-A  by  use  of  the  simple  expression 

rT  - 6M/h2  (5  3. 2-5) 

o 

where  h is  the  thickness  of  the  cover  sheet  or  rib. 

For  aj  = = a - 6.0  and  bj  = b„  = b = 18.0,  then  from  Equations 

(5. 3.?-ta)  and  (r  3.2-5)  (using  Figures  5-3. 2-5  and  5-32-6  or  Table 
5.3.2-I)  the  cover  she<  t statU  stress  at  the  center  ol  the  short  side 
of  the  center  bay  is  for  N ■*  3 

- 2(0. 056b(t. . 0)2  + 0.05/1  (6. 0 > 2 J < i /h? 

>v  t>  s 

n = R . f 1 11  /h^ 

oy  . s 

T h.-  cover  sheet  static  stress  a • ihe  center  of  the  ! nr.r:  .id.-  ,.t  t ■ center 

isiy  from  Equations  (5  3.?“^h)  and  (5.T  ? 6)  is 

u - 2[  (O.Ohhu't  (f.  1 1 ) 2 * (0  0H:  ■)(!•>  0)?Jq  / h ' 

n - 10. r* 7 ^ f,‘ 

* >y 


>ub 


where  q is  the  magnitude  of  the  uniform  static  pressure  applied  to  the 
surface  of  the  box  structure. 


Design  Procedure:  Rudder  (4)  empirically  established  a design  procedure 

for  estimating  7he  root  mean  square  s cress  response  for  ribs  used  in  box 
structure  configurations,  Rudder  recommended  that  Ballentine's  skin  design 
procedure  (Section  5-3.  1.2)  be  used  to  establisn  the  skin  thickness  require- 
ments if  the  rib  thickness  was  equal  to  or  greater  than  the  skin  thickness. 


Rudder's  box  structure  specimens  were  tested  under  laboratory  conditions 
using  broadband  random  acoustic  excitation.  The  specimens  represented  six 
bo*  structure  designs  with  two  specimens  of  each  design  to  check  repeata- 
bility. The  specimens  were  manufactured  from  7075-T6  aluminum  alloy  with 
the  following  range  of  design  parameters  used 


skin  thickness 
rib  thickness 
rib  spacing 
height 

panel  aspect  ratio 


0.040  inch 
0.020  inch 
7.0  inches 

7.0  inches 

2.0  to 


to  0.063  inch 
to  0.063  inch 
to  10.0  inches 
to  10.0  inches 
4.0 


The  design  procedure  is  as  follows: 

(1)  For  the  box  structure  geometry  and  material  properties  estimate  the 
fundamental  mode  response  frequency,  f],  (m,n,q)  = (1,1,1)  using 
Equations  (5. 3. 2-1)  and  (5. 3. 2-2). 

(2)  Calculate  the  root  mean  square  spectral  density  of  the  acoustic  exci- 
tation for  the  frequency  of  the  fundamental  mode  using 

S (f.)  = 2.9  x 10(L/2°-S * * * 9)  (5. 3. 2-6) 

P 1 

where  L is  the  spectrum  level  of  the  acoustic  excitation 

(3)  Calculate  the  stress  response  of  the  structure  due  to  a uniform  static 
pressure  of  unit  magnitude,  qQ = 1 , at  the  points  of  interest,  F . , using 

the  method  of  this  section  (see  Equations  (5-3. 2-4)  and  (5. 3. 2-5)). 

(4)  Calculate  the  root  mean  square  stress  response  assuming  only  a funda- 
mental mode  response  using 


c 1 


■ -VT 


S (f , ) a . 
p 1 01 


psi 


(5. 3.2-7) 


where  is  the  damping  for  the  fundamental  mode. 

Note:  If  the  box  structure  is  exposed  to  significant  acoustic  excitation 

on  both  sides  then  Equation  (5. 3. 2-7)  must  be  multiplied  by  1.413  (increased 
by  3dB). 


(5) 


Finally,  the  stress  is  obtained  from  the  empirical  relationship 
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(5. 3. 2-8) 


C . = 0.2  45  (o  . )u'k]  ' k s i 

e i ci 

Note:  In  Equation  (5. 3-2-8)  o , is  in  ps i and  the  result  o . is 

in  ksi.  C'  61 

(6)  Finally,  the  fati'jue  life  of  the  cover  sheets  is  obtained  using 

Ballentine's  (10)  fatigue  curve,  Figure  5 - 3 - 2 - 7 , and  the  fatigue  life 
of  the  ribs  is  obtained  using  Rudder's  (k)  and  fatigue  curve  for  rib 
failures,  Figure  F-3-2-8. 

The  procedure  is  best  illustrated  with  an  example. 

Examp  1 e : Consider  a nine  cell  box  structure  with  the  following  configura- 

tion(Tee  Figure  5 • 3 • 2 - 1 ) 

a j = 11.0  inch,  b ^ = 1 2 . 0 inches,  a « 1 0. 0 inches,  b^  = 20 . 0 inches,  d = 10.0  i nches 

n = h = 0.063  inch  . n « 0.080  inch  0h  = 0.063  inch 

1 s 2 s 1 r 2 r 

^ 3 

Assume  that  the  material  properties  are  E - 10. 3*  10  psi,  y = 0.101  Ibs/in  , 
and  v = 0.32. 

From  Equation  (5. 3-2-1)  and  (5. 3-2-2)  the  response  frequency  for  the  funda- 
mental mode  is  79  Hz.  (Box  structure  typically  exhibits  low  fundamental 
frequencies  compared  to  stiffened  plates.) 

From  Equations  (5-3-2-M  the  bending  moment  at  the  center  of  the  short  side 
of  the  center  bay  for  a uniform  pressure  of  unit  magnitude  is  given  by 

My  = [(0.0575)  (10)2  + (0.0575)  (l0)2]/3  = 3- 8A 

To  obtain  the  static  stress  resulting  from  the  unit  magnitude  static  pressure 
one  uses  Equation  ( 5 - 3 - 2 ~ 5 ) - For  the  skin  at  the  middle  of  the  short  side 
(frame  line)  of  the  center  Day  the  static  skin  stress  response  is 

o = (6.0) (3 • 8A) / (0 . 063) 2 = 5805  psi 
and  the  frame  rlange  stress  response  is 

To2  = (6.0) (3-8^j/(0.080)2  = 3600  psi 

For  the  skin  at  the  middle  of  the  long  side  (rib  line)  of  the  center  bay 
t e skin  stress  response  is 

“ , « (6.0) (5-351/(0. 063 ) 2 = 8038  ps- 
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Failure,  N 


BOX  STRUCTURE 


and  trie  rib  flange  stress  response  is 


aok  - (6.0)  (5.35)7(0.063)' 


8088 


ps  i 


For  an  assumed  damping  ratio  of  c » 0.02  an  assumed  sound  pressure  spectrum 
level  of  124  dB,  the  theoretical  rms  stress  response  Is  calculated  from  Equa 
tions  (5. 3.2-6)  and  (5. 3.2-7)  as 


ac;  «=  /79/0.02  x 2.9  * lo^12^20'9)  aQ.  ps i 


o . ■ 0 2889  0 . 

ci  01 


Then,  substituting  for  or  nto  the  above  equation 


oc|  « (0.2889)  (5805)  = 1677  ps i 

0 *=  (0.2889)  (3600)  = 1040  psi 

0 = (0.2889)  (8088)  » 2336  psi 

o_h  - (0.2889)  (8088)  = 2336  psi 


psi 


From  Equation  (5. 3-2-8)  the  estimated  rms  stress  response  based  upon 
empirical  data  correlation  is 


ae  j = 0.245  (1677),M1 
o - 0.2-‘;5(1040) -l41 1 
a - 0. 245(2336) ' ^ ' 

e i 

L } ] 

0 , = 0.245(2336) 

e*4 


5.18 

ks  i 

4.26 

ks  i 

5.94 

ks  i 

5.94 

ks  i 

For  the  skin  stresses  a and  a the  number  of  cycles  to  failure  are 

e 1 e u ~r  /■ 

estimated  from  Figure  5- 3. 2-7  to  be  3f  prox imate ly  1 . 1 * ID'  and  5,0  x 10 

cycles,  respectively.  For  the  frame  and  rib  stresses,  ~ „ and  the  num- 

e / e 4 _ 

ber  of  cycles  to  failure  are  estimated  from  Figure  5 - 3 - 2 - 8 to  be  1.7  * 10' 
and  9-4  10°  cycles,  respectively.  At  a resonant  frequency  of  79  Hz.  The 

minimum  fatigue  life  is  es  t i mu  ted  to  be  17  hours  for  the  failure  at  the 
center  of  the  skin  rib  line  with  the  rib  failure  estimated  at  33  Pours.  The 
skin-rib  thickness  combination  can  be  optimized  by  iter 
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Detail  Ups i - j n Considerations:  For  the  detail  design  of  the  attachment  of 

ribs  -jnd  francs  to  the  skin  for  box  structure  configurations  the  designer 
is  faced  with  the  consideration  oF  certain  details  in  order  to  optimize  the 
design.  The  structural  configuration  is  critical  at  either  the  bend  radius 
of  the  rib  flange,  in  the  skin  at  the  rivet  row  on  the  side  next  to  the  heel 

n!  ..he  rib,  or  the  failure  of  the  skin-rib  attachments. 

The  rib-skin  configuration  used  by  Rudder  to  develop  the  design  procedure 
described  above  is  illustrated  'n  Figure  5-3-2-9a.  If  the  design  procedure 

leads  to  excessive  rib  thickness,  rib  cap  designs,  such  as  illustrated  in 

Figure  5 . 3 . 2 - 9 b , can  be  selected;  however,  the  designer  is  cautioned  that 
experimental  design  criteria  for  these  configurations  is  limited. 

McGowan  (10)  developed  the  first  series  of  design  criteria  for  sonic 
fatigue.  His  experimental  program  was  based  upon  sonic  fatigue  tests 
using  a discrete  frequency  siren  as  the  noise  source  rather  than  broadband 
random  noise  as  is  usually  encountered  in  practice.  McGowan's  methods  have 
proven  to  be  somewhat  conservative;  however,  two  of  his  detail  design 
considerations  have  not  been  refined  to  this  date.  To  consider  the  effect 
of  a doubler  bonded  to  the  skin,  as  shown  in  Figure  5.3.2~9(c),  it  is  sug- 
gested that  skin  thickness  may  be  reduced  one  gage  thickness  below  that 
predicted  by  Rudder's  method.  This  observation  is  for  design  guidance  only 
since  the  designer  must  apply  judgement  to  the  particular  configuration. 

Additional  design  guidance,  as  developed  by  McGowan,  is  presented  in  Figure 
9 . J . 1 10  ior  sizing  the  attachment  Hi, .in  'ter  and  sparing  for  skin-rib  con- 
struction and  Figure  5.3.2-11  and  5- 3- 2-12  present  the  configuration  of 
a lightening  hole  in  the  rib  and  a design  nomograph  for  estimating  the 
fatigue  life.  The  material  used  to  develop  the  nomograph  in  Figure  5.3-2-12 
was  202 4 - T 3 aluminum  alloy  with  the  equivalent  random  fatigue  curve  derived 
as  discussed  in  Section  6.  T he  fatigue  character i st i cs  of  7 0 7 5 _ T 6 material 
are  similar  to  that  of  202^-T3  so  that  Figure  5.3.2-12  can  be  used,  with 
engineering  judgement,  for  aluminum  alloy  materials  in  general. 

Computer  Program:  The  following  computer  program,  as  presented  by  I'uHder  (4) , 

can  be  used  to  compute  the  natural  frequencies  and  modal  amplitudes  tm  the 
skin,  rib,  and  frame  of  a nine  cell  box  structure  ,.s  illustrated  in  Figure 
5. 3.2-1.  The  program  is  listed  in  Table  5. 3.2-2  with  typical  output  format 
listed  in  Table  5. 3. 2-3.  The  alternate  to  using  the  computer  program  is  to 
u se  Cqua  t i on  5 . 3-2-1 . 

Ninu  Fell  liny  Ft  i net  u re  Vibration  Analysis  (BOXVIB) 

Subprograms  Required:  STIFF (SKf I ,J ,K) , MASS (SM , I , J ,k) , F ( N , I , J ) , SGN(k). 

Input  Data  Format  (BOXVIB):  Fi  ve  Cards  per  Data  Case 


3/0 


(rf] 

h m 

nr  *- 

* 

T f ' 

j 

- 

l—  cr  .6 

(c)  Bonded  Doubler  Configuration 

FIGURE  5. 3. 2-9  SKIN-RIB  ATTACHMENT  CONFIGURATIONS  (F  - r II) 
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Attachment 


LftOinoir)  o in  (NOcnrarv^  ld 
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!«T»®  SSWH 


3-t- 


TABLE  5. 3-2-2 

INPUT  ATA  FORMAT  AND  COMPUTER  PROGRAM  LISTING 
FREQUENCY  ANALYSIS  OF  A NINE  CELL  BOX  STRUCTURE 
(CONTINUED) 

CARD  1 


COL  (FORMAT) 

KiA) 

5(12) 

NAME 

I1DATA 

1 O'JT 

CARO  2 


COL  (FORMAT ) 


NAME 


1(12) 

302) 

5(12) 

C(12) 

7(12) 

11(12) 

' 

MS 

MF 

US 

liF 

os 

Of 

CARO  3 


COL  (FORMAT) 

23(E' l-k) 

3A (E 1 1 . A) 

As(cn  .it 

NAME 

A1 

A2 

. . 

81 

B2 

H 

CARO  A 


COL  (FORMAT) 

1 (Ell.lt) 

1 2 (E 1 1 . A) 

23(EH.k) 

3<t(El  1 -It) 



AS (E 1 1 . A) 

NAME 



T1S 

T2S 

CMS 

ES 

PRS 

CARO  5 


COL  (FORMAT) 

1 (Ell. A) 

1 2 (El  1 .A) 

23(01 1 .A) 

3A(E11.A) 

A5(E1! .A) 

NAME 

TIP. 

T2R 

CMR 

ER 

PRR 

NOATA 
I OUT 


HS.MF 

NS.NF 

QS.QF 
A1.A2 
61  ,B2 
H 

T1S/T2S 

CMS 

ES 

PRS 

TIR/T2R 

CMR 

ER 

FRR 


four  digit  data  identification  number 

output  option:  = 0,  frequencies  are  printed  for  each  node 
■=  1,  frequencies  and  modal  amplitudes  are 
printed  for  each  mode 

initial  and  final  values  for  mode  number  m 

initial  and  final  values  for  mode  number  n 

Initial  and  final  values  for  mode  number  q 
length  cf  panel  bays  parallel  to  x-axis  (see  Figure  5. 3-2-1) 
length  of  panel  bays  parallel  to  y-axis  (see  Figure  5. 3-2-1) 
height  of  box 

upper/lower  skin  thickness  (see  Figure  5. 3-2-1) 
weight  density  of  skin  material 
Young's  modulus  for  skin  material 
Poisson's  ratio  for  skin  material 
rib/frame  thickness  (see  Figure  5-3-2-1) 
weight  density  of  rib  and  frame  material 
Young's  modulus  of  rib  and  frame  material 
Poisson's  totio  for  rib  and  frame  materia! 
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TABLE  5. 3.2-2 
(CONTINUED) 

DIMENSION  WK3,3),W2(3r3JfL'(2#3)#V(2,33 
COMMON  A(16),B(7) 

INTEGER  QS,Q 

IN*  l 

IO*? 

00  RE AD ( I N , 105)  NOATA,IOUT 

READCINf  1 1*5)  BS,“,NS,N,QS,n 
PEAD(IN,110)  A1  , A2,B1 , A2,H 
RE  AD ( IN, i 10)  T 1 S * T ? S > G N S , E s , P R S 
READ (IN, HO)  T1R,T2R,GMR,ER,PPP 
05  F0RKATCI4, 72) 

10  FDPMATtbEl 1.4) 

15  FORMAT ( 6 1 2 ) 

A ( 1 ) * A 1 / A 2 
A (?)  * H/ 41 
A ( 3 ) a H/A2 
A(4)«  B 1 / A 1 
A ( 5 ) * P1/A2 
A(*)«  51/E2 
A ( 7 ) s H/Rl 
A ( P)  s P2/A 1 
A ( 9 ) « P2/A7 
A ( 1 0) *H/«2 
A ( 11 ) «T2S/Tl  S 
A ( 1 2) =T2P/TlP 
A(13)=T1P/T1S 
A ( t 4) aGMP/GMS 
A ( 1 5) sEP/ES 

A(16)=(l,0-FpS*PPS)/(l,0-PRR*PRR) 

0.  N * G M S * T ] S * A 2 + P 2 / ) . 5 a 4 ,0 

CK=2,02S35P*ES*T 1S**3/(A2*P2*( 1 .0-°RS+PPS) ) 
CF*0, 15915493*S0RT (CK/CK) 

C 1 * A (1 ) * ♦ 3 
C2*A(6)**3 
C3«2.0*A(lO)**3 
C 4 = A ( 9 ) * ♦ 3 
C 5 * A ( 1 1) * * 3 
C 6 e A ( 13)**3 

P(1)=(J.0+A(H))*(1. 0+2. 0*01+2.0+02+ A. 0*r 1*C2) 

B (2) *C3*A ( 1 4)*A ( 13) 

p C 3 ) = 1 . 0 + 2 . 0 * A ( 1 ) * ♦ 3 
F(^)«C4*(l.o+2.0*A(6)**3)+A(12) 

F ( 5 ) * 1 ,0  + 05 

15  ( £ ) *2 . 0*C6+ A ( 1 5)  * A ( 1 6) 

P 0 210  K a Q S , 0 

hPITE (10,215) 

'•'FTTF  (10,220)  NT'ATA 


TABLE  5. 3.2-2 
(CONTINUED) 

T F r I r ij  T ) 1 ! ft  , 11  6 » i 1 7 

l-PTTT 

? r.  Q e S G k'  ( * ) 

F t * F L 0 A T f K ) 

( i ) 

FM.FI.OAT(I) 
re  20  5 J = GS,f' 

S'M  e?C^  ( J) 

FKxFLPAT(J) 

TALL  STIFF(SK,I,J,K) 

CALL  MAS?  (.Am,  J , J , F ) 

FFFC»CF*SCPT(SK/'?m') 

c K s r>‘  * S M 
S K m c C K * 5F 

IFfiruT)  ? 0 1 ,201/ 1 ? 0 

t-'l  (1/  l)sS*-'M*c;KU*A(l)*A(ft' 

!•.  J f 1 , 2)  « S f,: w * A ( i ) 
k 1 ( 1 , 3 ) « >•  1 ( !»  1 ) 
k i ( 2 , 1 ) = S m N * 4 ( t ) 

:•  1 ( 2 , 2 ) = 1 . 0 n 0 0 0 
k 1 ( ? , J ) s I>  1 ( 2 , \ ) 

u (3,  n « n ( u i ) 

In  1 ( 3 , 2 ) * k 1 ( 1 , ? } 

M C 3 / 3 ) * '-1(1/1) 

ii(1/?)*“Fm*A(3)/FQ 
L-  ( 1 , ! )s  SkM*A  (6)  *U(  1 / 2) 
r ( 1 # 7 ) s l*( 1 , 1 ) 
l' (2,1)*  S*.M  + U(  1 / 1 ) 

V (?,?)*  S f.  M * 1 1 ( 1 , ? ) 

!,'(?,  3)*  s N'M  * 1 1 ( 1 / 1 ) 

v(1,2)=-Fm*A(1«)/F0 

V ( 1 # 1 ) * c K j K ♦ A (1)*V(  J ,2) 

v n , ? ) = v ( t » i ) 

V(?/t)s  S N N * V ( 1 » 1 ) 

V(?,2)*  SNA'*  V(  1,2) 
v(?/3)=  SM/*V(1/1) 

CO  200  11*1/3 
CO  200  J 1 = 1 / 3 
i-: 2 ( J 1 ,T1 ) sSNO*'-1!  ( II  / Jl) 

COM  T Nljff 
GO  to  ^ 0 7 

WF  T TF  ( 10,  ?ft 5)  ! , J / ^ / ?KM,  SUM,  FFFO 
GO  T 0 ?0P 

WRITE  CIO,  225)  !,.J,*,FRFQ 
MPITEd  0/230)  SM",SHM 
WRTTF (10,235) 


r 


205 

210 

215 

220 

225 

230 

235 

240 

245 

250 

255 

260 

265 


TABLE  5. 3. 2-2 
(CONTINUED) 


WRITE(!O,240) 
WRITE  C I 0 , 2 4 5 ) 
WRITE(lr,240l 
WRITE (10,250) 
W P I T F ( 1 0 , 2 4 0 5 
WPITECIO, 255) 
WRITE ( 10,240) 


( ( U 1 ( 1 1 , J t ) , J 1 • 1 , 3 ) , T 1 » 1 , 3 ) 
C :"(I1,J1),J1»1 ,3),I1»1,2) 
((V(Il,Jt),Jl«l,3),I1M,2) 
!(W2(I1,J1),J1»1»3)»J1»1»3) 


CONTINUE 

CONTINUE 

F0RMAT(lHi,7X,45HDVNAMIC  ANALYSIS  OF  A NINE  CELL-BOX  STRUCTURE) 

FORMAT (/,21X,9HDATA  CASE, 16) 

FORMAT (/,3X, 13WM0DE  NUMBER  ( , 12 , 1 H , , 1 2 , 1 H , , 1 2 , 1 H ) , 7X , 

1 1CHFREOUEnCY«,E12.5,3HHZ.) 

FORMAT!/, 3X, 11 M MODAL  M ASS  a , E 1 7. . 5 , 3X , J 6HM0  D AL  STIFFNESSe,F12.5) 
FORMAT!//, 22X,  16HM00AL  AMPLITUDES,/,  16X,  1 9 H U P P E R COVER  SWEET 
17HM  (I,  J)) 

FO°MAT(10X,F12.5,2X,E12.5,2X,F!2,5) 

FORMAT!/, 23X, 13HRIBS  - U<I,J)) 

FORMAT !/,23X,  13HRIBS  - V(1,J)) 

FORMAT!/, 17X,27HL0WEp  COVER  SHEET  - *2(1, J)) 

FORMAT C/,6X,7H(M,N,G),3X, 12HM0DAL  STIFR.,2X, 

1 1 1 HMODAL  MASS, 2Y, 14HFRE0UFNCY,  HZ.,/) 

FORMAT  !6X,  1H(,  IS  , lH,,n,!H,,Il,lH),2X,Fl2.6,2X,E12.5,2X,F12.5) 


r.o  TO  ioo 


E N 0 


SUqROUTINE  STIFFCSK, I, J,K) 

COMMON  A!16),B(7) 

IJ«I*I*J*J 

CIJ«FLOAT(TJ) 

F22*F(9,I, J) 

SKF*?.0+CA!l)*FCB,!,J)+A(6)*F(5,I,J)+2.0+A!l)*A(fi)*F(4,l,J))/F?2 

S K F * 1 . O + SKF 

RKF«!F(3,I,K)+2.C*A(1)*F(2,I,K))*A(10)+ 

1(F(10,J,K)+2.0*AC6)*F(7,J,K))*A(3)+AC12)**3 

SK»CIJ*(P!?)*E?2*SKF+B(6)*RKF) 

return 

END 


FUNCTION  P C N , I , J ) 

Common  A ( 1 6 ) , 6 !.  7 ) 
pl3(FL0ATCI)/FLCAT(J))*A(M) 
P *R 1 + 1 . 0 / R 1 

F r R ♦ R 

return 

pNO 
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TABLE  5. 3.2-2 
(CONCLUDED) 


SUBROUTINE  MJkSS($M,I,J,K) 
COMMON  A(16)»B(7) 

C 1 ■FLOAT  (D/FLOAT  (J) 

C?«FLOAT(J)/FLOAT(K) 

FN«B(3)+B(A)*C1 *01 
SM«5  ( 1)  +P  (2) 

PF  TURN 
OP 


FUNCTION  SGNCK) 
C»1 .0 

DO  5 I * 1 > K 
C*-C 

5 CONTINUE 
SGNsC 
RETURN 
END 
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5.3.3 


WEDGE  STRUCT!  IF 


Wedge  structure  is  t pical  of  aircraft  control  surfaces,  such  as  ailerons, 
trailing  edge  of  f la  elevators,  and  rudders.  The  presentation  here  Is  a 
very  simplified  appr  iach  to  a complicated  structural  dynamics  problem  as 
described  by  Rudder  !)  The  result  is  a simple  design  equation  for  esti- 
mating the  natural  frequencies  of  such  structure,  Clarkson  (2)  Indicates 
that  wedge  structure  exhibits  stress  response  similar  to  that  exhibited  by 
box  structure  so  that  until  reliable  exper Imenta 1 data  are  available  the 
methods  of  Section  5-3-2  can  be  used  as  a tentative  design  procedure  for 
estimating  stress  response  with  frequency  estimates  obtained  using  the 
results  of  this  section 


5 - 3 . 3 • 1 Nota  t i on 


mnq 

lV2\ 


The  notation  used  in  this  se  ion  is  as  follows: 
a Radius  of  sector  shaned  rib  {Figure  5.3. 3-lb),  Inches 

b Rib  spacing  (Flquie  5.3.3-la),  inches 

t Young's  modulus  of  cover  sheets  and  ribs,  psl 

f Natural  frequency  of  (m,n,q)th  mode,  Hz 

Thickness  of  wedge  structure  cover  sheets  (Figure  5-3-3-la) 
Rib  thickness,  inches 
Integral  evaluated  in  Table  5-3-3-1 
Modal  t.  i f f nr-v_.  of  (ni,n,q)th  mode  (Fqn.it  Ion  5.3-3"?) 

Modal  mass  of  (m,n,q)th  mode  (Equation  5 • 3 - 3~ 3 ) 

Mode  number  for  Xj,  x,,,  and  r directions  (Figure  5. 3. 31) 
Mode  number  for  y direction 
Mr.  de  number  for  ft  direct  inn 
Radial  di  dance,  Inches 
2.in  , I in  hes 


mnq 


mnq 


Half  angle  of  sector  rib,  radians 
Weight  di  nsity  of  ■ rurture  moti  i id 
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5 . 3 • 3 • 2 r stimatlon  of  Natural  Frequencies 


The  configuration  of  a three  cel!  wedge  structure  it  Illustrated  in  Figure 

5.3.3- la,  with  the  geometry  and  nomenclature  for  a rib  Illustrated  in  Figure 

5.3.3- lb. 

Per ivat ion:  The  modes  of  the  cover  sheets  are  described  in  terms  of  the 

number  of  half  sine  waves  of  the  mode  in  the  plane  of  the  cover  sheet  using 
the  mode  numbers  (m,n).  The  modes  of  the  rib  are  described  in  terms  of  the 
number  of  node  lines  In  the  circumferential  direction  by  the  mode  number,  n, 
and  by  the  number  of  node  lines  In  the  radial  direction  by  the  mode  number, 
s.  V,K.  ..  1 ; ib  ..ode  J, ciw  : 1 ‘uoci -led  in  : i j':.  . 2. 

For  structural  modes  symmetric  about  the  x-y  plane  (see  Figure  5 • 3 - 3 ~ 1 ) and 
Imposing  a zero  shear  condition  at  the  Intersection  of  the  cover  sheets  and 
ribs  (i.e.,  the  rib-skin  intersection  Is  assumed  to  remain  perpendicular 
during  deformation),  the  frequency  of  the  (m,n,q)th  mode  is  given  by  the 
express  Ion 


mnq 


mnq 


i*T!  H 


q “ 1,3,5...  Hz 


(5. 3. 3-1) 


mnq 


Assuming  that  the  cover  sheets  and  ribs  are  manufactured  from  the  same 
material  and  that  the  ribs  all  have  the  same  thickness  and  are  equally 
spaced,  the  expression  for  the  modal  stiffness  Is 


"?D 


1 3 ['  ♦(*)'  )WV-> 


mnq 


(5.3. 3 -2) 


I s/ 


M7F ■)  \^j  (F2)[(nm)  + + + k(|~)  + *[($£)  ->]  |J 


and  the  expression  for  the  modal  mass  is 

,h  h 


M » -r-  n .. 
lilt  1 4 H I 


ab.  |3  (l  + 'k  + _rL.{!l)2(i.  jn l—,-  T 1 (A. 3. 3-3) 

i * ,11  - i I U U,  - / V C J I 

Is  1 5 1 2 (mi) 


where  ,0  = t h"Vl2(l-v  ) 

is  Is 


r,  = '’era 


<’i  = Y lh5/S 


Tabulated  values  of  the  Integral 


m 


— -r  f isln2  (2^r)  dr 
( 7i  m ) o 1 d 


38? 


required  to  evaluate  K 


ore  presented  In  Table  5.3.3"' 


mnq 


TABLE  5- 3. 3"l 
l/A!  lit  G OF  THE  INTEGRAL  I 

in 


- ■ - -1 
m = 

— 

i 

2 

3 

4 

5 

1 « 

_ 

0.24699 

0.07888 

0.03958 

0.02408 

0.01632 

Example  : Calculate  the  first  few  natural  frequencies  of  a three  cell 

wedge  structure  for  the  following  data 

h ■ h * h « 0 050  inches 
Is  2 s r 

a = b 10.0  inches 
a = 11.46  degrees  (0.2  radian) 

Y = 0.101  lbs/in3  E = 10.3  ■ 106  ps i v - 0.302 

Then,  uslny  the  computer  program  following  this  example  or  using  Equations 
(5.3. 3*2)  and  (5. 3.3-3)  the  first  few  response  frequencies  are 


mode  number 

f , lin 

mode  number 

f 

(m,n  ,q) 

mnq 

(m,n,q) 

mnq  ’ 

(1,1,1) 

134 

0,3,0 

530 

(1,1,3) 

298 

0,3,3) 

964 

0,2,1) 

298 

(2,1,1) 

261 

0,2,3) 

611 

Computer  Program:  The  computer  program  for  calculating  the  natural  fre- 

quencies and  modal  amplitudi  for  the  ribs  and  skin  of  a th.  ce-nell  wedge 
structure  Is  presented  below.  The  computer  program  is  listed  in  Table 
5. 3- 3-2  and  typical  output  Is  listed  in  Table  5 . 3 • 3 _ 3 - 

RfFFRENCFS  FOR  SECTION  5.3.3 

1.  Rudder,  F.  F,;  "Acoustic  Fatigue  Re.  I stance  of  Aircr.it t Structural 
Component  Assemb  1 1 es  , " AFFDL-TP.-  / 1 - 1 07 , Air  Force  Flight  Dynamos 
laboratory  Wr  i ,|h  t.  - Pa  t terson  Air  Force  Base,  Ohio,  1971. 

1 larkson,  B.  I..;  "Stresses  In  Skin  Panels  Subjected  to  Random  Acoustic 
loading,  Al ML  TR-67' 1 99 , Air  I or  e.e  Hal  ri.ds  I a bora  t oi  v . Wright- 
I. it terson  Air  l orce  Base,  nhio,  June  1 3t . 7 . 


3i’>3 


.1  2 .3  .4  .5 


.6  .7  .8  .9  1.0 


r/a 

MODE  (1,1,1) 


FIGURE  5 . 3 . ^ - 2 TYPICAL  RIB  MODE  SHAPES  FOR  A WFDGE  STRUCTURE 

(RE  i . I ) 


TABLL  3- 3-3^2 

INPUT  DATA  FORMAT  AIID  COMPUTER  FROGRAM  I STING 
FREQUENCY  ANALYSIS  OF  A THREE  CELL  WEDGL  STRUCTURE 
Subprograms  Required:  SGN(K)  (CONTINUED) 

Input  Data  Format  (WDGVIB):  5 Cards  per  Oats  Case 

CARD  1 


COL  (r ORKAT) 

7(12) 

9(12) 

1 1(12) 

13(12) 

15(12) 

NAME 

NDATA 

MS  1 

MF 

NS 

NF 

QS 



QF 

CARD  2 


COL (FORMAT) 

1 (EI0.it) 

L 

1 1 (310, A) 

21  (E10.il) 

31  (E10.il) 

NAME 

A1 

B! 

B2 

ALPHA 

CARD  3/A 


COL (FORMAT) 

1 (EIO.A) 

1 1 (E  10.  A) 

21  (E10.it) 

31  (EI0.it) 

NAME 

T1S/T2S 

GM1 S/GM7S 

EIS/E2S 

PR1S/PR2S 

CARD  5 


COL (FORMAT) 

1 (E10.il) 

11  (E10.it) 

2 1 (E 10. A) 

31 (EIO.A) 

NAME 

TIP 

GhR 

ER 

PRR 

NDATA 
MS  , MF 
NS.NF 
QS.QF 

A1 

B1/B2 

ALPHA 

T1S/T/S 

GMIS/Ghl'S 

t i j . i < 

PR1S/PR2S 

HR 

GMli 

ER 

PRR 


four  digit  data  Identification  number 
Initial  and  final  values  for  mode  number  m 

Initial  and  final  valuts  for  mode  number  n 

Initial  and  final  values  for  mode  number  q 

NOTE:  only  odd  values  of  q are  considered.  QF  5- 

radius  of  rib 

rib  spacing  (B3  » Bl:  see  Figure  5.3.3~lb) 

TOTAL  wedge  angle  In  DEGREFS 

thickness  of  upper/lower  cover  sheet  (see  Figure  5-3-3“lk>) 
weight  density  of  upper/lower  cover  sheet  material 
Young’s  modulus  of  upper/lower  .over  sheet  material 
Poisson's  ratio  of  upper/lower  cover  sheet  material 
thickness  of  rib 
weight  density  of  rib  material 
Young's  modulus  of  rlh  material 
Poisson's  ratio  of  rib  material 
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TABLE  5. 3. 3-2 
(CONTINUED) 


00 


THJC  pPOE-RAf  tVAL NATES  THE  HPr>AL  HASP  AND  STIPFNPSS, 
FRFOLt.tJCY  AM-1  P 0 O F SHAPES  F'F  A WEDGE  STRUCTURE 
D I r I A.  S I ON  A ( 7 2 ) , F (6),W(2,3),V(?0»4) 

UFAl  IP(iO) 

IKTEE-FP  n,  OR  f QE  , 0H1D2 
TN«  1 


10*2 

Tt*  ( P ■ . 2<lf  °9 
If. (25  ».P7B»>» 

If (3)«.C3°BR 
IP(A)*,02AOB 
If (5) ». 01032 

BEA0(IM,I00)F!DMNM5,HFfMS,NF,08,0F 

RE  AC  ( IN,  1 01  ) A l ,1‘  1,  02,  ALPHA 

ALTHA  > . P0fl72fi6*Al  l'"A 

PF  AD(IK» 1 Ot)T J S, r’nS,F 1 S,PP1S 

PE  AC  (IN,  101)T?R,r,M2S,L?S,PP2S 

PE  ACUN  , I o n T 1 P,  OfR  , E R . fPR 
A ( 1 ) = 2,*A(.PHA*A1/B? 

a(2)»B1/p? 
a ( 3 ) " A 1 / P 2 


A(A)cA1*(*2 
a ( F ) = A ! /!'  1 
A(ft)*A(l)**3 

A ( 7 W lR«TlS**:/fl.“pRlS*PP15)/12> 
A { P ) = t ?S*T2S**3/(1 .-PR2S*PP2?)/1?, 

A ( O ) r E R ♦ T 1 P * * 3 / ( 1 . - P 0 R * P P H I / l 2 . 

A ( J 0)  b(?M1  S*T  1 S 
A ( 1 1 1 *A (10)* A < A) /1B4A . 

A ( 1 2)  t t , + GHPS*T2r-/A  (10) 
A(13)*a{|2)*(P.*a(?)+1.)*A(11) 

A(1A)sPER*T1R/A('0)*A(6)+A(1I) 

A(lH)=?A.;r:227*A(7)/A(A) 

A ( 16) u (1 . +A («)// (7) ) *A (IB) 

A ( 17)  « ( Al  ! H A / I ,’.)707PS)«*2 

A(iP)=A(n)/Af7)*A(l)*A(17)*A(lB) 

A ( 1 !> ) k 7 . * A ( t A ) / A ( 2 ) 


A ( 2 ' a 2 . / A ( 1 7 ) 

A (T 1 ) k ( 1K , +P . *PRP) 

A ( 2 2 ) * 2 .♦■'(■.!  0 ) 
r ■ * p - >.  > . .■*  a 
i (f ) 


P,» 


CQPX  MWLE-i 


U&i; 


c [. 


rnr> 


n(\ 

; nr 


20  ' 


TABLE  5. 3. 3-2 
(CONTINUED) 

F »•  C FI  OAT  T' ) 

H* F H 

PIt',DAt3.1A15n*rM 
0 0 2 0?  NeS'SjHF 

SW^SOF'll.) 

FKcFLO*T  Cf-'T 

FFi?pFN*FR 

FHOFF'*FM/FN 

F(l)*((FM0FN/A(5)  + A(0)/Fk'0FI'O**2}*An'?I 
F(';,)»((FI'0FN/'A(.V>  + A(:T)/FRGFN)**2)*A(16) 

F(T)«Ftl)+F'2) 

DO  201  Q'C5»OF,2 
t- H 1 D 2 « (0..D/2 
SN(5  ■SON  ( Q ) 

SNCHJ»PGN{W  V) 

fcpfloat  c & t 
fc?«fq*fo 

F(<n*(  i'At?0)«F02-P.  )**?)* 

F ( r>)  ■<< . 8fi<359*F',2-»  ‘ (?1 ) + A ( 2?)  *F02 

F(fi)«4f)fT)*CF(0+F(5))/Fn? 


SKF'T  f>?*F  1.2*  (F  ( T)  + F (6)  ) 

ji-M,  ( i r 3 0 306A/FH?)*A  ( 1 A)  *FF'2/F02  + A t 11) 


FRF  QaSOKT  ( SKM./SHN)  / 6,2P31  B 
N{1»1)«SNK*4(2) 


Mli?)=l. 

hCl#3)»WCl*l) 

w(2.  n«-w(i . i) 

V (?.,?)*- 1 . 

W(2c3)-i*<2»1) 

.'!  ’ A 1 R a 1 , 20 
S«F.  .1#  II  FT 
„•  0-.*R 

t/  • .i  , *Al.  Pi'  *FN/FQ*R*  A (3) 

' - SI  F ' RT'D  A*R ) 

■ if  ■ »»«  COf,*OMpRA 

» ' .,?)sCQN»PNPRA 
liVUR.l) 

I . , A ) » V T T R i 2 ) 

k f 1 1 r n o , 2 1 s ) 

W (V  I T f i In, 2?0)NnAT  A 

VJ R T T r t I0,2?5)N»N,QrF«EP 

WRIT  UC,?70)Sf'H,SKU 


r ■"*  *■ 


il  fVtf 

l !«W* 

■n 


3BB 


TABLE  rj.  3.  3-2 
(CONCLUDED) 


WPIH  ( fO,?3b) 

N E II  r ( 1 0 , l £ P ) f 1 f J ) . J * 1 1 3 ) 

i-  Dili  ( 1 n,;> J'J> 

y E T T I ( I n , ? t 0 1 ( W ( p , j ) , j ■ 1 , 3 ) 

WRITE ( 10,2^0) 

no  non  i * i , ? o 

p.rLOAT ( j ) 

p ■ . C ■ * R 

?fif.  i;witi;(io,2<U)  (R,  (V  r i,  j) , J«i , J)) 
r o j rcMT’Mii 
?0P  COM  I 'HU 
203  CC  T PM'E 
r-0  TO  ?0  0 
IOC  FORMAT  (I  4,  6 1?) 

105  E OP  »MT(4E10. 4) 

?lb  FORMAT  ( ! 'U  , 1 1 X , 37MnY1',AHir  ANALYSTS  OF  A WEDGE  STRUCTURE) 

220  FORMAT  (/,'2Y,RHnATA  C'SE,T5) 

??5  FCRMAT(/:iX,  IJMIoOE  NUMBER  (,  12,  1M,  , I?,  1H,  ,12, 1H)  ,E>X,  1 OHEREOUENC Y * , 
If  12. E, AH, H 7.1 

230  FORfAT (/3X, HfH'cnAl  " ASS  = , I 1 ? . S , 2X , l AHMOD AL  ST  I FFUESS* , E 1 ? . 5 ) 

23S  FORMAT  (//20X,  1 6H"0DAI  AHPL  TTUDE  S, // 1 6X , 26HIJPPF.R  COVER  SHEET  - W(i, 

1J) ,/) 

? 4 0 fCMiATf 10X,riP.S,2X,Ei2.b,ox,tl2.5) 

? A 1 FC''RMAT(Er',2,^X,AFl?.S) 

24  Ei  FORMAT  f//lSX,?6HLUwEp  COVFR  SHEET  * 2(2, J),/) 

PSO  E 0 ri M A T ( / / 1 / '«  , 2 ? I ! S l C T 0 U PI  AT l.  S - V ( I , ,1 ) , f \ 1 X , SHSECTOR , 6X , *HSL C TOR  , 6 
IX , 6HS E CTOH, 6y>SH S ECTOR, /. 'X, 3 HR/A,SY, PH PLATE  MO, 4X, SHPLATE  NO, 4X, RH 
2 PI.  ATE  M 0 , 4 X . S II F L * T E:  NO , / 1 3X,  1 H 1 , 1 1 X , J HP , 11  X , 1 H3,  1 1 X , 1 H4 , // ) 

Ef.n 


FUNCTION  SGN(K) 

c * i , o 

no  e:  i - 1 , k 

r«-c 

S C 0 M T I N 1 1 F 
S G N * r 
P t T u F.  N 
E N 0 


w •«,* 


»il  J 


T8r) 


TABU  b.3.3-3 

FREQUENCY  ANALYSIS  PROGRAM  OUTPUT 


DYNAMIC  ANALYSIS  OF  A lU'DGE  SliLit-TURE 
UAlA  CaSL  2GQ0 


MODAL  MA5b=  0.1‘Jb22t-u2  MODAL.  STIFFNtSS=  Q,b24iQE*0H 


MODAL  AMPLITUDES 
UPPER  CO\jt"  SHEET  - Wilijl 
-0.10000L+01  O.lyOuOE+Ul  -0„ l0Un0E+0l 
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5.3.4  HONEYCOMB  SANDWICH  PANELS 


Sonic  fatigue  design  criteria  for  honeycomb  panels  was  first  established 
by  McGowan  (l)  and  later  refined  by  Ballentine  (2)  for  conventional  bonded 
aluminum  honeycomb  core  and  facing  sheet  configurations.  Recently,  Holehouse 
(3)  has  presented  sonic  fatigue  design  criteria  for  diffusion-bonded 
titanium  structure.  The  results  in  this  section  are  concerned  with  flat 
panels  with  the  effect  of  curvature  discussed. 

For  honeycomb  panels,  the  fundamental  mode  response  of  the  panel  is  the 
lowest  frequency  mode.  Ballentine  (2)  reported  that  certain  of  his  panel 
designs  exhibited  two  (1,1)  type  modes  the  lower  frequency  mode  having  mode 
lines  very  close  to  the  fastener  row  and  the  higher  frequency  node  having 
node  lines  formed  near  the  shoulder  of  the  bevel  where  the  tapered  edge  begins. 

For  honeycomb  panels,  three  types  of  sonic  fatigue  failure  can  be 
expected.  The  most  common  type  of  failure  is  at  the  edge  of  the  panel  at 
the  center  of  the  long  side  with  cracks  forming  around  the  fastener  holes. 
Facing  sheet  failures  are  also  experienced  with  the  failures  occurring  at 
the  mid  span  of  the  long  side  of  the  panel.  Finally,  core  shear  failure 
can  occur  near  the  edge  of  the  panel  at  a location  of  20%  to  30%  of  the  panel 
short  dimension. 


5.3.**.  1 Notation 


Ld’L 


S 

vfn> 


Y 

C 

v 


n 

'“'c 

n 


Short  dimension  of  panel,  inches 

Long  dimension  of  panel,  inches 

Young's  modulus  of  facing  sheet  material,  psi 

Fundamental  mode  frequency  of  honeycomb  panel,  Hz. 

386.4  in/sec^ 

Facing  sheet  thickness,  inches 

Core  thickness,  inches 

Edge  doubler  thickness,  inches 

Total  edge  thickness  (see  note  on  Figure  5. 3. 4-1),  inch 
Frequency  parameter  for  Honeycomb  panels  (see  Figure  5. 3-4-2) 

Edge  doubler  width  parameters  (see  Figure  5. 3. 4-1 ), inches 
Edge  attachment  spacing  (approximately  20  h ) 

Spectral  density  of  acoustic  pressure  (psi)/ 

Weight  density  of  facing  sheet  material,  lbs/in^ 

Fundamental  mode  damping  ratio 
Poisson's  ratio 

3 

Core  dens i ty,  lbs/ft 
Rms  stress,  ks i 

Stress  due  to  a uniform  static  pressure  of  unit  magnitude 
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This  section  presents  design  equations  and  nomographs  for  est  mating  the 
I unJuiiiv.il  cu  1 inod'J  f rnqn.nrv’Vi,  stress  response  end  fatigue  life  of  flat  honey- 
comb panels  with  aluminum  core  and  facing  sheets.  Details  of  the  structural 
configurations,  test  techniques  and  response  data  can  be  obtained  from 
Ballentine's  original  report  (2). 


The  methods  presented  here  were  developed  by  Ballentlne  from  laboratory 
sonic  fatigue  tests  of  30  honeycomb  sandwich  panel  designs  with  two  speci- 
mens of  each  design  tested  simultaneously  to  check  repeat! bl 1 1 ty . The  range 
of  honeycomb  panel  design  parameters  considered  In  this  experimental  program 
were  as  foil ows : 


facing  sheet  thickness  0.008  Inch  to  0.0^0  Inch 

doubler  thickness  0.015  Inch  to  0.090  inch 

core  thickness  0.25  inch  to  0.82  Inch 

edge  thickness  0.025  inch  to  0.115  Inch 

overall  specimen  size  21x21  inches  to  37  * 61  Inches 

aspect  ratio  1.0  to  1.7 

For  the  sonic  fatigue  tests  broadband  random  noise  was  used  to  simulate 
the  service  loading. 

Ballentlne  (2)  also  considered  aluminum  alloy  closure  pans,  tapered  doublers 
and  crushed  cone  edges  with  no  significant  change  In  response  frequency, 
stress  response,  or  fatigue  life  observed  as  compared  to  the  basic  design 
using  constant  thickness  doublers,  machined  core  edges,  and  fiberglass 
edge  closure.  The  honeycomb  panel  geometry  and  nomenclature  are  presented 
In  Figure  5. 3 • 4- 1 . 

5. 3-^-2. 1 tstimatlon  of  Natural  Frequencies 

By  correlating  experimentally  determined  fundamental  mode  response  fre- 
quencies with  a simple  Rayleigh  frequency  anal /sis  for  a honeycomb  anel, 
Ballentlne  (2)  presents  a simple  design  equation  for  determining  the  funda- 
mental mode  response  frequency  of  a honeycomb  panel  with  tapered  edges  as 

f n = K(h  + h ) la'  Hz  (5.3.A-1) 


where  K Is  a function  of  panel  aspect  ratio  arid  is  presented  in  Figure 
(5. 3. h-1). 


This  analysis  assumes  that  tin-  pane!  response  is  linear  and  that  the  flexural 


rigidity  of  the  panel  results  totally  from  the  facing  sheets 
density  Is  assumed  to  be  equal  to  or  greater  than  2.0  Ibs/ft 


3 


The  core 
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Note:  M Is  edge  thickness 

wi th  meta 1 pan  inly 


0 


2.0 


2.5 


3.0  3.5  't.O  li.5  5-0 


F I CURE  5-3 


\ .5 

PANEL  ASPECT  RATIO,  b/a 


i»-2  NOMOGRAPH  FOR  FUNDAMENTAL  MODE  RESPONSE 

FREQUENCY  OF  A FLAT  RECTANGUL/'.R  HONEYCOMB 
SANDWICH  PANEL  (REF.  2) 


Example : For  an  aluminum  honeycomb  panel  with  the  following  dimensions 

ca  tout  ate  the  fundamental  mode  response  frequency. 


a = 21.0  inches,  b = 21.0  inches, 
core  thickness  = 0.25  inch 

facing  sheet  thickness  = 0.025  inch  , 

Assume  that  the  core  density  is  greater  than  2.0  Ibs/ft  . 

r* 

From  Figure  5-3-4-2  the  value  of  K for  b/a  = 1.0  is  3 * 103.  Then,  from 
Equation  (5-3-4-1)  the  fundamental  mode  response  frequency  is  estimated  to 
be 

fn  = (3.0  x 105)  (0.025  + 0.250)/(2l)2  Hz 
f,,  « 187  Hz 

5 . 3 • ^ • 2 . 2 Edge  Stress  Criteria 


The  most  common  type  of  sonic  fatigue  failure  for  honeycomb  panels  is 
failure  at  the  center  of  the  edge  of  the  long  side  of  the  panel  at  the 
attachment  line.  By  correlating  sonic  fatigue  strain  data  Ballentine 
developed  an  empirical  design  equation  for  estimating  the  root  mean  square 
edge  stress.  This  design  equation  is 


o - 1 .46  * 10“3  (^3-) 


I /A  a0,5,h°‘5(b/a)1 ,01Sp(fn) 

h,-51?°-38[3(b/a)2  + 3(a/b)2  + 2]°-57 


ksi  (5. 3. 4-2) 


For  aluminum  alloys  Ballentine  assumed  (Eg/y) ^ = 445  so  that  the  above 
design  equation  becomes 


a°-51h°'5(b/a)1-01Sp(fn) 

°'65  hl-5V-3n3(Wa)2*3<a/b)2*2]0-57  k5i 


(5. 3. 4-3) 


Equation  (5. 3-4-3)  was  used  to  develop  a design  nomograph  for  estimating 
the  magnitude  of  panel  edge  stresses.  The  failure  data  observed  by  Ballentine 
are  also  included  so  that  estimates  cf  the  panel  fatigue  life  can  also  be 
accomplished.  This  honeycomb  panel  edge  stress  design  nomograph  is  presented 
in  Figure  5. 3-4-3- 


5-3-4. 2. 3 Facing  Sheet  Criteria 

In  addition  to  establishing  the  edge  thickness  for  the  honeycomb  panel,  it 
is  a i so  required  to  establish  the  facing  sheet  thickness  so  that  the  entire 
panel  design  meets  the  desired  fatigue  life.  Ballentine  developed  an 
empirical  design  equation  for  estimating  the  root  mean  square  facing  sheet 
stress  response.  This  design  equation  Is 
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EYC 


, o ,n-3  ,r  > \>A  a0-^6!?^^)]0’73,.  tc  \ 

'•8x,°  (E9/y)  Ko.73;or2-3~o~rsp(fn) 


ksi 


(5. 3. 4-4) 


F (b/a)  = (b/a) [ (b/a)2  + v]/[(b/a)  + l]3/2 

For  aluminum  alloys  Ballentine  assumed  (Eg/y)  = 445  so  that  the  above 
design  equation  becomes 


o = 0.80 


a°-WtF(b/a))0'73 
h6.?3h6.23  0.3« 
c 


s 

p 1 1 


ksi 


(5.3. 4-5) 


Equation  (5. 3.4-5)  was  used  to  develop  a design  nomograph  for  estimating 
the  magnitude  of  panel  facing  sheet  stress.  The  facing  sheet  failure  data 
observed  by  Ballentine  are  also  included  so  that  estimates  of  the  panel 
fatigue  life  can  also  be  accomplished.  The  honeycomb  panel  facing  sheet 
design  nomograph  is  presented  in  Figure  5-3. 4-4. 

The  edge  stress  criteria,  the  facing  sheet  criteria,  and  the  response  fre- 
quency criteria  must  be  used  together  to  establish  an  optimum  panel  design. 
An  example  will  illustrate  the  design  procedure. 

Example:  A flat  aluminum  alloy  honeycomb  sandwich  structure  Is  required  to 

withstand  an  estimated  service  environment  noise  spectrum  level  of  130  dB. 
The  design  life  is  5X10“  cycles,  the  damping  is  assumed  to  be  (£.019,  the 
panel  width  is  20.0  inches  with  an  aspect  ratio  of  1.2.  The  honeycomb 
core  depth  is  0.45  inches.  Determine  the  panel  edge  thickness  and  facing 
sheet  thickness  for  this  design  life. 

g 

Using  Figure  5-3. 4-3,  one  begins  with  the  service  life  of  5X  10  cycles  and 
proceeds  through  the  nomograph  as  Indicated  by  the  path  to  determine  an 
edge  thickness  of  0.064  inches.  Using  Figure  5. 3. 4-4,  as  indicated  by  the 
path  on  the  figure, the  facing  sheet  thickness  Is  determined  to  be  0.015 
i nches . 

Using  Equation  (5.3.4-!)  and  Figure  5.3. 4-2,  the  fundamental  mode  response 
frequency  is  determined  to  be 

fn  = 2.5  x 105  (0.015  + 0.45)/ (20) 2 = 290  Hz. 

The  spectrum  level  of  130  dB  is  checked  to  see  if  it  corresponds  to  the 
response  frequency  of  290  Hz.  It  may  be  required  to  iterate  the  solution 
to  optimize  the  design. 

From  this  example,  it  is  indicated  that  the  required  edge  thickness  is  0.064 
inch  and  that  the  required  facing  sheet  thickness  is  0.015  inch.  The  edge 
thickness  is  the  sum  of  the  facing  sheet  thickness,  the  edge  doubler  thick- 
ness, and  if  a metal  closure  pan  is  used,  the  pan  thickness.  Assuming  that 
the  panel  in  this  example  used  ffbergiass  edge  closure  the  doubler  thickness 
i s 
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h . - h - h,  - 0.064  - 0.015  -0.049  Inch. 

a e T 

To  obtain  an  optimum  length  for  the  doubler  one  usesV-v&4  criteria  Indicated 
in  Figure  5. 3.4-1 . 

5 . 3 • 4 . 3 Design  Criteria  for  Diffusion  Bonded  Titanium  Honeycomb  Panels 

This  section  presents  equations  and  nomographs  for  estimating  the  funda- 
mental mode  frequency  and  edge  stress  response  and  fatigue  life  of  flat 
honeycomb  panels  with  titanium  core  and  facing  sheet  material.  The  joining 
system  considered  is  a "Liquid  Interface  Diffusion"  (LID)  bonding  process. 

The  methods  presented  in  this  section  were  developed  by  Holehouse  (3)  from 
laboratory  sonic  fatigue  tests  of  ten  panel  designs.  The  range  of  honey- 
comb panel  design  parameters  considered  In  this  experimental  program  were  as 
fol lows : 


facing  sheet  thickness 
doubler  thickness 
core  thickness 
edge  thickness 
overall  specimen  size 
aspect  ratio 
panel  area  density 


0.005  inch  to  0.020  inch 

0.012  inch  to  0.020  inch 

0.125  inch  to  0.50  inch 

0.022  inch  to  0.060  inch 

18.5  * 25.25  Inches 

M6  , 

0.25  to  1.25  lb/ft2 


For  the  sonic  fatigue  tests,  broadband  random  noise  was  used  to  simu- 
late the  service  loading.  The  honeycomb  panel  geometry  and  nomenclature  are 
presented  in  Figure  5. 3. 4-1.  Details  of  the  structural  configurations, 
test  techniques,  and  response  data  can  be  obtained  from  Holehouse1 s original 
report  (3). 

5. 3. 4. 3.1  Estimation  of  Natural  Frequencies 

By  correlating  experimentally  determined  fundamental  mode  response  frequen- 
cies with  the  results  of  a finite  element  frequency  analysis  of  the  structural 
design,  Holehouse  (3)  obtained  a simple  design  equation  for  the  fundamental 
response  frequency  of  a flat  titanium  honeycomb  panel  as 

fn  = 2.88  K h0,,9V'913/a2  (5. 3. 4-6) 


where  K is  a function  of  panel  aspect  ratio  determined  from  Figure  5 - 3 - 4—2 
using  the  curves  labeled  "clamped"  and  "simply  supported."  The  above 
result  for  the  fundamental  mode  frequency  was  incorporated  into  the  first 
part  of  a design  nomograph  for  estimating  facing  sheet  stress.  This  nomo- 
graph is  presented  as  Figure  5. 3-4-6. 

5. 3.4. 3-2  Estimation  of  Static  Stress  Response 

The  final  result  of  Holehouse's  analysis  is  to  develop  a prediction  of  panel 
edge  stress  at  the  center  of  the  long  side  of  the  panel  resulting  from  a 
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random  acoustic  excitation.  Using  a single  degree-of-f reedom  analysis 
(see  Equations  (5.2.?-60d)  and  (5.2,2-61)),  the  static  stress  response  at 
this  point  resulting  from  a uniform  static  pressure  of  unit  magnitude  Is 
required.  Holehouse  correlated  basic  panel  parameters  against  analytical 
results  obtained  from  a NASTRAN  finite  element  analysis  to  obtain  an 
expression  for  the  maximum  edge  stress  I r.  a clamped  panel  wj thout  an  edge 
doubler.  The  following  expression  for  the  rtaMc  stress  response  resulting 
from  a uniform  pressure  of  unit  magnitude  Is 

o -3.30xlo'  a2(b/a)°- ^7/(hh  ) (5 . 3-4-7) 

o c 


Equation  (5.3. 4-7)  was  used  to  develop  the  static  str  .s  nomograph  pre- 
sented in  Figure  5*3. ^"5. 

5- 3- 4.3.3  Response  to  Random  Acoustic  Excitation 


Using  a single  deg ree-of -freedom  analysis,  Holehouse  correlated  the  basic 
panel  parameters  and  acoustic  presure  spectrum  levels  to  obtain  an  empiri- 
cal design  equation  for  estimating  the  root  mean  square  stress  response  at 
the  center  of  the  long  side  of  the  panel.  This  design  equation  has  the 
form 


o 


2^.71  So(fM)oo 

f , , P 

[1 .0034  1 .095 


ks  1 


(5. 3.^-8) 


The  relationship  given  in  Equation  (5-3, 4-8)  was  used  to  develop  a dynamic, 
stress  design  nomograph.  Whereas  Holehouse  used  three  nomographs,  the 
development  here  combined  the  frequency  nomograph  with  the  dynamic  stress 
nomograph.  The  result  is  presented  In  Figure  5.3-**-6.  Holehouse  included 
the  results  of  his  sonic  fatigue  failure  data  so  that  fatigue  life  ran 
also  be  estimated  using  Figure  5. 3.4-6. 


t.s  i i ins  ll  for  core  shear  modulus  and  core  density  in  terms  of  the.  core  foil 
thickness  and  cell  size  are  obtained  from  Figure  5.3. ^”7.  Holehouse  (3) 
states  that  the  stress  estimates  obtained  using  Equation  (5. 3.^1  8)  will  be 
applicable  to  joining  systems  other  than  LID,  but  he  cautions  the  designer 
about  using  fatigue  life  estimates  from  Figure  5. 3. 4-6  for  other  joining 
sys  terns  . 

Use  of  the  design  nomographs  are  indicated  in  the  figures.  Note:  The 
validity  of  statistically  correlating  dimensional  parameters,  as  apparently 
done  by  Holehouse,  is  questionable. 

5 . 3 • 4 . 4 Curvature  Effects 

the  consideration  of  sonic  fatigue  design  criteria  for  hone /comb  sand- 
wich panels  with  curvature  is  documented  in  the  literature  from  the  analyti- 
cal standpoint;  however,  very  little  experimental  data  is  available,  to 
obtain  reliable  design  results.  The  basic  configuration  considered  is  n 


4oo 


circular  cylindrical  panel.  Plumblee  (b)  presents  an  analysis  of  cyl in- 
dr i cully  curved  honeycomb  panels  us  Inn  a Ray le Igh-R I tz  method.  His 
results,  although  based  upon  simplifications,  require  a computer  solution. 
Jacobson  (b)  also  presents  an  analysis  of  circular  cylindrical  honeycomb 
panels.  Thompson  and  Lambert  (6)  have  developed  design  equations,  a sequence 
ot  nomographs,  and  a computer  program  for  estimating  response  frequency  and 
stress  for  circular  cylindrical  honeycomb  panels. 
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5.3.5  CHEM-MILLED  PAN  t.LS 


No  data  !s  presently  available  in  the  literature  to  provide  design  criteria 
in  the  form  of  design  equations  and  nomographs  for  chem-milled  panel 
structure.  Sonic  fatigue  failure  of  chem-milled  aircraft  structure  has  been 
reported  in  the  literature  by  Hancock  (1)  and  van  der  Heyde  (2)  has  con- 
ducted a series  of  laboratory  sonic  fatigue  tests  on  chem-milled  panel 
structure.  The  data  reported  by  van  der  Heyde  is  presented  here  for  design 
guidance.  For  more  detail  of  the  test  data  and  test  techniques  the  original 
report  should  be  consulted.  Other  references  to  chem-milled  sonic  fatigue 
data  are  van  der  Heyde  and  Kolb  (3)  and  Berens  and  West  (*0  . 

5. 3-5.1  Description  of  Test  Specimens 

The  chem-milled  test  specimens  used  in  van  der  Heyde1 s sonic  fatigue  tests 
were  manufactured  from  0.175  inch  thick  7075-T6  aluminum  alloy  material. 
Squares  of  the  material  (1.94  inch  by  1 . 94  inch)  were  removed  from  the  sheet 
by  a chem-milling  process  leaving  a skin  of  0.030  inch  and  stiffeners  of  0 . 1 8 
inch  wide  by  0.1A5  inch  high.  rigure  5. 3.5*1  shows  the  details  of  the  speci- 
men construction.  The  pane1  : were  manufactured  according  to  normal  aircraft 
speci f ications. 

5.3.5. 2 Results  of  the  Sonic  Fatigue  Tests 

The  sonic  fatigue  tests  were  conducted  in  the  wide  band  sonic  fatigue 
facility  of  the  Air  Force  Flight  Dynamics  Laboratory,  WPAFB.  The  fundamental 
mode  response  frequencies  of  the  panel  were  determined  using  a loud  speaker 
excitation  source  with  the  node  lines  being  parallel  to  the  panel  edges. 
Static  load  and  dynamic  load  test  were  performed  to  determine  the  panel 
response  to  increasing  static  loads  and  sound  pressure  levels.  The  twenty 
test  specimens  were  divided  into  four  groups  with  five  specimens  in  each 
group.  Each  group  was  tested  at  a different  sound  pressure  level.  The 
damping  ratios  for  the  panel  specimens  varied  from  0.004  to  0.050  at  reso- 
nance. The  results  of  the  acoustic  fatigue  tests  are  presented  in  Table 
5. 3. 5-1.  The  failure  data  for  the  specimens  is  presented  in  Figure  5. 3. 5*2 
and  Figure  5 . 3 • 5 - 3 compares  the  fatigue  life  of  chem-milled  structure  to  that 
exhibited  by  skin-stringer  and  bonded  beaded  structure. 
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FIGURE  5. 3. 5-1  CHEM-MILLED  PANEL  DESIGN  (REF.  2) 


TABLE  5. 3. 5-1  STRESS  RESPONSE  AND  FATIGUE  DATA  FOR 
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FIGURE  5. 3. 5-2  RMS  STRESS  IN  KSI  VERSUS  CYCLES  TO  FAILURE: 
CHEM-MILLED  STRUCTURE  (REF.  2) 


CYCLES  TO  FAILURE 

FIGURE  5. 3. 5-3  RMS  STRESS  IN  KSI  VERSUS  CYCLES  TO  FAILURE 
FOR  CHEM-M I LLF.D , BONDED  BEADED,  AND  SKIN- 
STRINGFR  STRUCTURE  (REF.  ?) 


5-3-6  CORRUGATED  PANELS 


Corrugation  stiffened  panels  arc  typical  of  supersonic  aircraft  and  have 
been  proposed  for  us-:  on  the  NASA  Space  Shuttle  Orbitar.  The  latter  program 
has  recently  caused  a renewed  interest  in  the  sonic  fatigue  design  cri- 
teria for  corrugated  panel  structure.  McGowan's  design  criteria  (l)  for  cor- 
rugated panels  remains  as  the  only  existing  design  criteria.  Recent  results 
of  sonic  fatigue  tests  have  been  reported  by  Baird  (2)  and  by  Rucker  (3,**) 
that  can  provide  design  guidance. 

A limited  amount  of  analytical  work  is  available  for  obtaining  estimates 
of  the  response  frequencies.  Using  an  orthotropic  plate  analogy,  Stroud 
(5)  has  developed  general  expressions  for  smeared  orthotropic  plate  con- 
stants suitable  for  use  in  the  methods  described  in  Section  5-2. 2. 3 for  pre- 
dicting response  frequencies  of  such  structure.  Fung  (6)  has  criticized 
this  approach  on  an  analytical  basis  and  has  formulated  a theory  of  vibra- 
tion of  corrugated  panels  using  divided  difference  equations  or  assumed  mode 
methods.  Golden  (7)  has  also  presented  a lumped  parameter  method  for  esti- 
mating response  frequencies  of  corrugated  panels  with  tapered  edges  All 
of  the  above  references  should  be  consulted  prior  to  using  the  design  cri- 
teria presented  in  this  section. 


The  configuration  and  nomenclature  of  the  corrugated  panel  is  illustrated 
in  Figure  5. 3. 6- 1 . 


5.3*6.!  Notation 


a 

b 

D 


E 

f 

mn 

G 

h 

h 

c 

I 


J 

l 


m 


Length  of  panel  transverse  to  corrugations,  inches 
Length  of  panel  parallel  to  corrugations,  inches 
Eh3/1 2 ( 1 - v2)  in. lb. 

Bending  rigidity  of  a single  corrugation  transverse  to  its  length 
(see  Stroud  (5)) 

2 

Young's  modulus  of  material,  lbs/in 

Natural  frequency  of  (m,n)th  mode,  Hz. 

2 

Shear  modulus  of  material,  lbs/in 
Thickness  of  panel  skin,  inches 
Thickness  of  corrugation,  inches 

Second  area  moment  of  inertia  of  a single  skin-corrugation  about 
the  centroid  in  the  plane  of  the  cross  section 

2 

Brendt  torsion  constant,  1//  (q  /h)ds,  for  a closed  cel! 

Width  of  corrugation  at  skin  attachment 

Number  of  naif  sine  waves  in  direction  transverse  to  corrugations 


N cycles  to  fa  I 1 ure 

n Number  of  half  sine  waves  In  the  direction  parallel  to  corrugations 

q shear  flow  in  skin-corrugation  section 

0 Mass  per  unit  volume  of  material 

v Poisson's  ratio  for  the  material 


Skin  Thickness  * h,  inches 
Corrugation  Thickness  - h , inches 

v 


FIGURE  5. 3.6-1  CORRUGATED  PANEL  GEOMETRY  AND  NOMENCLATURE 


0 


5 . 3 • 6 . 2 l s t i md t i on  f Natural  Frequencies 


As  stated  above,  the  estimation  of  response  frequencies  of  corrugated  panels 
is  still  open  as  to  the  most  appropriate  model  for  the  structure.  Stroud 
(5)  presents  general  expressions  for  the  equivalent  orthotropic  plate  con- 
stants of  a corrugated  panel  with  a single  cover  sheet.  Using  Stroud's  work, 
one  can  calculate  the  constants  D.,  D , and  D appearing  in  Equations 
(5-2.2-82)  and  (5.2.2-83)  to  obtain  f requency'es t imates . Fung  (6)  and  Golden 
(7)  present  a different  approach  by  considering  each  corrugation  as  a torque 
tube.  Using  Fung's  approach,  the  expression  for  the  response  frequencies 
of  a corrugated  panel  with  all  exterior  edges  simply  supported  and  neglect- 
ing rotary  inertia  terms  is 


,2  -rr2m2n2  r/m\2„  , 4 ,n,  2,..,  . . ,,4 

fmn  ’ TJh  rT  Va  + (m>  (EI'l)/b 


+ (G A/l  + (1 


v)D)/a2b2] 


Hz 


(5. 3-6-1) 


Golden  (7)  presents  data  !'■  ustrating  the  importance  of  considering  the 
effect  of  tapered  edges. 

5. 3.6. 3 Skin  and  Corrugation  Design  Criteria 

The  configuration  of  the  corrugated  panel  specimens  used  by  McGowan  are 
illustrated  in  Figure  5. 3.6-2.  Welded  tee  sections  were  used  to  simulate 
rib  caps  parallel  to  the  corrugation  and  are  clipped  to  the  spar  cap  to 
form  three  bays.  Formed  angles  in  each  bay  are  spot  welded  against  the 
crest  and  transverse  to  the  corrugations  to  attach  each  end  to  the  spar  cap. 
The  skin-corrugation,  skin-spar  cap,  and  rib  clip-spar  cap  attachments  are 
spot  welded.  The  ribs  are  attached  to  the  skin  and  corrugation  using  A286 
rivets  5/32  inch  in  diameter. 

The  dimensions  of  the  four  specimens  tested  are  l = 0.75  inch  and  combina- 
tions of  skin  thickness,  h,  and  corrugation  thickness,  h , as  follows: 

h,  inches  0.020  0.020  0.025  0.025 

h , inches  0.016  0.020  0.016  0.020 

The  specimens  were  manufactured  from  6AL-kV  annealed  titanium  alloy. 

McGowan's  design  chart  for  selecting  the  skin  thickness  of  a corrugated 
panel  is  based  upon  edge  stress  criteria  and  is  presented  in  Figure  5-3. 6-3. 
The  nomograph  for  selecting  corrugation  thickness  is  presented  in  Figure 
5.3.6-**.  The  design  procedure  is  to  determine  the  skin  thickness,  h,  first 
using  Figure  5 - 3-6-3  and  then  determine,  the  corrugation  thicknes  from 
Figure  5-3.6-**  as  indicated  by  the  path  in  the  figures.  These  nomographs 
must  be  used  with  design  judgement  since  the  fatigue  life  determi nation 
relies  upon  an  equivalent  random  fatigue  curve  and  was  established  using 
only  four  specimens.  For  additional  guidance  the  designer  should  consult 
the  references  of  Baird  and  Rucker. 


*tl  1 


sickness,  h.  Inches 


FIGURE  5. 3.6-3  NOMOGRAPH  FOR  CORRUGATED  PANEL  SKIN  THICKNESS  BASED  ON  EDGE  STRESS  CRITERIA  (REF.  1) 
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5-3.7  BONDED  BEADED  PANELS 


McGowan  (l)  published  the  first  sor.ic  fatigue  desicn  criteria  for  bonded 
beaded  structure.  Recently,  van  der  Heyde  and  Kolb  (2)  have  published  the 
results  of  sonic  fatigue  tests  of  60  bonded  beaded  panels.  Both  references 
indicate  that  the  critical  area  for  sonic  fatigue  is  the  bead  edge  where 
the  bead  tapers  into  the  panel.  Van  der  Heyde  and  Kolb  also  observed  skin 
failures  along  the  bead-skin  bond  line  that  are  apparently  dependent  upon 
the  ratio  of  skin  thickness  to  bead  thickness  and  concluded  that  McGowan  s 
criteria  is  acceptable  for  stress  prediction  but  is  lacking  in  fatigue  life 
estimation  and  requires  modification  to  improve  the  accuracy. 

Golden  (3)  presents  a lumped  parameter  method  for  frequency  estimates  for 
corrugated  or  bonded  beaded  panels.  By  using  a lumped  parameter  model  for 
a beam  with  tapered  edges  to  simulate  the  bending  rigidity  of  the  beau, 
Golden's  method  predicts  a severe  curvature  change  (high  bending  stress) 
at  the  bead  edge  for  the  fundamental  mode.  Golden's  method  will  not  assist 
in  the  prediction  of  skin  failures  along  the  bead  bond  line  as  observed  by 
van  der  Heyde  and  Kolb.  At  this  point  it  is  difficult  to  assess  the  modifi- 
cations to  McGowan's  criteria  required  to  improve  the  accuracy  of  the  fatigue 
life  estimation.  Fortunately,  van  der  Heyde  and  Kolb's  paper  present  suffi- 
cient guidance  to  aid  the  designer. 


5.3.7. 1 Notation 


b Bead  height,  inches 

h Skin  thickness,  inches 

h.  Bead  thickness,  inches 

b 

h^  Edge  doubler  thickness,  inches 
he  Total  edge  thickness  of  panel,  inches 
L Length  of  bead,  inches 

R Radius  of  bead  (See  Figure  5 • 3 • 7 ~ 2) , inches 
W Width  of  bead 

5 . 3 • 7 • 2 Data  Reported  in  the  Literature 


The  60  bonded  beaded  panel  specimens  tested  by  van  der  Heyde  and  Kolb  comprised 
20  specimens  each  of  three  designs.  These  designs  are  called  Type  I,  II,  and 
III  specimens  and  are  illustrated  in  Figure  5 . 3 . 7 ~ 1 • Types  I and  I!  had  the 
beads  oriented  parallel  to  the  specimen  width  and  Type  III  had  the  beads  oriented 
parallel  to  the  specimen  length.  All  specimens  were  manufactured  from  7075_T6 
aluminum  alloy  material.  The  particular  data  for  each  type  of  specimen  is  as 
fol lows : 


Specimen 

Type 


Skin  Thickness 
h,  inches 


Bead  Thickness 
h,  , inches 

D 


Bead  Length 
L,  inches 


I 0.032 

II  0.020 

III  0.032 


0.032 

0.045 

0.032 


21.0 

21.0 

27.0 
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FIGURE  5. 3. 7-1  BONDED  BEADED  SPECIMEN  DESIGNS  (REG  CO'  INUED) 
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The  strain  gage  local  oris  for  the  sonic  fatigue  tests  are  also  illustrated 
in  Figure  5 • 3 - 7” 1 • 1 ne  fundamental  mode  for  such  structure  is  similar  to  that 

for  an  isotropic  panel  with  the  node  lines  parallel  and  near  the  panel  edges. 
The  individual  skin  bay  response  between  bead  lines  is  the  form  of  a fundamen- 
tal mode  for  each  bay  (high  aspect  ratio  panel)  and  occurs  at  a higher  fre- 
quency than  the  structure  fundamental  mode.  The  sonic  fatigue  test  data 
is  summarized  in  Tables  5 • 3 - 7 “ 1 , "2,  and  -3  for  the  Type  I,  II,  and  III  spec- 
imens , respect  i vel  y . This  data  should  be  used  for  guidance  when  using  the 
design  criteria  presented  in  the  following  section. 

5-3-7. 3 Design  Criteria  for  Bonded  Beaded  Panels 

As  discussed  above,  McGowan's  (l)  design  criteria  yield  representative  stress 
estimates  but  predict  fatigue  life  longer  than  that  observed  by  van  der  Heyde 
and  Kolb  (2).  McGowan's  criteria,  never  the  less,  is  the  only  technique  pre- 
sently available  and  is  suggested  for  use  if  the  designer  takes  the  data  pre- 
sented in  Section  5. 3-7-2  for  proper  judgement. 

McGowan's  criteria  is  based  u on  a bead  end  design  which  presumably  provides 
equal  sonic  fatigue  resists  ce  for  the  panel  edge  and  bead  end.  This  bead 
design  and  nomencl  ature  at  .-  presented  in  Figure  5 • 3 - 7 " 2 . The  particular  data 
for  the  specimens  tested  were  as  follows:  bead  thickness,  0.020  inch;  bead 

width,  5-125  inches.  The  specimen  material  was  7075~T6  aluminum  alloy. 

The  design  nomograph  developed  by  McGowan  is  used  to  obtain  the  bead  geometry: 
h^,  L,  and  d for  the  desired  fatigue  life  (Caution:  consider  the  data  in 
Section  5 - 3 - 7 - 2 before  selecting  fatigue  life  from  this  nomograph)  and  is 
presented  in  Figure  5 . 3 ■ 7~ 3 • The  bead  length  L,  the  bead  width,  W,  and  the 

panel  edge  thickness,  h are  also  determined  from  Figure  5 - 3 - 7 - 3 - Presum- 
ably, the  skin  thickness  should  equal  the  bead  thickness  + one  gage  for  an 
optimum  design  since  McGowan's  report  is  not  explicitly  clear  on  this  point 
(See  the  data  in  Section  5 - 3 - 7 - 2 ) . The  difference  between  the  edge  thickness 
and  the  bead  thickness  is  the  required  doubler  thickness,  h^.  The  details 
of  the  bead  end  closure  are  presented  in  Figure  5-3-7-2. 

For  frequency  estimates  for  bonded  beaded  structure,  to  check  the  assumed 
acoustic  excitation  spectrum  level,  Golden's  (3)  numerical  technique  seems 
to  be  the  only  reliable  method;  however,  the  designer  may  obtain  guidance 
from  van  der  Heyde  and  Kolb's  test  data  (2). 

REFERENCES  FOR  SECTION  5-3-7 

1.  McGowan,  P.  R.;  "Structural  Design  for  Acoustic  Fatigue",  ASD-TDR-63'820 , 
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Ohio,  1963. 

2.  van  der  Heyde,  R.  C.  W. , and  Kolb,  A.  W.;  "Sonic  Fatigue  Resistance  of 
Light  Weight  Aircraft  Structure,"  Paper  No.  20,  AGARD-CP-1 1 3 . Symposium 
on  Acoustic  Fatigue,  Advisory  Group  for  Aerospace  Research  and  Develop- 
ment, North  Atlantic  Treaty  Organi zation , Sept.  1972. 

3.  Golden,  C.  T.;  "Analytical  Method  for  Determining  th  Nature1  Frequencies 

a. id  Mode  Shapes  of  Orthotropic  Plates,"  M.  S.  Thet  1 :v.  r r tmant  of 
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BONDED-BEADED  PANELS  TYPE  II!  (FIGURE  5. 3. 7-1) 
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5.3.8  ANISOTROPIC  P NELS 


Anisotropic  panels  are  a separate  class  of  structures  that  has  become  important 
in  aircraft  design  since  the  introduction  of  composite  materials  for  aircraft 
construction  in  the  rid  1960's.  The  general  analysis  of  anisotropic  plates 
is  presented  by  Ambartsumyan  (1)  for  both  static  and  dynamic  response.  To 
obtain  numerical  results  extensive  calculations  are  required  for  the  case  of 
general  anisotropy.  Fortunately,  a practical  structure  is  manufactured  in  such 
a way  that  the  plate  material  can  be  considered  to  be  orthotropic  so  that  the 
material  elastic  properties  possess  three  mutually  orthogonal  principal  axes. 

If  the  plate  material  is  homogeneous,  the  plate  is  considered  to  be  specially 
orthotropic  and  the  methods  of  Section  5. 2. 2. 3 may  apply. 


For  aircraft  constructions,  the  designer  is  often  faced  with  the  consideration 
of  laminated  plates  with  the  lamina  being  orthotropic  and  possessing  differ- 
ent materia]  characteristics,  material  axis  orientation,  or  thickness.  The 
general  analysis  of  laminated  plates  is  presented  by  Ashton  and  Whitney  (2). 

As  is  the  case  with  general  anisotropic  plates,  to  obtain  numerical  results 
extensive  calculations  are  "-quired;  however,  for  particular  lamina  configu- 
rations simplified  design  esults  are  possible. 

5.3-8. 1 Laminated  Plates 

The  theory  of  laminated  plates  is  simplified  by  considering  the  material 
properties  of  the  lamina  (2).  By  considering  the  material  properties,  the 
coupling  between  the  membrane  strains  and  the  panel  curvatures  is  zero  if 
the  lamina  are  symmetric  with  respect  to  the  plate  midplane.  This  symmetry 
requires  that  both  the  lamina  material  axis  orientation  and  the  thickness  be 
identical  for  laminae  above  and  below  the  plate  midplane.  Such  structure 
is  termed  a midplane  symmetric  laminated  plate. 


Since  the  governing  equations  for  laminated  plates  are  too  complicated  to 
obtain  analytical  solutions,  approximate  techniques  are  utilized  (in  particu- 
lar, energy  methods)  to  obtain  numerical  results.  For  midplane  symmetric 
rectangular  laminated  plates  subjected  to  inplane  and  transverse  loading, 
the  theorem  of  stationary  potential  energy  has  the  form 


a b 


— f / [D.,w,  +20low,  w,  + Do0w,  + 4D,..w, 

2 o o 1 1 xx  12  ’xx  ’yy  22  ’yy  66  ’xy 

2 2 

+ ^D.^w,  w,  + w,  + N w,  +N  w, 

16  xx  xy  26  yy  xy  x x y y 


(5. 3. 8-1) 
are  the  inplane  edge 


+ 2N  w.  w,  - 2qw]  dydx  - stationary  value 
xy  x y 

where  w is  the  transverse  displacement;  , N^,  and 

loads  (see  Figure  5-2.2-11)  and  q is  the  transverse  loading.  The  bending 
rigicities.  D,.,  are  defined  in  terms  of  the  elastic  characteristics  of  the. 
k'  ,J 

lamina,  Q..^.,  and  the  thickness  of  the  laminae,  h^,  as  f ; 1 .■  ows 


i*25 


D-  • = T I Q1?.  [hj  - h l ] 

ij  3 Ij  k k-1 


(5. 3. 8-2) 


where  the  summation  is  over  the  number  of  lamina.  The  distance,  h^ , is 
measured  from  the  plate  midplane. 

k 

The  elastic  constants,  Qjj.  depend  upon  the  lamina  material  and  the  orienta- 
tion of  the  lamina  principal  elastic  axes  (x"',  y*)  with  respect  to  the  geo- 
metric (x.y)  axis  system  of  the  plate.  The  relationship  between  the  stresses 
in  the  ktfl  layer  and  the  panel  strains  are 

r ki  r\k  „k  „ki  r i 


(5. 3. 8-3) 
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with  the  bending  strains  given  by  the  relationships: 

e = -zw,  ; e = -zw,  e = -2w, 
x xx  y yy  xy  xy 

The  generalized  Hooke's  law  for  the  lamina  material  is 

lai  I = fci  jM 


(5. 3. 8-4) 


(5. 3. 8-5) 


with  the  elastic  constants,  c..,  in  terms  of  the  lamina  material  axis  orien- 

II 

tat  ion  given  by  J 
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The  plate  and  material  axis  geometry  is  illustrated  in  Figure  5-3-8-1  and 
m = cos  0,  n = sin  0.  The  elastic  constants,  c. . , of  a unidirectional  fiber 

reinforced  composite  can  >.  estimated  as  a function  of  the  constituent 
material  properties  and  trie  volume  constant  of  the  reinforcement  (3). 

The  reduced  stiffness  terms,  . are  related  to  the  elastic  constants,  c^., 

r . th  . . r ,,  'J  'J* 

tor  the  k lamina  as  follows 


k k , 
c i 3cj  3/c 


k 

33 


(5. 3. 8-5) 


Equations  (5. 3.8-2)  through  (5-3. 8-5)  are  the  mathematical  expression  of  the 
‘'stacking  sequence"  of  laminated  plates. 


To  obtain  estimates  of  the  natural  frequencies  of  laminated  plates,  one  sub- 
stitutes -w  phw  for  -2qw  in  Equation  (5. 3.8-1).  The  problem  of  obtaining 
design  oriented  results  from  the  above  analysis  is  that  one  must  approximate 
solutions  for  the  transverse  displacement,  w(x,y),  usually  by  assuming  a 
series  type  solution  (see  Equation  (5.2.2-27)).  The  form  of  the  governing 
equation  (Equation  5. 3*8-1)  is  such  that  the  bend i ng- tvi s t coupling  terms, 

T,6  and  D26,  result  in  a set  of  coupled  equations  that  require  numerical  solu- 
tion rather  than  a simple  uncoupled  mode  analysis.  Rather  than  being  a 
result  of  analysis,  numerical  studies  have  indicated  that  neglect  of  these 
terms  result  <n  high  frequency  estimates  and  low  displacement  response  esti- 
mates (2).  Neglecting  the  bend  i ng- twi  st  couping  terms  (i.e.,  DK=D  , = 0)  , 
results  in  the  case  of  specially  orthotropic  plates  discussed  in  2 
Section  5.2.2. 3. 


Wol r and  Jacobson  (h)  present  a summary  of  two  research  programs  concerned 
with  the  design  and  acoustic  testing  of  composite  material  components . For 
he  analytical  approach,  they  used  a simplified  theory  assuming  :hat  the  plate 
specimens  were  specially  orthotrcpic  (0 ^ - 0)  and  they  also  used  a 


Ull 


(a)  Material  Axis  Orientation  within  Lamina 


(b)  Lamina  Coordinates  within  a Laminate 
z 


(c)  Laminated  Plate  Geometry 

FIGURE  5. 3.8-1^, LAMINATED  PLATE  GEOMETRY  WITH  LAM1HA 
^GEOMETRY  AND  NOMENCLATURE 


finite  element  met ha : to  obtain  estimates  of  the  plate  and  stiffener  Inter- 
action. They  describe  sonic  fatigue  test  results  on  simple  8-ply  boron- 
epoxy  and  6-ply  nine  bay  cross-stiffened  graphite-epoxy  panels.  Also,  the 
results  of  fatigue  failure  data  using  shaker  excitation  of  72  beam  specimens 
to  develop  S-N  data  for  simulated  joint  configurations  are  described.  The 
beams  consisted  of  a graphite-epoxy  or  boron-epoxy  material  bonded  or  riveted 
to  a graphite-epoxy  or  titanium  alloy  stiffeners. 

For  the  simple  plate  analysis,  the  results  of  Section  5-2.2. 3 apply  with  the 
bending  rigidities  anc*  0?  being  related  to  the  laminated  plate  bend- 

ing rigidities  given  above  as  follows: 

Section  5-2. 2. 3 Laminated  Plate 


D, 


11 


22 

D12  + 2D66 


For  the  simple  rectangule  plate  specimens,  the  failure  mode  of  these  panels 
typically  appeared  as  a crack  in  the  outer  ply  immediately  adjacent  and 
parallel  to  the  clamped  boundary.  Generally,  the  failure  would  progress 
through  the  remaining  plys  and,  if  undetected,  often  resulted  in  the  com- 
plete disintegration  of  a small  concentrated  area  near  the  plate  boundary. 
This  failure  was  sometimes  accompanied  by  severe  delamination  of  the  outer 
ply. 


The  simple  test  specimen  panel  design  were  as  follows: 

Total  thickness  0.040  inch 

Overall  nominal  dimensions  12.0  inches  x 14.0  inches 

Test  overall  dimensions"  9.0  inches  * 11.0  inches 


The  laminated  plates  comprised  8 plys  of  orthotropic  boron-epoxy  material 
in  a 0°  - 90°  layup  symmetric  about  the  midplane.  The  outer  plys  had  a fiber 
orientation  of  0°.  The  matrix  material  was  Narmco  5505  and  the  boron  content 
was  50%  by  volume. 


The  panel  damping,  determined  using  the  logarithmic  decrement  method,  varied 
from  0.003  to  0.004  for  panels  tested  in  the  free-free  condition  and  for 
panels  mounted  in  the  test  fixture  the  damping  was  typically  0.028. 

A comparison  between  0.050  inch  thick  aluminum  alloy  panels  (assumed  Kt-2.0) 
and  the  boron-epoxy  composite  panel  endurance  tests  are  presented  in  Figure 
5- 3-8-2  in  terms  of  sound  pressure  level  versus  life  in  cycles. 

The  beam  specimen  shaker  tests  were  conducted  to  establish  S-N  ricta  for 
various  material  configurations  and  to  establish  that  such  data  could  be 


due  to  edge  mounting  in  a picture  frame  test  fixture 
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FiGURE  5. 3.8-2  BORON-EPOXY  ANO  ALUMINUM  PANEL  FATIGUE  DATA 


Countersunk  for 


Material 

Skin  Stringer 

Graphite-Epoxy  Graphite-Epoxy 
Graphite-Epoxy  TI tanlum  A1 loy 
Boron-Epoxy  TI tanlum  A1 loy 


Material 

Skin  Stringer 

Graphite-Epoxy  Graphite-Epoxy 
Graphite-Epoxy  Ti tanlum  A] loy 
Boron-Epoxy  Titanium  Alloy 


FIGURE  5. 3. 8-3  BEAM  SPECIMENS  FOR  SHAKER  TESTS 


1 


applied  to  the  iif.ii]  of  joints  of  fiber  reinforced  composite  panels  in 
acoustic  environment  without  resort  ini)  to  sonic  tests  of  complex  panel 
specimens.  By  caret'  lly  designing  the  beam  specimens,  Wolf  and  Jacobson 
concluded  that  cons i ■ erable  sonic  fatigue  design  information  cun  be 
obtained  by  conducting  shaker  tests  to  supplement  data  generated  by  sonic 
fatigue  testing  of  u npicx  panel  specimens.  The  beam  test  specimen  details 
are  presented  in  Figure  5. 3-8-3- 

The  fatigue  failure  if  all  beam  specimens  initiated  in  the  skin.  For  the 
bonded  sperimens  the  failure  location  was  at  the  ends  of  the  bonded  joint 
icnnectlny  the  skins  to  the  T-section  simulated  stiffener  (see  Figure 
0.3-8-3).  For  th»  riveted  specimens,  the  failure  location  was  ui  the  end  of 
the  bond  attachment  connecting  the  skin  to  the.  back  up  detail  that  had  been 
bonded  to  the  skin  prior  to  the  riveting.  , 

The  S-N  curves  obtained  from  the  shaker  tests  of  the  beam  specimens  is  pre- 
sented In  Figure  f. . 3 - 8- A . Tl>  original  report  presents  the  failure  data 
points.  Although  enough  • ^ miens  were  nut  available  to  establish  confi- 

dence limits  for  the  shal  > S-N  data,  Wolf  and  Jacobson  (4)  concluded  that 
apparently  the  nns  fatigue  strain  at  10°  cycles  under  narrow  band  random  load- 
ing of  the  six-ply  ( 90/ -*  ) s graph  i te  epoxy  and  boron-epoxy  laminates  is  at 
least  ten  peicent  of  the  static,  ultimate  tensile  strain  of  the  six-ply 
1 ain  i nates  . 

Wolf's  and  Jacobson's  test  program  also  included  sonic  fatigue  testing  of 
three  nine-bay  tesl  panels  using  six-ply  (0/,'tb)$  graph  I te- epoxy  skin  and 
six-ply  (lJ*5/0)g  graphite-epoxy  I-beams  and  T .ection  s 1 1 IT  cr.c  i s . Althouyh 
no  failure  data  w •.  obtained  from  these  tests  (the  panels  exceeded  100  hours 
ot  exposure  to  bn  id-band  high  Intensity  noise  with  an  overall  sound  pressuie 
level  of  166  dB),  omparlson  of  the.  panel  response  data  to  the  various  ana- 
lytical methods  in  icates  that  assuming  specially  orthotropk  analysis  and 
using  a single  modi  approxlmat Ion  as  indicated  in  Section  6. 2. 2. 3 is  as 
accurate  as  that  obtained  ning  finite  element  methods. 

t.oinpiet.o  (letter  ipt  lc«n  of  the  test  specimens,  test  procedure,  etc.  can  be 
obtained  f rom  the  .per  by  Wolf  and  Jjcobson  Tills  p.ipc  i summar  izes  the 

result-.,  of  the  combined  work  rtf  Rupert  (b)  and  Jacobson  f6)  , .Jacobson  also 
I'osenis  re  aits  ot  smie  fatigue  tests  >d  glass  fiber  !■  miforced  panels 
l i Re  I e re  nee  (7)  . 
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5.4  ML I'HOD j OK  JOINING  STRUCTURE 


5.4.1  GENERAL  CONSIDERATIONS 

The?  application  of  good  design  practice  to  resist  fatiuie  failure  of  s(  uc~ 
ture  is  equally  important  for  structure  exposed  to  an  c oustlc  environment. 
Due  to  the  relatively  high  response  frequencies  of  aircraft  panels  and 
structural  components  exposed  to  acoustic  excitation  and  the  long  life  re- 
quirements of  these  components,  the  designer  must  continuously  design 
structure  for  over  10°  cycles  of  applied  stress.  Hence,  the  designer  must 
consider  low  applied  stresses  (typically  less  than  10  ksi  rms)  to  achieve 
the  desired  life.  This  goal  of  long  fatigue  life  forces  the  designer  to 
consider  the  interaction  effects  of  structural  geometry,  attachment  details, 
material  properties,  testing  techniques,  and  inanufacturi  ny  processes. 

Hence,  design  experience  is  extiemeiy  important. 

This  section  considers  general  desiyn  guidelines  that  relate  to  specific 
methods  for  joining  structure.  The  following  section  discusses  stress  con- 
centration factors.  The  topic  of  material  properties  and  configuration 
effects  as  related  to  the  fatigue  characteristics  of  materials  and  joint- 
Is  presented  in  bee  ion  6.  ihe  interrelation  of  the  various  factors  in- 
fluencing fatigue  life  of  structural  assemblies  is  all  important.  The 
designer  should  consult  the  text  books  by  Osgood  (l)  and  Heywood  (2)  or 
the  SAE  handbook  (3)  for  complete  discussions  of  all  aspects  of  fatigue  de- 
sign and  presentations  of  much  practical  design  information.  The  work  of 
Harris  (4)  should  be  consulted  lor  a discussion  of  the  effect  of  standard 
aircraft  fabrication  and  finishing  processes  upon  the  expected  fatigue  per- 
formance of  structure.  Finally,  the  U jiyrier  should  know  the  established 
design  methods  and  available  test  data  documented  by  his  own  company  since 
much  relevant  information  is  not  available  in  the  open  literature. 

As  indicated  in  figure  the  basic  design  concepts  of  symmetry, 

continuity,  and  proportion  are  important  considerations  for  sonic  fatigue 

design  i i i ospee  l I Vi  ui  i lie:  me  i nod  Used  iu  join  liu  sctUicUiui  c ■ input  tun  L s . 

The  designer  should  give  special  attention  to  careful  boundary  design  and 
avoid  abrupt  changes  in  stiffness.  Indeed,  for  structural  configurations 
and  material  for  which  sonic  fatigue  data  exist..  (Section  G.3),  the 
consideration  of  design  details  such  as  cutouts,  clips,  and  various  methods 
for  joining  structure  are  presently  the  mo  t important  considerations  for 
designing  sonli-  fatigue  resistant  structures. 

5.4.2  MECHANICAL  FASTENERS 

This  section  contains  the  delai  I di  sign  guideline*,  fur  structural  members 
attached  using  mechanical  fasteners.  The  section  Is  subdivided  into  riveted 
joints,  bolted  joints,  and  consideration  of  miscellaneous  fasteners. 

5.4.2. I Riveted  Joints 


Undoubtedlv,  riveted  structural  connections  arc  the  most  common  method  of 
joining  us  in  aircraft  construction.  The  designer  -houid  always  aim  it 
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providing  equal  strength  for  the  rivet  and  the  sheet  material  being 
joined.  This  is  rea’ized  by  proper  spacing  or  pitch  of  the  rivets  in 
relation  to  the  rivet  diameter  and  material  thickness.  Generally,  the 
minimum  rivet  pitch  -.hould  never  be  less  than  three  rivet  diameters  and 
should  never  exceed  '6  to  20  times  the  total  thickness  of  the  material 
being  joined.  The  rivet  diameter  should  be  approximately  two  times  the 
thickness  of  the  material  being  joined  and  the  rivet  line  should  never 
be  less  than  three  rivet  diameters  from  the  edge  of  a member.  The  rec- 
ommended design  practice  of  each  company  may  vary  from  these  guidelines 
so  that  the  designer  must  always  consult  the  appropriate  design  stan- 
dards. 

For  additional  guidance  in  determining  the  spacing  of  rivets  and  mechan- 
ical fasteners  the  designer  should  refer  to  Figure  5-3-?-“  10.  Also,  the 
early  work  of  Crate  (5)  in  establishing  an  optimum  ratio  of  rivet  pitch 
to  rivet  diameter  is  presented  in  Figure  5 - ^ - 1 " 1 - This  figure  presents 
the  results  of  a series  of  constant  amplitude  sinusoidal  fatigue  tests 
of  flanged  riveted  joints.  The  curve  represents  an  optimized  value  of 
the  ratio  of  the  alternating  load  per  rivet  for  a given  number  of  cycles 
to  failure  to  the  static  ultimate  strength  per  rivet.  This  optimum  ratio 
was  found  to  be  essentially  independent  of  the  number  of  cycles  to  fail- 
ure. This  reference  also  presents  20  sinusoidal  fatigue  curves  (alter- 
nating rivet  load  versus  cycles  to  failure).  A typical  curve  is  pre- 
sented in  Figure  5-4. 1-2.  The  material  used  in  the  tests  was  24S-T 
(2024  heat  treatable)  aluminum  alloy  using  A17S-T  (2017  heat  treatable) 
aluminum  alloy  rivets.  The  reference  should  be  consulted  for  specific 
details  as  well  as  the  data  summarized  by  Osgood  (l),  Heywood  (2),  and 
Harris  (4) . 

It  is  recommended  that  the  curve  presented  in  Figure  5-4. 1-1  be  consid- 
ered as  a minimum  allowable  distance  between  rivets  and  used  in  conjunc- 
tion with  Figure  5-3. 2-9  to  establish  rivet  spacing.  The  designer  can 
gain  additional  guidance  by  referring  to  Section  8 of  MIL-HD3K-5B  (6) 
for  static  strength  design  criteria  of  joints  for  various  materials  and 
fastener  combinations. 

Aircraft  quality  blind  rivets  generally  exhibit  both  static  strength  and 
fatigue  characteristics  similar  to  conventional  rivets.  Protruding  head 
rivets  should  be  used  whenever  possible  instead  of  countersunk  rivets. 

Cut  countersunk  riveting  exhibits  improved  fatigue  characteristics  as  com- 
pared to  dimpled  countersunk  riveting.  The  sonic  fatigue  strength  of 
a riveted  joint  is  generally  improved  by  using  viscoelastic  joining  com- 
pounds, standard  adhesives,  and  sealants  between  the  faying  surfaces. 

This  advantage  is  gained  at  the  expense  of  a joint  that  cannot  be  easily 
disassembled  for  repairs. 

The  static  performance  of  swaged  collar  fasteners  as  compared  to  •>  iveted 
joints  is  presented  in  Section  8 of  MIL-HDBK-5B  (6).  These  faste  ers 
are  usually  required  in  high  strength  joints  and  as  such  are  generally 
not  susceptible  to  sonic  fatigue  failures  (See  Figure  5-3. 2-9'. 
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Ratio  of  Rivet  Pitch  to  Rivet  Diameter,  p/d 
FIGURE  5.4.1-!  OPTIMUM  RATIO,  p/d,  VERSUS  SHEET  THICKNESS,  h,  (REF. (5)) 


Cycles  to  Fail ure , N 

FIGURE  5. 4. 1-2  TYPICAL  JOINT  FAILURE  FATIGUE  CURVE  (REF. (5)) 


5.4. 2. 2  Threaded  Fa  teners 


This  classification  <:f  fastener  includes  bolts,  screws,  and  a wide  assort- 
ment of  special  purpose  fasteners  that  allow  for  disassembly  of  the  com- 
ponents without  damage  to  either  the  fastener  or  the  components.  The 
spacing  of  these  fasteners  generally  follows  the  guidelines  presented  in 
Section  5*4.2.  1 for  nveted  joints.  MIL-HDBK-5B  (6),  Section  8,  presents 
static  strength  criteria  for  joints  fastened  by  threaded  fasteners.  This 
criteria  should  be  applied  to  the  structure  with  the  designer  taking  ad- 
vantage of  the  strength  of  the  fastener  (See  Figure  5*3*2-9). 

5 . 4 . 2 . 3 Miscellaneous  Fasteners 

The  use  of  quick  disconnect  fasteners  for  attaching  inspection  panels  to 
primary  structure  represents  a potential  sonic  fatigue  design  problem. 

Such  devices  are  not  recommended  for  surface  areas  of  an  aircraft  that 
are  exposed  to  acoustic  excitation  above  an  overall  sound  pressure  level 
of  110  dB.  If  such  fasteners  are  required  the  designer  should  contem- 
plate sonic  fatigue  proof  ‘•’-'.ting  of  these  components  prior  to  accept- 
ing the  design.  The  dou‘  ■ about  using  such  fasteners  arises  from  the 
fact  that  they  are  really  small  structural  assemblies  that  must  be  attach- 
ed to  the  panel  or  substructure  and,  hence,  defy  any  attempt  at  analysis. 

5.4.3  METALLURGICAL  AND  ADHESIVE  JOINTS 

This  section  contains  design  guidelines  for  detail  consideration  of  mem- 
bers joined  by  welding  or  brazing.  The  joint  should  be  analyzed  on  the 
basis  of  allowable  static  strength,  dimensions,  and  geometry.  The  allow- 
able strength  of  both  the  adjacent  parent  metal  and  the  weld  metal  or 
adhesive  must  be  considered.  Brazing,  welding,  and  weldbonding  process- 
es are  briefly  discussed. 

5-4.3. 1 Brazed  Joints 

Brazing  consists  of  joining  metals  by  the  application  of  heat  causing  the 
flow  of  a thin  layer  of  nonferrous  filler  metal  into  the  space  between 
pieces.  Bonding  results  from  the  intimate  contact  produced  by  the  dis- 
solution of  a small  amount  of  base  metal  in  the  molten  filler  metal  with- 
out fusion  of  the  base  metal. 

A comparison  of  welded  and  brazed  joints  for  aluminum  - 1 <V%  manganese 
alloy  (L.59)  is  presented  by  Harris  (4),  pages  305  to  3H.  The  fact  that 
brazing  and  welding  locally  cause  metallurgical  changes  in  the  parent 
material  and  require  special  manufacturing  sequences  to  regain  the  materi- 
al strength  has  resulted  in  designers  avoiding  such  fabrication  techniques 
un ; js  specific  test  data  is  available  for  the  structural  configuration 
and  combination  of  materials  being  cons'deted.  Proof  testing  of  brazed 
and  welded  structure  should  be  seriously  considered  prior  to  acceptance 
of  such  a design  if  high  level  acoustic  service  environment  is  expected. 


5.  4.3-?  Welded  Joints 


5.4.3  ! Butt  and  Lap  Welds 

Superficially,  consideration  of  welded  joints  as  u fabrication  technique 
lor  structure  exposed  to  hiyh  level  acoustic  excitation  should  involve 
only  the  considet  ition  of  the  fatigue  properties  of  the  welded  joint  d 
the  application  of  these  properties  to  design.  However,  the  designer 
must  consider  the  complications  that  arise,  that  are  peculiar  to  welded 
joints.  First,  the  weld  is  essentially  a cast  metal  with  mechanical 
properties  which  may  be  entirely  different  from  the  parent  metals  being 
joined.  Secondly,  the  welded  components  would  contain  geometric  stress 
concentration  char ac ter  1 s 1 1 cs  due  to  the  Irregularity  of  the  weld  area 
and  attempts  to  remedy  this  situation  (i.e.,  machining)  may  not  be  com- 
pletely successful  in  recovering  any  loss  in  fatigue  strength.  Finally, 
the  metallurgical  effects  produced  locally  in  the  joint  by  the  particular 
welding  process  may  degrade  the  fatigue  strength  of  the  joint,  Harris 
(3)  concluded  that  based  upon  the  tensile  fatigue  strength  per  inch  of 
weld  (a  practical  design  criterion)  of  L . 59  aluminum  alloy  butt  welds 
exhibited  superior  fatigue  strength  characteristics  compared  to  lap  welds. 
Reversed  bending  fatigue  tests  of  L.59  aluminum  alloy  also  exhibited  this 
tendency.  Osgood  (1)  presents  a very  thorough  discussion  of  fatiyuc  de- 
sign considerations  of  welded  joints  and  a brief  summary  of  available 
fatigue  test  data.  Section  8 of  H1L-HDBK-5B  (6)  presents  static  design 
criteria  for  welded  joints  of  typical  aircraft  material. 

5. 4. 3-  2.?  Spot  Weld'. 

Spot  welding  is  the  most  common  welding  process  encountered  in  the  fabri- 
cation of  aircraft  structural  components.  The  ratio  of  the  thickest 
sheet  to  the  thinnest  sheet  in  the  joint  should  not  exceed  4.  Based  upon 
static  strength,  the  tabulated  data  in  Section  8 of  MIL-HDBK-5B  (6)  will 
provide  design  guidance  for  d terminlny  the  minimum  edge  distances  and 
spacing  of  spot  welded  joints.  Fatigue  data  presented  in  Reference  6 in- 
dicate that  for  7075-la  and  .'024 -T3  aluminum  alloys  the  endurance  fatigue 
strength  of  spot  welded  lap  joints  Is  approximately  4 If,  to  8Z  of  the  ulti- 
mate tensile  strength  ol  the  sheet  for  sheet  failures  and  approximately 
10l<;  Lo  20%  uf  the  sialic  st  rength  of  the  joint  i ol  slieai  i di  lure  of  the 
spot  weld.  The se  results  are  based  upon  joints  subjected  to  alternating 
load  ratios  of  only  5'7.  and,  hei.ee,  do  not  apply  fur  highly  stressed  joints 
Osgood  (1)  presents  fatigue  test  data  and  design  guidelines  for  aluminum, 
titanium,  and  steel  alloys  that  can  be  used  as  typical  results  if  the  de- 
signer does  riot  have  specific  fatigue  data  available. 

Tlie  designer  should  avoid  using  spot  welded  joints  in  truss  structure, 
joints  between  stringers  and  ribs  (unless  a stop  rivet  is  used),  and  as 
the  last  fastener  at  the  end  of  a sheet-stringer  join)  Spot  welds 
should  not  be  ".ed  as  the  only  fastening  method  if  tension  loading  of 
the  joint  is  anticipated.  Generally,  the  designer  should  avoid  using 
spoi  welded  construction  in  acoustic  environments  exceeding  165  dB  overall 
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sound  pressure  level  or  contemplate  acoustic  fatigue  proof  testing  of  the 
design. 

5.^-3- 3 Bonded  Joir ts 

For  bonded  joints  the  fatigue  strength  due  to  acoustic  loading  is  determined 
by  the  peel  stresses  at  the  edges  of  the  joint.  The  peel  stresses  which  act 
normal  to  the  adhesive  layer  are  introduced  by  the  bending  moment  and  are 
also  a function  of  the  relative  stiffnesses  of  the  two  joining  components. 

1 he  most  prevalent  application  in  aircraft  construction  is  the  joining  of 
metal  stiffeners  to  thin  metal  panels.  Recently  conducted  random  amplitude 
beam  bending  fatigue  tests  indicate  that  thinner  beams  (0.32"  thick)  bonded 
to  an  angle  stiffener  always  failed  in  the  beam  close  to  the  stiff  edge, 
without  visible  damage  to  the  bond,  while  thicker  beams  (.040"  thick)  excited 
to  the  same  rms  bending  stress  at  the  bond  edge  always  failed  in  the  bond  at 
a 1 owe  r number  of  stress  eye.  i as.  Partial  delamination  of  the  bond  followed 
by  beam  failure  was  also  ..served.  These  experiments  for  different  bonding 
processes  are  presently  ontinuing  at  AFFDL. 

An  important  factor  which  influences  the  fatigue  of  bonded  joints  is  the 
type  of  adhesive  material  and  the  surface  preparation  employed. 

The  fatigue  characteristics  of  bonded  joints  of  advanced  composite  materials 
and  bonded  panel  assemblies  have  been  reported  by  Wolf  and  Jacobson  (7)  and 
by  Jacobson  (8).  The  designer  should  refer  to  Figures  5. 3-8-2  and  5-3-8-4. 

5-^.3-^  Weldbonded  Joints 

The  weldbond  process  is  a relatively  new  fabrication  method  currently 
being  evaluated  as  a standard  process  for  joining  structural  members  in 
aircraft  construction  (9).  The  fatigup  aspects  of  weldbonded  joints, 
employing  a low  grade  boundary  process,  which  allows  weldability  through 
the  adhesive,  have  been  evaluated  both  by  random  amplitude  coupon  fatigue 
tests  and  sonic  fatigue  tests  of  nine  bay  panel  structures,  with  the  weldbond 
joints  used  for  skin-stiffener  attachment. 

The  results  of  these  tests  have  indicated  that  for  flexural  loading  across 
a typical  weldbonded  joint  the  weakest  element  of  the  joint  is  the  adhesive 
bond.  The  next  strongest  element  of  the  joint  is  the  spot  weld  with  the 
skin  and  stringer  parent  material  being  the  strongest  element.  Due  to 
this  progressive  failure  mode,  it  has  been  recommended  that  S-N  curves  be 
presented  in  pairs  (one  curve  for  bond  failures  and  one  curve  for  spot  weld 
failures)  for  a specific  joint  conf i gu rat i on . 

Joe  to  the  multiple  failure  mode  of  weldbonded  joints,  the  dei ini  ion  of 
a joint  failure  is  taken  relative  to  the  basis  for  establishing  tee 
design  joint  strength.  If  the  design  strength  of  the  joint  is  based  on 
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the  spot  weld  strength  only  with  the  bond  being  used  only  to  improve  the 
joint  fatigue  strength,  then  a bond  failure  would  not  constitute  a joint 
failure  and  the  fatique  strength  would  be  based  upon  the  spot  weld  S-N 
curve  of  the  weldbond  joint.  If  the  bond  strength  has  been  included  in 
the  design  of  a joint  experiencing  significant  bond  loading  and  a bond 
failure  is  considered  as  a joint  failure  then  the  fatigue  strength 
should  be  based  Upon  llie  bond  j N curve  of  the  weldbond  joint. 

fhe  sonic  fatigue  tests  of  six  nine-bay  stiffened  panel  test  speci- 
mens utilizing  weldbonded  skin-stiffener  attachments  have  been  conducted 
(9).  Four  of  these  specimens  were  flat  and  two  of  these  specimens  were 
cy 1 Indr ical ly  curved  panels  with  a radius  of  curvature  of  89  inches. 

All  tests  utilized  grazing  incidence  narrow  band  random  acoustic  excita- 
tion at  spectrum  levels  from  132  to  135  dB.  For  all  test  specimens  the 
adhesive  bond  delaminated  first  along  the  sk i n-s t i f fene  bondline  fillet. 
This  delamination  would  progress  along  the  edge  of  the  stiffener  or  frame 
and  penetrate  into  the  weldbond  joint  to  the  row  of  spot  welds.  Continued 
exposure  to  the  acoustic  excitation  resulted  in  cracks  in  the  spot  weld 
nuggets  in  the  area  of  the  bond  de 1 am  1 nat ion . These  cracks  would  propa- 
gate until  they  interconnected  causing  complete  failure  of  the  joint. 

This  failure  mode  essentially  duplicated  the  failure  modes  observed  in 
the  coupon  fatigue  tests  of  weldbonded  joints.  All  panel  failures  oc- 
curred in  the  center-bay  of  the  nine-bay  test  specimens  with  the  failure 
originating  at  the  heel  of  the  lengthwise  stiffeners. 

The  failure  data  for  the  test  specimens  is  presented  in  Table  5 • • 3“ 1 • 
Specimens  1,  2,  5,  and  6 indicated  In  Table  5.,i.3_l  were  identical  ex- 
cept that  Specimens  5 and  ft  were  curved  specimens  with  05-iitch  radius 
of  curvature.  The  specimens  were  manufactured  from  7075-T6  aluminum 
alloy. 

Using  service  life  as  a criteri  • these  tests  indicate  that  compared  to 
countersunk  riveted  construction,  weldbonded  skin-stringer  construction 
shows  a progressive  improvement  over  riveted  structure  above  10°  or  1C>9 
cycles  (although  specific  failure  data  was  not  obtained  in  this  life 
range).  For  a design  life  of  10?  cycles  wcldbonding  does  not  indicate 
an  improvement  over  riveted  construction  and  below  10^  cycles  weldbonding 
is  clearly  at  a disadvantage  as  compared  to  riveted  construction. 


TABLE  5. 4. 3-1 


SONIC  FATIGUE  TEST  RESULTS  FOR  WELDBONDED 
SKIN-STRINGER  PANELS 


Panel 

Number 

Sound  Pressure 
Spectrum  Level 

Cycles 
Bond  1 i ne 

to  Fail ure 

Spot  Welds 

1 

134.5 

6.05x10** 

4.66xl0S 

2 

135.0 

5.72x10** 

2.86xl0S 

3 

134.5 

2.05X105 

3. 14x1 o6 

4 

135.0 

6.72x10** 

6.43x106 

5 

132.0 

I.IO^IO5 

1 .20x1 o6 

6 

134.. 

4.10x10** 

3.70xl0S 

REFERENCES  FOR  SECTION  5. If 


!.  Osgood,  C.  C.,  Fatigue  Design,  Wi 1 ey- I nterscience,  New  York,  1920. 

2.  Heywood,  R.  B.;  Designing  Against  Fatigue  of  Metals,  Re  inhold 
Publishing  Company,  New  York,  1962. 

3-  Graham,  J.  A.  (Ed.);  Fatigue  Design  Handbook,  Society  of  Automotive 
Engineers,  Inc.,  Two  Pennsylvania  Plaza,  New  York,  N.  Y.,  10001, 

1968. 

4.  Harris,  W.  J.;  Metal  1 ic  Fatigue,  Pergamon  Press,  London,  1961. 

5.  Crate,  H.;  Ochiltree,  D.  W. ; and  Graves,  W.  T.;  "Effect  of  Rivet 
Pitch  to  Rivet  Diameter  on  the  Fatigue  Strength  of  Riveted  Joints 
of  24  S-T  Aluminum  Alloy  Sheet,"  NACA  TNI  125,  National  Advisory 
Committee  for  Aeronautics,  Langley  Field,  Virginia,  September  1946. 

6.  Anon.;  Metallic  Materials  and  Elements  for  Aerospace  Vehicle 
Structures,  MIL-HDBK-SB,  U.  S.  Government  Printing  Office,  September 
1971. 

7.  Wolf,  N.  D.,  and  Jacobson,  M.  J.;  "Design  and  Sonic  Fatigue 
Characteristics  of  Composite  Material  Components,"  Paper  No.  13, 

AGARD  CP-113,  Advisory  Group  for  Aerospace  Research  and  Development 
North  Atlant.c  Treaty  Organization,  September  1972. 

8.  Jacobson,  M.  J.;  "Advanced  Composite  Joints;  Design  and  Acoustic 
Fatigue  Characteristics,"  AFFDL-TR-71 -1 26 , Air  Force  Flight  Dynamics 
Laboratory,  Wright-Patter son  Air  Force  Base,  Ohio,  1972. 

9.  Grosko,  J.  J.,  and  Kizer,  J.  A.;  "Weldbond  Flight  C^oonen  t 0-  sign/ 
Manufacturing  Program,"  AFML-TR-74-  I 79/AFFDL-TR-74- I ' 6 , Ai  - f-orce 
Systems  Command,  Wright-Pat  terson  Air  Force  Base,  Oh : , ?Voer : »r  1974. 


5.5  STRESS  CONCENTRATION  FACTORS 


5.5.1  GENERAL  CONSIDERATIONS 

To  estimate  the  stress  response  of  a structure  to  applied  loads  the  designer 
normally  uses  the  results  of  a linear  elasticity  solution  of  the  problem 
being  considered  to  obtain  estimates  of  the  nominal  stress  magnitude.  For 
example,  the  designer  may  use  simple  beam  or  plate  theory  to  estimate 
stresses.  Concerning  the  sonic  fatigue  problem  and  referring  to  Section 
5.2,  the  designer  estimates  the  stress  response  of  the  idealized  structure 
to  a unit  magnitude  uniform  pressure  (see  Figure  5-2.2-2A,  for  example).  To 
relate  the  idealized  structure  to  the  actual  structure,  it  is  necessary  to 
account  for  effects  relating  to  very  localized  geometric  discontinuities 
resulting  from  either  details  of  joining  structural  components  or  from  manu- 
facturing processes. 

Assuming  elastic  response  of  the  material,  it  is  a standard  design  practice 
to  estimate  the  stress  intensification  at  a particular  geometric  discontinu- 
ity such  as  a hole,  fillet  radii,  keyway,  screw  thread,  etc.  in  terms  of  a 
theoretical  stress  concentration  factor,  K^.  This  theoretical  factor  is  the 
ratio  of  the  maximum  stress  at  a point  to  the  nominal  stress  at  the  point 
based  upon  the  net  cross  sectional  area  containing  the  discontinuity  and 
use  of  a simplified  stress  analysis  formula.  Hence,  for  a given  loading 
system,  the  stress  concentration  factors  describing  the  geometry  and  an 
assumed  theory  of  fracture  (such  as  maximum  #.hear  theory  for  ductile  mater- 
ials), the  designer  may  make  reliable  calculations  of  the  ultimate  loads 
required  to  cause  stat i c failure  of  the  structure. 

Engineers  have  used  the  term  "notch"  to  signify  the  geometric  features 
giving  rise  to  a stress  concentration.  In  fatigue  work,  it  is  rarely  the 
case  that  the  maximum  effect  of  the  static  stress  concentration  factor,  K^ , 
or  the  fatigue  strength  is  realized.  Hence,  it  has  been  required  to 
develop  an  experiments*  "fat igue  notch  factor,"  Kf,  based  upon  comparing 
the  fatigue  strength  of  an  unnotched  specimen  to  the  fatigue  strength  of  a 
notched  specimen.  The  fafctigue^iotch  factor,  Kf , is  defined  as  the  ratio  of 
the  unnotched  fatigue  strength  to  the  notched  fatigue  strength.  The  fatigue 
notch  factor,  Kf,  does  not  achieve  as  high  a value  as  the  theoretical  stress 
concentration  factor,  Kt.  Since  the  fatigue  notch  factor  i»s  based  upon 
fatigue  strength,  it  will  usually  be  a function  of  the  number  of  cycles  to 
failure  for  each  material  and  notch  configuration. 

It  is  customary  to  relate  the  factors  Kt  and  K*  to  obtain  5 measure  of  the 
notch  sensitivity  of  the  material  to  reauction'of  fatigue  strength.  A con- 
venient parameter  is  the  "notch  sensitivity  factor,"  q,  defined  as 

q * (Kf  - l)/(Kt  - 1)  . (5.5. 1-1) 

For  no  notch  effect,  Kf  = 1 and  q = 0.  For  complete 
theoretical  stress  concentration  = K and  q = 1. 


real i zat i on  of  the 


For  practical  desic.  , the  designer  must  know  the  values  for  Kt  and  Kr  or 
Kt  and  q to  obtain  realistic  estimates  for  fatigue  life  of  the  structure. 
Hence,  the  designer  should  ideally  have  fatigue  data  available  for  each 
combination  of  material  and  notch  geometry  encountered  in  his  structural 
design. 

To  appreciate  the  relationship  between  the  theoretical  stress  concentration 
factor,  Kt , and  the  material  factors,  K^-  and  q,  Table  5-5-  1-1  is  presented 
(A)-  The  results  of  axial  load  fat i que ' tests  of  aluminum  riveted  joints  are 
presented  in  Figure  5-5-1-1  (M  as  representative  of  typical  results. 


TABLE  5.5.  1-1 

STRESS  CONCENTRATION  FACTORS,  Kt ; FATIGUE  NOTCH  FACTORS,  Kf; 
AND  NOTCH  SENSITIVITY  FACTORS,  q,  FOR  VARIOUS 
ALLOYS  IN  ROTATING  BENDING 


Alloy 

K 

t 

Kf 

q 

Stainless  Steel,  Type  lb-8 

1.6 

1.0 

0.0 

Structural  Steel  (BHN  = 120) 

1.6 

1.3 

0.5 

Hardened  Steel  (BHN  = 200) 

1.6 

1.6 

1.0 

Aluminum,  202A-0 

1.6 

1.0 

0.0 

Aluminum,  7075~T73 

6.7 

1.8 

0.13 

Titanium,  6A1  - ^V 

3.5 

2.8 

0.72 

Magnesium,  AZ80-A 

1.6 

1 . 1 

0.16 

This  section  presents  a brief  summary  of  the  theoretical  stress  concentra- 
tion factors  usually  encountered  in  sonic  fatigue  problems,  i.e.,  holes 
in  plates.  The  foremost  compilation  of  theoretical  stress  concentration 
factors  is  that  by  Peterson  (1).  The  techniques  to  be  used  to  relate  the 
static  stress  concentration  factor,  K , to  establish  fatigue  life  of  a 
structure  is  presented  in  the  following  section  and  Is  completely  described 
in  the  references  (l)  - (6).  In  particular,  Heywood  (5)  presents  an  inter- 
esting ana lyt i ca 1 /emp i r i ca 1 analysis  for  estimating  the  fatigue  strength  of 
unnotched  material  that  applies  to  steels  and  high  strength  aluminum  alloys 
and  presents  a detailed  discussion  the  techniques  required  to  relate  theo- 
retical stress  concentration  factors,  notch  sensitivity,  and  failure  cri- 
teria to  estimate  the  fatigue  life  of  structure. 

To  estimate  the  effect  of  stress  concentration  on  the  fatigue  strength  cf 
sheet  material,  the  designer  should  refer  to  the  work  of  Grover,  et  al. 

(7)  ~ (9).  The  effect  of  stress  concentration  on  the  sonic  fatigue 
failure  of  panels  is  described  by  Berens  and  West  (10.)  ano  by  v-*n  der  Heyde 
and  Kolb  (11). 
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FIGURE  5.5. 1-1  AXIAL-STRESS  FATIGUE  STRENGTH  OF  PLAIN  SHEET 
AND  RIVETED  JOINT  SPECIMENS 


5.5.2  TYPICAL  VALUE'.  OF  STRESS  CONCENTRATION  FACTORS 


The  following  discussion  of  theoretical  stress  concentration  factors  is 
used  to  provide  design  guidance.  The  designer  is  advised  to  consult  the 
specific  references  quoted.  In  particular,  the  designer  should  refer  to 
the  work  of  Peterson  (1)  for  a thorough  and  complete  presentation. 

5-5-2. 1 Welded  Joints 

Geometric  stress  concentrations  are  introduced  into  welded  joints  due  to  the 
irregular  edges  between  the  welded  joint.  The  nominal  stress  is  usually 
taken  as  the  ratio  of  the  load  (either  tension  or  shear)  per  unit  length  of 
the  weld  to  the  thickness  of  the  plates  being  welded  (2).  Typical  values 
of  the  stress  concentration  factor,  = 0/0  . , , are  presented  in  Table 

5. 5. 2-1  (see  Section  5.^.3. 2).  L ‘Ciiii.'a 


TABLE  5. 5. 2-1 


STRESS  CONCENTRATION  FACTOR,  K , FOR  WELDS 


Locat i on 

Butt  Weld  in  Tension 
Toe  of  Transverse  Fillet  Weld 
End  of  Fillet  Weld  in  Shear 
T Butt  Joint  with  Sharp  Corners 


1 • t- 

1.5 

2.7 

2.0 


5- 5. 2. 2 Holes  in  Plates 

Peterson  (1)  presents  a very  thorough  collection  of  stress  concentration 
factors  for  holes  in  plates.  The  work  of  Savin  (12)  should  also  be  refer- 
enced by  the  designer  to  obtain  estimates  of  the  stress  concentration  around 
holes.  The  results  presented  here  are  taken  from  Peterson  (l).  To  esti- 
mate the  stress  concentration  effects  of  filled  holes  in  plates,  the  designer 
should  refer  to  the  data  and  bibliography  presented  by  Heywood  (5). 

Rather  than  to  duplicate  the  graphs  presented  by  Peterson  (1)  for  general 
configurations  of  holes  in  plates,  this  section  presents  typical  values 
for  the  stress  concentration  around  a hole  assuming  that  the  designer  follows 
good  design  practice  in  selecting  rivet  diameter,  rivet  pitch,  and  edge  dis- 
tance from  a hole  to  the  free  edge  of  a plate.  Based  upon  the  discussion  in 
Section  5.^.2. 1,  the  following  values  are  assumed: 

Ratio:  rivet  diameter  to  edge  distance  = d/e  = 3-0 

Ratio:  rivet  diameter  to  rivet  pitch  = d/p  = 3-0  to  6.0 
Ratio:  rivet  diameter  to  plate  thickness  = d/h  - A.O 

If  the  designer  must  use  values  outside  of  these  ranges,  then  he  should  con- 
sult the  references.  It  is  common  practice  to  assume  that  K = h. 0 for 
conventional  aircraft  structure.  1 


The  definition  of  the  stress  concentration  factor,  , 


K - ■ /o 
t max  norr 


(5- 5- 2-1) 


so  that  the  designer  must  knov/  both  K and  the  expression  for  nominal 

stress,  n , to  calculate  c . For  the  assumed  hole  configurations, 

’ nom’  max  ^ 

three  quantities  are  qiven:  K,  , ci  , and  a 

^ t nom  max 

b-  5-2.2. 1 Axially  Loaded  Plates 


This  section  presents  expressions  for  stress  concentration  factors,  nominal 
stress  and  maximum  stress  for  plain  holes  in  plates  subjected  to  axial 
loading. 

Single  Hole  in  Finite  Width  Plate:  The  configuration  is  illustrated  in 

Figure  5. 5 2- la  (Figure  69,  Ref.  ( 1 ) ) . 

Kt  = 2.6 

"rom  “ U2u  = !.2P/wh  = C.05P/h2  (w  - 6d  ■=  22,h) 

•„  ' 3.|2«  ‘ 0-'56P/h2 

Eccentric  Hole  in  Finite  Width  Plate;  The  configuration  is  illustrated 
in  Figure  5-5.2— lb  (Figure  71 , Ref.  (1)). 


Kt  = 2-6 


1 .I8o/(l-0.0^2  d/e) ; e > 3d 


amax  = 3.07o/(l  - 0.0<t2  d/e) 


Simple  Pin  Joint:  The  configuration  is  illustrated  in  Figure  5.5*2— lc 

TPiguie  bj,  Ue  i (0). 


"nom  = p/dh  " p/1)h 
"max  - 1 ■ 1 p/dh  ~ °'275 

Hole  Near  Edge  of  Semi- i nf in i te  Plate:  The  configuration  is  illustrated 

in  F i gure  5-5-2— Id  (Figure  70,  Ref.  Cl)). 


Kt  - 2./ 


.183  0 


a ■ 3.15  o 

max 


Two  Holes  in  Infinit t Plate  with  Tensile  Loading  Parallel  to  Hole  Line: 

The  configuration  is  illustrated  in  Figure  5.5.2-le  (Figure  75,  Ref. 0)). 


K = 2.82 


o 


nom 


a 


°max 


2.82  a 


Two  Holes  in  Infinite  Plate  with  Tensile  Loading  Perpendicular  to  Hole 
Line:  The  configuration  is  illustrated  in  Figure  5.5.2-lf  (Figure  76, 
Ref.  (1)). 


KtA  = 3.2 


KtB  2,1 


a = a 
nom 


a„„m  = I .5  a 
nom 


°max  = 3-2ct 


max 


= 3.15a 


i s i 

1 lustrated  i 

n Figure 

5.5.2-lg 

(Figure  77,  Ref. 

KtA 

= 2.0 

a 

= a 

c = 2 . 0 a 

nom 

max 

KtB 

= 2.1 

a 

= \ .b  a 

a ~ 2 . 1 o 

nom 

max 

Row  of  Holes  in  Infinite  Plate  with  Tensile  Loading  Parallel  to  Row:  The 

configuration  is  1 1 1 ustrated  "in  Figure  5-5.2-lh  (Figure  78,  Ref.  (T) ) . The 
value  of  Kt  is  based  upon  an  intermediate  hole.  See  Figure  5 - 5 - 2- 1 c for 
end  holes  near  an  edge. 


Kt  = 2.8 


a = a 
nom 


amax  = 2'5a 


Row  of  Holes  in  Infinite  Plate  with  Tensile  Loading  Perpendicular  to  Row: 
The  configuration  is  illustrated  in  Figure  5.5. 2- 1 i (Figure  79,  Ref'.  (IT) 
The  value  of  is  based  upon  an  intermediate  hole.  See  Figure  5-5-2— Id 
for  end  holes  near  an  edge 

Kt  = 2.5 


o =o 
nom 


a = 2.5a 
max 


Row  of  Holes  in  Infinite  Plate  with  Uniform  Biaxial  Tensile  Loading:  The 

configuration  is  illustrated  in  Figure  5. 5.2-1 j (Figure  80,  Ref.  (1) ) . The 
value  of  K.  is  based  upon  an  intermediate  hole. 


Kt  = 1.74 


o = a 

nom 


o 

max 


1.74a 


Double  Row  of  Holes  in  Infinite  Plate  with  Tensile  Loading  Perpendicular 
to  Rows  : The  configuration  is  illustrated  in  Figure  5 - 5 - 2 - j~k  (Figure  #2, 
Ref.  TO).  The  value  of  K is  based  upon  intermediate  ho’es  in  the  rows. 


e 

Kt 

a 

nom 

a 

max 

0° 

1 .42 

3.0  a 

4.3c 

450 

1.95 

1.9  0 

3.7  0 

60° 

2.18 

1.5  a 

3.3  0 

90° 

2.14 

1.5  a 

3.2  0 

5 . 5 . 2 . 2 . 2 Bend i ng 

of  Plates 

This  section  presents  expressions  for  stress  concentration  factors,  nominal 
stress,  and  maximum  stress  for  single  plain  holes  in  plates  subjected  to 
a bending  moment  M. 

Finite  Wi dth  Plate 

(W  = 6d)  wi th 

Sinqle  Hole:  The 

configuration  is 

i 1 lus- 

trated  in  Figure  5- 

5.2-2a  (Figure 

86,  Ref.  (1)). 

Kt  = 1.55 

anom  = 1,2  M/dh?'  = 0,3  M/h2  = ^ 
cmax  = M/dh2  = °-47  H/h2 

Note:  The  dimensions  for  the  bending  moment  are  force  times  length. 

The  configuration  is  illustrated  in  Figure 

3 £ d/h  £ 6 

“max  

Note:  The  dimensions  for  the  bending  moment  are  force  times  length  per 

unit  length.  When  using  the  results  of  Section  5-2,  a is  computed 
directly  (See  Figure  5-2. 2-7.4}.  nom 


Infinite  Plate  with  Single  Hole: 
5-5- 2_2b  (Figure  85,  Ref.  (l)) . 


Kt  = 1.95 


nom 


= 6 M/h2 


=117  M/h' 


448 


a = P 


Plate  Thickness  = h 

(a)  Single  Centered  Hole  in  a Finite  Width  Plate 


Plate  Thickness  = h 


(b)  Single  Eccentric  Hole  in  a Finite  Width  Plate 


' P | P 

(c)  Simple  Pin  Joint 


FIGURE  5- 5. 2-1  CONFIGURATIONS  FOR  STRESS  CONCENTRATION  FACTORS 
FOR  TENSILE  LOADING  (CONTINUED) 


(d)  Hole  Near  Ed^e  of  Sem i - I nf i n i te  Plate 


o o- 

T 


(e)  Two  Holes  in  Infinite  Plate:  Tension  Parallel  to  Hole  Axis 


' {■*— 6d— *|  ; 

»0!  bCll  I 

! T ! 

1 I 


(f)  Two  Holes  in  Infinite  Plate:  Tension  Perpendicular  to  Hole  Axis 

FIGURE  5. 5. 2-1  (CONTINUED) 
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(g)  Two  Holes  in  Infinite  Plate:  Uniform  Biaxial  Tension 


o 


o®cJl  o 


max 


_L 

°T 


(h)  Row  of  Holes  in  Infinite  Plate:  Tension  Parallel  to  Row 


il_L.UJ.i_j 
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(i)  Row  of  Holes  in  Infinite  Plate:  Tension  Perpendicular  to  Row 


FIGURE  5.5. 2-1  (CONTINUED) 
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(j)  Row  of  Holes  in  Infinite  Plate:  Biaxial  Tension 
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(k)  Double  Row  of  Holes  in  Infinite  Plate:  Biaxial  Tension 


FIGURE  5. 5.2-1  (CONCLUDED) 
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FIGURE  5 
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(a)  Bending  of  Finite  Width  Plate  with  Single  Hole 
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(b)  bending  of  Infinite  Plate  with  Single  Hole 
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5 . 5 . . 2 . 3 Countersunk  Holes 

Based  upon  strain  gage  and  photoclast ic  studies  and  upon  fatigue  tests, 
Whaley  (13)  determined  that  the  stress  concentration  Tactors  ioi  ujuiuci ^ 
sunk  holes  were  from  13%  to  23%  higher  than  the  maximum  values  for  plain 
holes.  This  maximum  value  Is  attained  on  the  interior  of  the  plate  where 
the  tapered  countersink  intersects  the  plain  hole  (approximately  half 
to  two-thirds  the  plate  thickness  for  good  design).  In  the  absence  of 
specific  data,  the  designer  can  multiply  the  plain  hole  stress  concentra- 
tion factors  given  above  by  1.25  to  estimate  the  effect  of  a countersink 
on  stress  concentration. 

r'  !'  7.7.h  Curved  Sheet  Subject  to  Bending 

Assuming  a curved  beam  behavior,  it  is  possible  to  develop  a stress  con- 
centration factor  that  applies  to  the  radius  bend  of  a sheet  metal  part, 
Reference  (l),  pp.  1 1 7 ~ 1 1 8 - This  stress  concentration  factor  applies  to 
the  bend  radius  of  clips  and  to  rib  flanges  formed  from  flat  sheet  metal 
stock.  The  stress  concentration  factor  for  a 90°  bend  and  a bend  radius 
four  times  the  sheet  thickness  varies  Inversely  with  the  plate  thickness, 
h,  from  Kt  = 1.20  for  h z 0.125  inches  to  = 2.30  for  h = 0.020  Inches. 
The  nominal  stress  is  based  upon  the  bending  moment  supported  along  one 
edge  using  the  simple  beam  formula  (Equation  B.I.I-lc)  with  the  maximum 
stress  calculated  for  the  opposite  edge. 


1. 1 i. 


REFERENCES  FOR  SECTION  5-5 


1.  Peterson,  R.  E.;  Stress  Concentration  Design  Factors,  John  Wiley  & 

Son*. , New  York  , 953  • 

2.  Spotts,  M . F.;  D,sign  of  Machine  Elements  ( A th  Ed),  Prentice-Hall, 

Inc.,  Englewood  I 1 i r fs , N.  J . , 1971 . 

3.  Graham,  J.  A.  (E<  . ) ; Fatigue  Design  Handbook.  Society  of  Automotive 
Engineers,  Inc.,  Two  Pennsylvania  Plaza,  New  York,  N.  Y.  10001,  1968. 

4.  Osgood,  C.  C.;  Fatigue  Design,  W! ley- Intersc ience , New  York  1970. 

5.  Heywood,  R.  B.;  Designing  Against  Fatigue,  Chapman  Hall  Ltd.,  London 
1962. 

6.  Harris,  W.  J.  Meta  1 1 1 c Fat i gue , Pergamon  Press,  London,  1961. 

Grover,  M.  J.,  et  a 1 . ; "Fatigue  Strengths  of  Aircraft  Materials  - Axial 
Load  Fatigue  Tests  on  Notched  Sheet  Specimens  of  24$  - T3  and  75S-T6 
Aluminum  Alloys  and  of  4130  Steel  with  Stress  Concentration  Factors  of 
2.0  and  4.0,"  NACA  TN  2389,  National  Advisory  Committee  for  Aeronautics. 
June  1951  • 

8.  Grover,  H.  J.,  et  a 1 . ; "Fatigue  Strengths  of  Aircraft  Materials  - Axial 
Load  Fatigue  Tests  on  Notched  Sheet  Specimens  of  24S-T3  and  75S-T6 
Aluminum  Alloy  and  of  SAE  4130  Steel  with  Stress  Concentration  Factor 
of  5-0,"  NACA  TN  2390,  National  Advisory  Committee  for  Aeronautics, 

June  1951. 

9-  Grover,  M.  J.,  et  al . ; 'Fatigue  Strengths  of  Aircraft  Materials  - Axial 
Load  Fatigu.  Tests  on  Notched  Short  Speci  ens  of  24S-T3  and  75S-T6 
Aluminum  Alloy  and  of  SAE  4130  Steel  with  Stress  Concentration  Factor 
of  1 .5,"  NACA  TN  2639,  National  Advisory  Committee  for  Aeronautics, 
February  1952. 

10.  Berens,  A.  P.  and  West  B.  J.;  "Experimental  Methods  in  Acoustic  Fatigue," 
AFFDL-TR-71 - 1 13,  Air  Force  Flight  Dynamics  Laboratory,  Wright-P-  tterson 
Air  Force  Base  Ohio,  March  1972. 

11.  Van  der  Heyde,  R.  C.  V/.  and  Kolb,  A.  W. ; "Sonic  Fatigue  of  Light  Weight 
Aircraft  Jtructures."  Paper  No.  20,  AGARD  CP-113  Symposium  on  Acoustic 
Fatigue,  Advisory  Group  for  Aerospace  Research  and  Development,  North 
Atlantic  Treaty  Organization,  Sept.  1972, 

1 i . Povin,  G.  N. ; Stress  Concentration  Around  Holes,  Internation,  l Series 
of  Monographs  in  Aeronautics  and  Astronautics,  Division  1,  Mr,  1.  1, 
Pergamon  Press,  1961. 

I >.  Whaley,  k.  E.;  "Stress  Concentration  Factors  for  Cot r ►ersunk  Holes," 
Proceedings  of  the  Society  for  Experimental  Stress  />-■.»>  ysi  s , ol.  z/., 

N • . 2,  October,  1965. 


455 


INTENTIONALLY  BLANK  PAGE 


SECTION  6 
FATIGUE  DESIGN 


The  total  consideration  of  fatigue  design  covers  an  exceedingly  wide  range 
of  topics.  Fatigue  failures  can  occur  in  simple  plain  test  specimens,  parts 
containing  a discontinuity,  or  complex  structures  where  both  stress  concen- 
trations and  load  diffusions  are  present.  Since  the  fatigue  strength  is 
directly  influenced  by  the  form  of  the  loading,  the  designer  must  account 
for  variable  amplitude  stress  spectra  and  random  amplitude  stress  spectra. 
Also,  the  designer  must  account  for  the  effects  of  temperature  and  environ- 
mental factors  on  the  fatigue  life  of  the  structure. 

Two  distinct  areas  of  investigation  are  the  development  of  fatigue  theories 
concerned  with  predicting  the  fatigue  mechanisms  (and  hence  the  life)  of 
metallic  materials  and  the  accumulation  and  rationalization  of  fatigue 
strength  data  based  upon  experimental  testing  of  particular  specimens. 

The  relation  between  theory  and  experiment  has  generally  avoided  a complete 
solution  so  that  the  designer  usually  relies  upon  available  experimental 
data.  The  purpose  of  this  section  of  this  report  is  to  present  a basic 
description  of  design  considerations  and  procedures  required  to  estimate 
the  sonl : fatigue  resistance  of  aircraft  structure  in  the  absence  of 
specific  design  data  such  as  presented  in  Section  5-3-  Basic  references 
describing  the  considerations  of  fatigue  design  are  the  text  books  by  Osgood 
(1),  Heywood  (2),  and  Harris  (3).  The  material  data  presented  in  MIL-HDBK- 
5B(4)  and,  in  particular,  the  fatigue  data  presented  in  the  form  of  constant 
life  diagrams  is  an  i nd i spens i bl e tool  for  use  in  fatigue  design. 

Section  6.2  describes  the  basic  engineering  parameters  required  to  describe 
the  fatigue  strength  of  metallic  materials.  In  particular,  the  relationship 
between  the  constant  alternating  stress  and  mean  stress  amplitudes  to  failure 
criteria  are  discussed  to  estimate  the  fatigue  life  of  plain  specimens. 
Additionally,  introduction  of  the  theoretical  stress  concentration  factor  and 
the  notch  sensitivity  of  the  material  allows  the  designer  to  relate  the  plain 
specimen  fatigue  life  to  the  estimated  fatigue  life  of  the  structure.  Section 
6.3  describes  the  statistical  nature  of  experimental  fatigue  data  so  that  the 
designer  can  appreciate  the  degree  of  confidence  associated  with  designing 
for  either  a speci-fied  life  or  a range  of  applied  loads.  Section  6.4  presents 
a brief  discussion  of  various  cumulative  damage  theories  so  that  the  designer 
can,  in  the  absence  of  specific  test  data,  estimate  the  effect  of  variable 
amplitude  stresses  on  the  fatigue  life  of  the  structure.  Since  sonic 
fatigue  failures  result  from  applied  stresses  exhibiting  random  amplitudes, 
Section  6.5  presents  a technique  for  converting  constant  amplitude  S-N  curves 
to  so-called  "equivalent  random  amplitude"  S-N  curves.  Again,  this  technique 
will  be  valuable  to  the  designer  if  specific  test  data  is  not  available  when 
required.  Finally,  Section  6.6  contains  documented  fatigue  curves  for  various 
mtv a 1 s and  structural  configurations  common  to  aircraft  design. 

6.1  NOTATION 

A stress  ratio  = alternating  stress/mean  stress 

/■.„  ratio  of  alternating  stress  to  static  tensile  stronoth  of  toe 

material  for  zero  mean  stress 
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exp(x) 
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material  notch  alleviation  factor,  Table  6. 2. 2-1 

material  constant  In  Equation  (6.2.2-2a),  see  Table  6. 2. 2-2 

ex 

response  frequency  of  a linear  single  degree-of-f reedom  system 
strength  reduction  factor;  Equation  (6.2.2-la) 
atigue  notch  factor;  determined  by  experiment 

static  strength  reduction  factor:  ratio  of  the  tensile  strength  of 
the  plain  specimen  to  the  tensile  strength  of  the  notched  specimen; 

°t/otn 

stati<  theoretical  stress  concentration  factor 

cycles  of  alternating  stress  to  failure,  cycles 

total  number  of  cycles  to  failure  for  a spectrum  of  stress 
exposure  (n  j ,o . ) 

number  of  cycles  to  failure  at  the  stress  level  o. 
log(N) 

number  of  cycles  of  alternating  stress  at  the  stress  level  o 

i 

Rayleigh  probability  density  function 

notch  sensitivity  factor  for  material;  determined  by  experiment 

stress  ratio  - minimum  stress/maximum  stress 

notch  radius;  Equation  (6.2.2-la) 

continuous  alternating  stress  amplitvide 

total  time  of  stress  exposure 

ratio  of  number  of  cycles  of  alternating  stress  to  the  otal 
number  ol  cycles  to  failure  N-j. 

mean  stress  correction  factor  for  fatigue  strength  prediction 
constant  amplitude  alternating  stress,  ks i 

alternating  stress  in  a notched  specimen  Equation  (6.2.2-lb) 

stress  le  °1  associated  with  the  i block  of  the  stress  exposure 
spectrum  (iij,  Oj) 


om  constant  mean  stress,  ksi 

ot  static  ultimate  tensile  strength,  ksi 

ot  static  ultimate  tensile  strength  of  notched  material  specimen 

cj2  mean  square  value  of  alternating  stress  "s" 

6.2  PARAMETERS  DESCRIBING  FATIGUE  STRENGTH 

The  approach  taken  here  to  describe  the  various  parameters  relating  to  the 
fatigue  strength  or  life  of  a structure  can  be  regarded  as  an  engineer's 
approach.  That  is,  the  effect  on  the  fatigue  strength  of  a structure  will 
be  discussed  in  terms  of  engineering  quantities  on  a phenomenological  basis. 
Specifically,  the  fatigue  strength  will  be  discussed  in  terms  of  design 
parameters  on  a macroscopic  scale  rather  than  a scientific  discussion  of 
microscopic  effects. 

Following  the  work  of  Heywood  (2),  the  designer  should  place  first  importance 
on  the  experimental  fatigue  characteristics  of  plain  test  specimens.  These 
results  can  then  be  related  to  specific  structural  configurations  by  consid- 
ering the  "notch  effects"  of  stress  concentrations  and  material  notch  sensi- 
tivity. This  approach  allows  the  subject  of  fatigue  to  be  organized  on  an 
engineering  design  basis.  The  designer  does  not  have  to  be  totally  concerned 
then  with  the  accumulation  of  experimental  test  data  for  all  material  and 
configuration  combinations  although  specific  test  data  for  plain  material 
specimens  is  required. 

6.2.1  PLAIN  SPECIMEN  FATIGUE  STRENGTH 

Fatigue  strength  is  a broad  term  implicitly  relating  the  applied  stresses 
and  life  of  a material  configuration.  Based  upon  empirically  derived 
expressions  relating  applied  stresses  and  fatigue  life  (2),  the  basic 
material  parameter  can  be  taken  as  the  ultimate  tensile  strength,  o^,  of 
the  metallic  material.  The  two  basic  loading  parameters  are  the  constant 
amplitude  alternating  stress,  og,  and  the  constant  mean  stress,  o™.  The 
life  of  the  specimen  is  usually  measured  in  terms  of  the  number  or  cycles 
to  failure,  N,  of  the  alternating  stress. 

Heywood  (2)  has  proposed  the  following  relationship  for  plain  aluminum  alloys 
with  ultimate  tensile  strength,  o in  ksi,  subjected  to  a combination  of 
alternating  stress,  o„  in  ksi,  and  tensile  mean  stress,  a in  ks i . for  N cycles 
to  la i 1 ure 

0a  = ± ot[l  - om/r7t][Ao  + y(l  - Aq)  ] ksi  (6.2. 1-1) 

v here 


Ac  «*  [1  + 0.0031n\/(l  + 0.0$5ot)]/(l  +0.0031n4) 
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Y - (om/ct)/[l  + (afn/3^0)i4] 
n * log(N) 

It  is  common  practice  in  fatigue  design  to  combine  the  alternating  stress, 
o and  the  mean  stress,  a , to  obtain  stress  ratios  describing  the  loading 
condition.  Two  common  stress  ratios  are  the  ratio  of  minimum  stress  to 
maximum  stress  in  one  cycle,  denoted  by  R,  and  the  ratio  of  alternating  stress 
tc  mean  stress,  denoted  by  A.  The  specific  definitions  In  terms  of  og  and 


R = (om  - oa)/(om  + oa)  (6.2. 1 -2a) 

A * oa/om  (6.2. 1 -2b) 

The  most  common  loading  condition  related  to  sonic  fatigue  design  is  that 
of  zero  mean  stress  (R  ■ -1,  A - 00 ) so  that  Equation  (6  2.1-1)  for  aluminum 
a 1 1 oy s becomes 

°a  ” * o (1  + 0.0031  nV  ( 1 * 0.0^5  ot ) ] / (1  + 0.0031  nS  (6.2. 1-3) 
n - log(N) 

Although  Equation  (6.2. 1-1)  was  developed  for  tensile  mean  stresses,  it  can 
be  used  for  moderate  values  of  compressive  mean  stress  (2).  Hence,  the 
designer  can  use  Equations  (6.2. 1 - 1 ) or  (6.2.  1-3)  to  estimate  the  fatigue 
characteristics  of  an  aluminum  alloy  knowing  any  three  of  the  parameters 
°a>  cm'  ^ > or  °t  an<^  solving  for  the  fourth  parameter.  Equation  (6.2. 1-3) 
is  plotted  in  Figure  6.2. 1-1  as  a o-log(N)  curve  for  various  values  of 
ultimate  tensile  strength, 

The  designer  may  use  these  results  in  the  absence  of  specific  fatigue  test 
data;  however,  he  should  always  attempt  to  verify  the  predicted  results  by 
comparison  t”  experimental  results.  The  prediction  formulas  given  in  Equa- 
tions (6.2.1  1)  and  (6.2. 1-3)  yield  estimates  of  the  alternating  stress  that 
are  approximately  102  high  for  a given  life  as  compared  to  values  quoted  in 
MIL-HDBK-5R(*0  • For  estimates  of  fatigue  life  greater  than  N = 10^  cycles  to 
failure  it  is  recommended  that  N be  taken  as  a primary  variable  rather  than 
o_  since  sma 1 1 changes  in  a can  result  in  large  variations  in  N. 

Example:  Estimate  the  amplitude  of  alternating  stress  required  to  produce 

failure  in  N 10'  cycles  for  2Q2^-T3  aluminum  alloy  sheet  (o^  = 73  ks i ) 
and  7075-T6  aluminum  alloy  sheet  (ot  = 82.5  ks i ) assuming  zero  mean  stress 
and  no  stress  concer.  trat  ion  effect  . Also  calculate  the  amplitude,  of  alter- 
nating stress  required  to  produce  lailure  in  f!  - 10'  cycles  for  the  two 
materials  for  a mean  tensile  stress  of  20  ksi. 

Fur  N *=  107,  n = log(!0^)  » /.O  and  from  Equation  (6.2. 1-3) 
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Alternating  Stress, 


*.  4 


o 


a 


0.1184  ojl. 0 + 7. 443(1. 0 + 0. 045  o )]  . 


Then  for  20  4-T3  alloy  and  zero  mean  stre  s 

oa  = * 0.  1 184(73)  [1  • 0 + 7. 443/(1. 0 + 0. 045(73))] 
ag  = + 23-7  ksi 


The  value  quoted  in  Figure  3.2.3.1.8(b)  of  MIL-HDBK-5t  is  og  * 21.0  ksi. 
Similarly,  for  7075-T6  alloy  (o^  =*  82.5  ksi)  one  calculates  = ±25-2  ksi 
which  compares  to  the  value  of  cg  **  + 20.0  ksi  as  quoted  in  Figure  3.7.2.1.8(b) 
of  MIL-HDBK-5B. 

For  N = I07  and  om  « 20  ksi,  one  obtains  from  Equation  (6. 2. 1-1)  the  results 
oa  * 18.5  ksi  for  2Q24-T3  alloy  and  og  = ± 20.8  ksi  for  7075~T6  alloy. 

Table  6.2. 1-1  presents  a comparison  of  the  predictions  using  Equations 
(6.2. 1-1)  and  (6.2. 1-3)  and  experimental  values  quoted  by  MIL-HDBK-5B  (4) 
for  2024-T3  aluminum  alloy.  Table  6.2. 1-2  presents  a similar  comparison 
for  7075-T6  aluminum  alloy. 

Heywood  (2)  presents  a similar  and  more  accurate  empirical  equation  in  the 
form  of  Equation  6.2. 1-1  for  high  strength  steel  alloys.  The  fatigue  char- 
acteristics of  unnotched  steel  alloy  specimens  is  approximated  as 

- i ot[l  - om/ot][A0  4 y ( 1 - AQ) ] ks i (6.2. 1-4) 

whe  re 

A0  « (I  + 0.0038  nI*)/(l  + 0.008  n'1) 

T = "m^2  + 0m/ot^/3ot 
n - log(N) 


6.2.2  NOTCHED  SPECIMEN  FATIGUE  STRENGTH 


the 

K. 


In  Section  5-5  the  topic  of 

notch  factors,  , and  the  notched  sensitivity  factoi  q, 
with  typical  values  quoted  for  various  types  of  "notches"  and  materials. 


stress  concentration  factors,  K^, 

were 


fat i gue 
d i scus  sed 


concentration  factor,  K , Is  a static  parameter  indepen- 
properties,  K is  a parameter  associated  only  with  geo- 
As  Indicated  By  Equation  (5-5- 1-1)  fhe  fatigue  notch 

■C  ^ 4-  — . 1/  ^ rl  h U t-  r<Ur>  r|  ••  n ! 4-  ! > > { f • ■ f f »->  ►"  P 'V  - P 4>r,  h k I lOPr, 

I OLLUI  , a,1VJ  liwtvncu  3CII3  I II  V I 1)1  ui  c Uv^wnowli  u upoi  I 

material  properties  and  may  vary  with  the  life,  N,  of  the  notched  specimen, 


Since  the  stres 
dent  of  materia 
metric  effects. 


The  purpose  of  this  subsection  is  to  indicate  to  the  designer  techniques 
for  modifying  the  plain  specimen  fatigue  strength  to  account:  for  the 
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TABLE  6.2.  1-1 


COMPARISON  OF  PREDICTED  AND  EXPERIMENTAL 
DTP.LIICT  li  or  UIIMOTriim  ?0?k-T3  At  UM I HUM  All 
Ultimate  Tensile  Strength:  o = 73  ks 


ci  ' 0 
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o.C) 

oa<2) 

«.(') 

- 

63-8 

- 

60 

k8 . 2 

k3 

kl 

kO.k 

32 

3k 

36.1 

25 

i 

27 

30.8 

21 

22 

28.2 

17 

21 

23.7 

16 

- 

21.1 

- 

- 

19.7 

- 

(1)  Figure  3.2.3.1.8(b),  MIL-HDBK-5B 

(2)  Using  Equation  6 2.1-1! 

(3)  Usi  no  Equation  6 . 2 . I - I 
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TABU  6.2. 1 -2 


COMPARISON  OR  PREDICTED  AND  EXPERIMENTAL  FATIGUE 
STRENGTH  OF  UNHOTCHf n 7075-T6  ALUMINUM  ALLOT  SHEET 
Ultimate  Tensile  Strength:  ; 82.5  ksi 


N 

°m 

- 0 

Om 

■*  20  ks  i 

na(l) 

oa(2) 

oa(!) 

°a  (3) 

6- I03 

62 

60.2 

56.5 

58.0 

1 ■ I01 2* 

50 

53.7 

52 

53.2 

h * ! 0*4 

52.5 

55.7 

31 

36.2 

1 • 105 

35.5 

39.6 

23-5 

32.  1 

*s*  105 

27 

33.5 

20.5 

27.1 

1 • 106 

23 

30.5 

10.5 

26.2 

1 ■ 107 

20 

25.2 

17.5 

20.8 

1 • 108 

- 

22 . 3 

- 

17.9 

1-  109 

- 

20.6 

- 

16.2 

NOTES: 


(1)  Figure  i . / . 2 . 1 . 6 (b) , MIL-HUBK-5B 

(2)  Using  Equation  6.2. 1 - 3 

(3)  Using  Equation  6.2. 1-1 


'notched"  behavior.  The  designer  should  note  that  for  the  general  case 
of  alternating  and  mean  stress  loading  two  fatigue  notch  factors  must  be 
defined;  one  factor  applying  to  the  alternating  stress  and  one  factor 
applying  to  the  mean  stress.  Since  most  sonic  fatigue  design  problems 
do  not  require  the  consideration  of  an  imposed  static  mean  stress,  the 
discussion  here  will  consider  only  the  prediction  of  "notched"  fatigue 
life  at  zero  mean  stress  with  the  consideration  of  mean  stress  effects 
left  to  the  references  (2).  The  prediction  technique  described  here 
should  be  used  by  the  designer  only  if  "notched"  specimen  fatigue  data  is 
not  available.  Fortunately,  much  data  Is  presented  in  MIL-HDESK-5B  (A)  and 
should  be  utilized  by  the  designer. 

6.2.2.  I Notched  Specimen  Fatigue  Strength  at  Zero  Mean  Stress 

In  the  absence  of  experimental  data  the  "notched"  fatigue  strength  of  a 
material  can  be  estimated  using  the  concept  of  a "strength  reduction  fac- 
tor," hp , defined  for  a specific  material  at  a specified  life  and  a given 
"notch"  configuration  (2). 

Following  the  work  of  Heywood  (2),  the  strength  reduction  factor  for  a 
material  at  N = 10?  cycles  (taken  as  a limiting  condition)  is  related  to  the 
static  stress  concentrat  ion  factor,  K^.  , as 


K 


F 


a /o 

a an 


I + 2 


(6.2.2-la) 


where  the  constant  "a"  is  termed  the  material  "notch  alleviation  factor" 
and  "r"  is  the  radius  of  the  notch.  A high  value  of  the  material  notch  alle- 
viation factor  "a"  implies  that  the  stress  concentration  effect  of  a notch 
will  be  sma 11  (q  is  sma 11). 


The  alternating  stress  in  the  notched  specimen  is  related  to  the  alternating 
stress  in  the  plain  specimen  for  N = 10'  cycles  as 


a =1+2 
an 


K - I 

t 


1/2, 


(?)  J 


»a/K, 


ksi 


(6.2.2-lb) 


Values  for  the.  notch  alleviation  factor  "a"  are  given  in  Table  6. 2. 2-1  for 
various  materials  and  notch  configurations  (2). 

The  above  relations  for  a notched  specimen  are  valid  only  at  the  life  N = 1 0 ^ 
c y c 1 _ s . It  is  now  accessory  to  correct  tricsc  estimate-.  i*.»r  on  oibitrory 

value  of  N or  n = log(N).  Heywood  (2)  has  continued  an  empirical  evaluation 
of  test  data  available  (circa.  1 962 ) to  obtain  the  result 


= K + 
5 


b + n 


(*r 


KS> 


1465 


- o /a 
f a an 


(6. 2. 2-2 a) 


whe  re 


is  the  static  strength  reduction  factor  ~ 1.0 
Kp  is  obtained  from  Equation  (6.2.2-la) 

b is  a material  constant  evaluated  in  Table  6. 2. 2-2  for  some 
common  alloys  (2 ) 

n **  )og(N) 

The  alternating  stress  in  the  notched  specimen  at  a fatigue  life  of  N 
cycles  is  related  to  the  alternating  stress  in  the  plain  specimen  at  a 
fatigue  life  of  N cycles  as 


°an  = "a/lKs  + — 1 2 — r (KF  ' Ks^  ksi  (6. 2.2-2b) 

b + n^ 

n ■=  log(N) 

For  values  of  n 5 it  is  permissible  to  set  Ks  « 1.0.  If  specific  experi- 
mental data  Is  not  available,  approximate  K$  by  1.0.  An  example  will  illus- 
trate the  use  of  Equations  (6. 2.2-2)  for  estimating  the  notched  fatigue 
strength  of  the  material. 

Example:  Predict  the  notched  fatigue  life  of  7075-T6  aluminum  alloy  sheet 

for  the  following  data:  ot  = 82.5  ksi,  r = 0.057  inches,  Kt  - 4.0  (values 

of  "r  and  Kj.  are  selected  so  that  predicted  results  can  be  compared  to 
experimental  results  quoted  in  Figure  3-7-2.  1.8(e)  of  MIL-HDBK-5B  (A)). 

From  Tables  6. 2. 2-1  and  6. 2. 2-2  one  determines  the  constants:  /a  = 

(24/82. 5H  = 0.0246,  (inches)  ' , b = 40. 

From  Equation  (6.2.2-la),  one  calculates  Kp  = 3.464.  Supposing  that  the 
static  strength  reduction  factor  is  known  from  experiment  to  be  K = 1.05, 
then  using  Equation  (6.2.2-2b)  the  alternating  stress  in  the  no’ened  speci- 
men , a , at  a fatigue  life  of  N cycles  is  related  to  the  alternating  stress, 
<>a,  in  the  plain  specimen  at  a Fatigue  life  of  N cycles  as 


oan  = oa/[l.05  + (3-464  - 1 .05)nV(40  + ni()  ] ksi 

°an  = + 2.4l4  nV(40  + n^)]  ksi 

At  N = 10^’  cycles,  n = 6 and  oan  = 0.295  o . Now,  the  value  of  the  alterna- 
ting stress  in  the  plain  specimen  can  be  taken  from  either  the  unnotciied 
specimen  experimental  values  or  from  the  predicted  unnotched  specime.n  Perg 
formance  using  the  method  n section  6.2.1.  F tom  "fable  6.2. 12  at  N - 10 
cycles,  the  exper i menta 1 value  for  a is  23  ksi  and  the  predicted  value  using 
Equation  (6.2.  1 — 3 ) is  30-5  ksi.  Then,  one  obtains  the  predicted  notch  effect 
using  experimental  plain  specimen  data  as 
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o = 0.295  (23)  * 5.8  ks i at  N “ 10^  cycles 

3 r. 

Using  the  predicted  value  of  oa  = 30.5  ksi,  the  predicted  notch  fatigue 
strenqth  at  10^  cycles  is 

aan  » 0.295  (30.5)  = 9-0  ksi 

For  comparison,  the  experimental  value  of  the  notched  specimen  of  the  fatigue 
strength  at  10“  cycles  is  oan  = 8.0  ksi.  To  complete  the  example,  the  com- 
parison is  continued  in  Table  6. 2. 2-3  for  fatigue  strength  estimate  of  the 
notched  specimen  of  this  example. 


TABLE  6. 2. 2-1 

VALUES  OF  NOTCH  ALLEVIATION  FACTOR,  /a,  TO  BE 
USED  WITH  EQUATIONS  (6. 2. 2-1)  FROM  REFERENCE  2 


1/2 

Notch  Shap_ Mater i a 1 a , ( 1 nches ) 


Transverse  Hole 

Steel 

-TJ i 

5/ot 

Shoulder 

Stee  1 

4/ot 

Groove 

Steel 

3/o  t 

A 1 1 

Alumi num  Ai loys 

(24/at)3 

All 

Magnes i urn  Al loys 

0.015 

A 1 1 

Ti tani urn  Al loys 

very  small  (notch  sensitive) 

u,.  = ultimate  tensile  strength  of  the  material  in  ksi 

lALLE  6. 2. 2-2 

VALUES  OF  THE  CONSTANT  b IN  EQUATION  ((.  2.2-2) 
FROM  REFERENCE  2 


Steel  Al loys 

O750/nt)2 

A 1 umi num  Ai loys : 

7075-T6 

25  to  40 

202  Ai— ‘{‘3 

60 

Magne  s i urn  A 1 1 oys : 

(<o  = F0  ksi) 

Rn 

= ultimate  tensile  strength  of  the  material  in  ksi 
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TABLE  6. 2. 2-3 

COMPARISON  OF  PREDICTED  AMD  EXPERIMENTAL  FATIGUE  STRENGTH 
OF  NOTCHED  7075-T6  ALUMINUM  ALLOY  SHEET 
ot  = 82.5  ks i ; K£  - 4.0;  a = 0.025;  b - 40 

“ qa(1)  qa(2)  qan(3)  can(t>>  °an(5) 

4-103  62  60.2  20.7  20.1  20.1 

MO1*  58  53.7  18.5  17-  1 15-5 

A-IO^  142.5  44.7  13.0  13-7  12.0 

1-105  34.5  39-6  10.4  11.9  10.0 

4-105  27.0  33-5  8.0  10.0 

1-106  23.0  30.5  6.8  9-0  3.0 

l-IO7  20.0  25.2  5-8  7.4  5.0 

1 - 1 08  - 22.3  - 6.5 

l-IO5  - 20.6  - 6.0 

NOTES:  (I)  From  Figure  3.7.2.1.8(b),  MIL-HDBK-5B 

(2)  Calculated  using  Equation  (6.2. 1-3) 

(3)  Calculated  using  Equation  (6.2.2-2b)  and  oa  from  Column  1 

(4)  Calculated  using  Equation  (6.2.2-2b)  and  og  from  Column  2 

(5)  From  Figure  3.2.2.1.8(e),  Ml L-HDBK-5B 

6.2.3  OTHER  FACTORS  AFFECTING  FATIGUE  STRENGTH 

The  procedure  described  in  Section  6.2.1  and  6.2.2  are  presented  to  pro- 
vide the  designer  techniques  for  predicting  fatigue  strength  of  steel  and 
aluminum  alloys  in  the  absence  of  sp  cific  experimental  data.  The  primary 
variables  considered  are  the  ultimate  tensile  strength  of  the  material,  the 
loading  conditions  described  by  constant  amplitude  alternating  and  mean 
stresses,  the  notch  sensitivity  of  the  material,  and  the  fatigue  life  of  the 
specimen.  The  accuracy  of  the  prediction  techniques  is  acceptable  if  experi- 
mental data  is  not  available. 


i 

i 


i 

I 

i 

i 

i 
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Other  factors  affecting  the  fatigue  strength  of  the  material  include 
environmental  factors  such  as  thermal  cycling,  corrosive  atmosphere,  etc. 

For  the  sonic  fatigue  problem,  the  most  important  single  factor  affect- 
ing fatigue  strength  f^r  long  life  designs  (N  greater  than  10?  cycles)  is 
fretting  between  metai  surfaces,  Fretting  fatigue  results  from  a combin- 
ation of  stress  concentrat ion  and  corrosion  of  materials  and  can  result  in 
significant  loss  in  fatigue  strength.  Alleviation  of  fretting  fatigue 
effects  has  been  attempted  using  "ant i f rett i ng"  compounds  to  iecrease  the 
fretting  action  between  faying  surfaces.  Unfortunately,  very  little  data 
is  specifically  available  for  design  guidance  so  that  the  designer  must 
search  the  1 i terature  for  published  , esults.  Heywood  (2)  presents  a basic 
description  of  fretting  fatigue  and  early  research  efforts  to  alleviate 
the  problem (See  Section  5 - ^ . 2 . 1 1 

6.3  DATA  SCATTER 

The  most  common  technique  for  obtaining  constant  amplitude  fatigue  data 
is  to  subject  a set  of  test  specimens  to  a constant  amplitude  alternating 
stress  at  a fixed  frequency  of  oscillation  and  to  observe  the  times  at 
which  the  specimens  fail.  By  varying  the  alternating  stress  amplitudes 
between  sets  of  identical  test  specimens,  a total  set  of  failure  points 
is  established.  For  specimens  tested  :t  a constant  alternating  stress 
amplitude,  the  failures  as  described  by  the  time  of  failure  or  mere  com- 
monly the  cycles  to  failure  will  not  necessarily  group  together  near  a 
specific  value  of  life.  Hence,  it  is  necessary  to  consider  the  statistical 
distribution  of  the  failures.  Unfortunately  for  the  designer,  it  is  very 
rare  that  a sufficient  number  of  test  specimens  are  avai lable  to  completely 
define  the  statistics  of  the  failure  distribution. 

A discussion  of  the  consideration  of  data  scatter  and  the  complete  statis- 
tical treatment  of  the  subject  must  be  left  to  the  references  (4),  (5), 

(6).  The  conceptual  treatment  of  the  topic  is  appropriate  so  that  the 
designer  can  appreciate  the  significance  of  fatigue  data  presented  either 
as  an  S-N  curve  or  a constant  life  diagram  (4). 

6.3.1  DISTRIBUTION  OF  FAILURES 

Since  uata  scatter  in  fatigue  failures  is  a very  real  design  consideration, 
the  engineer  must  be  concerned  with  the  probability  of  failure  associated 
with  the  determination  of  fatigue  life  of  the  structure.  The  probability 
of  failure  implies  that  the  observed  failures  are  scattered  about  some  medlaii 
value.  Figure  6. 3-1-1  illustrates,  conceptually,  the  distribution  of  fail- 
ures for  the  distribution  when  designing  For  a fatigue  limit,  designing  for 
a specified  life,  and  designing  for  a specified  fatigue  strength  at  a finite 
life  (6). 

When  designing  a structure  for  the  fatigue  limit,  special  consideration, 
i ust  be  taken  in  the  data  analysis  to  determine  the.  statistical  aspects  of 
e failure  distribution  since  it  is  necessary  to  compare  both  the  applied 
stress  distribution  to  the  fatigue  strength  distribution  (5).  This  aspect 
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FIGURE  6.3. 1-1  FATIGUE  DATA  SCATTER  AND  FAILURE  DISTRIBU 


of  data  scatter  Is  very  important  to  the  sonic  fatigue  problem  in  that 
the  design  is  almost  always  related  to  long  life  (N  greater  than  10^  cycles). 
The  discussion  here  becomes  somewhat  academic  in  that  fatigue  data  is  rarely 
generated  beyond  10^  cycles  so  that  there  is  simply  no  data  available  to 
establish  confidence! 

It  is  standard  practice  to  present  only  the  median  value  of  50%  proba- 
bility of  failure  when  plotting  S-N  data.  That  is,  using  either  the  pre- 
diction techniques  of  Section  6.2  or  published  fatigue  data,  the  designer 
can  expect,  foi  example,  that  50%  of  the  specimens  will  fail  before  the 
indicated  fatigue  life.  If  enough  faituie  data  is  available,  it  is  possible 
to  establish  confidence  limits  (5),  (7)  to  indicate  the  scatter  of  fatigue 
data  (see  Figures  5-3.1  i and  5-3- l-3,  for  example)  so  that  the  designer  can 
establish  confidence  in  his  design. 

The  distribution  of  fatigue  failures  about  the  mean  value  may  not  be  Gaussian 
(5),  (6),  (7)  so  that  other  distributions  may  have  to  be  used.  One  such  dis- 
tribution is  called  the  Weibull  distribution  (8)  and  its  use  for  establishing 
probability  cf  failure  of  fatigue  data  is  becoming  more  widespread.  A com- 
parison between  the  log-normal  distribution  and  the  Weibull  distribution  as 
the  underlying  distributions  associated  with  sonic  fatigue  failure  data 
is  reported  by  Berens  and  West  (?) . 

6. A CUMULATIVE  DAMAGE  THEORIES 

The  prediction  methods  presented  in  Section  6.2  relate  to  the  fatigue  per- 
formance of  either  plain  r notched  material  specimens  loaded  by  a fixed 
combination  of  alternating  and  mean  stress  until  the  specimen  fails.  Such 
loading  is  occasionally  encountered  in  machine  design  arid  almost  never 
encountered  in  sonic  fatigue  design.  The  objective  of  any  fatigue  analysis 
is  to  determine  an  acceptable  combination  of  imposed  loading  and  structural 
life.  lo  account  for  variable  loading  amplitudes  and  c mbinations  or  a load- 
ing spectrum,  the  concept  of  a damage  function  has  been  developed.  The  con- 
cept of  a damage  function  or  the  term  "fatigue  damage"  describes  the  gradual 
deterioration  of  a metal  during  cyclic  straining  with  the  damage  function 
being  zero  for  the  virgin  material  and  usually  normalized  to  unit  value  at 
failure.  As  such,  a damage  function  describes  in  a rather  vague  manner  the 
fatigue  characteristics  of  a specimen  with  no  direct  technique  available  to 
a.sess  experimentally  the  "damage"  between  the  end  states. 

Cumulative  damage  theories  attempt  to  relate  the  accumulation  of  fatigue 
damage  as  referenced  to  the  loading  process.  Aii  methods  relate  to  a 
specific  set  of  S-N  data  for  each  specimen  type  with  the  different  methods 
emphasizing  various  aspects  of  ■,  upresont  i ng  either  the  loading  spectrum  or  the 
S-N  data  or  both  the  loading  spectrum  and  the  S-N  data.  Osgood  (1)  presents 
a very  thorough  discussion  of  cumulative  damage  theories  .-nd  their  applica- 
tion to  design.  (Jsgood  (1)  classifies  these  theories  or.  linear  cumulative 
'Limine  theories,  nonlinear  cumulative  damage  theories,  and  damage  boundary 
techniques.  Table  6. A. 0-1  presents  a summary  of  die  v.nious  cumulative 
d. 'mage  theories  classifier!  according  to  Osgood  wl th  the  specific  references 
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TABLE  6. *4.0-  1 


CLASSIFICATION  OF  CUMULATIVE  DAMAGE  THEORIES 

(REFERENCE  1) 


LINEAR  CUMULATIVE  DAMAGE  THEORIES 


Method  or  Theory 

Reference 

Miner's  Rule 

(10) 

RCA  Method 

(1) 

Lundberg's  FFA  Method 

(11) 

Shan  ley ' s IX  Method 

(12) 

Langer's  Method  and  Grover's  Method 

03).  ( 

Smith's  Method 

(15) 

NONLINEAR  CUMULATIVE 

DAMAGE  THEORIES 

Method  or  Theory 

Reference 

Carter-Dolan  Method 

(6).  (H 

Shanley's  2X  Method 

(1) 

Henry's  Method 

(17) 

DAMAGE  BOUNDARY 

TECHNIQUES 

Stress  Concentration  Method 

(1) 

Fatigue  Quality  Index  Method 

(1) 

Freudenthal  and  Heller  Method 

(10) 

Hares  anu  Starkey  Mctnod 

(19) 

Kommers  Hypotheses 

(20) 

Ri chart  and  Newmark  Method 

(21) 

it/- 
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quoted.  The  interested  reader  should  refer  j the  complete  discussion 
presented  by  Osgood  (1)  and  to  the  specific  references. 

6.4.1  EVALUATION  OF  CUMULATIVE  DAMAGE  THEORIES 

It  is  fortunate  that  the  several  methods  proposed  to  predict  the  accumu- 
lation of  fatigue  damage  have  been  evaluated  for  accuracy  and  ease  of 
utilization  in  practical  design  problems  (22).  This  evaluation  was  based 
upon  comparing  predicted  fatigue  life  to  experimental  fatigue  life  to 
assess  the  degree  of  conservatism  associated  with  each  method.  Based  upon 
stress  a similar  evaluation  was  conducted  to  evaluate  conservatism.  The 
conclusions  of  this  evaluation  were  that  Miner's  linear  cumulative  damage 
method  is  a very  practical  and  versatile  method  at  est'mating  fatigue  life 
and  that  its  accuracy  was  comparable  to  other  more  con  , Seated  techniques 
and  is  commensurate  with  uncertainties  associated  with  the  loading  history 
and  the  S-N  data. 

6.4.2  MINER’S  LINEAR  CUMULATIVE  DAMAGE  RULE 

Miner  (10)  proposed  that  fatigue  damage  of  a metallic  material  under  cyclic 
stress  was  related  to  the  net  work  absorbed  by  the  specimen  and  that  the 
rate  of  damage  accumulation  was  linearly  proportional  to  the  number  of 
cycles  at  a stress  level  and  Independent  of  he  stress  level.  The  incre- 
mental damage  resulting  from  nj  cycles  at  a stress  lov'l  Oj  is  then 
nj/N(oj)  where  N(cTj)  is  the  number  of  cycles  to  1 <u  lure  at  the  stress 
level  Oj  as  given  by  a constant  amplitude  S-N  curve  or  a constant  life 
fatigue  diagram. 

According  to  Miner's  rule,  failure  occurs  when  the  accumulated  damage  is 
unity.  Mathematically,  Miner's  rule  is  given  as 


l n j /N (o  j ) 1.0  (6. 4. 2-1) 

i 

Hence,  to  use  Miner's  rule  in  design  practice,  the  designer  needs  to  know 
the  loading  spectrum  as  a set  of  values  (tij,  iij)  and  the  S-N  curve  of  the 
material  . 

An  alternate  form  of  Miner's  rule,  as  expressed  by  Equation  (6. 4. 2-1)  and 
slightly  more  useful  for  design,  is  obtained  by  defining  the  tctal  number 
of  cycles  to  failure  as 

Ny  « y Pj  cycles  to  failure  (6. 4. 2-2) 

i 


and  introducing  the  factor  exj  = n ^ /N j one  obtains  Mine: 's  rule  in  the  form 


Nt  V Uj/Nto,)  1.0 


4/3 


(6.4.2-  3<s) 


or 


l oj/N(oj ) - 1/Nt 


(6.4.2-3b) 


The  utility  of  Equations  (6. 4. 2. 3)  as  compared  to  Equation  (6.4.3-1)  is  that 
the  estimation  of  the  number  of  cycles  nj  at  a stress  level  a j may  not  be 
conveniently  determined  whereas  the  percentage  of  total  life  at  a stress 
level  Oj,  as  expressed  by  Oj  ■ nj/Nj,  may  be  rather  easily  estimated. 

Additionally,  the  designer  may  introduce  a "factor  of  safety"  into  Equations 
(6. 4. 2-1)  and  (6 . A . 2-3)  by  somewhat  arbitrarily  setting  the  value  of  1.0  on 
the  right  hand  side  to  some  number  less  than  1.0,  say  0.8.  The  designer 
must  also  be  aware  of  the  fact  that  Miner's  rule  is  not  strictly  applicable 
for  applied  stresses  near  the  fatigue  limit  of  the  material  even  though  its 
use  in  this  range  is  quite  common  (1),  (10). 

Example:  Using  Miner's  cumulative  damage  rule  estimate  the  fatigue  life  of 

a plain  and  a notched  (K^  *=  2.0)  specimen  of  7075-T6  aluminum  alloy  (ultimate 
tensile  strength  82.5  ksi)  for  the  following  loading  spectrum:  a.  = ±30  ksi 
for  20?  of  the  time  (a,  = 0.20),  02  * ± 25  ksi  for  30?  of  the  time,  and 
03  = ± 20  ksi  for  50?  of  the  time. 

Using  the  techniques  of  Section  6.2.2  (Kt  = 2.0,  /a"  = (24/82.5)3,  b = 40, 
r = 0.057,  Ks  * 1.05)  the  fatigue  life  for  the  two  material  conditions  were 
predicted  as  follows: 


Load 

Spectrum 

Fatigue  Life, 

N(c.) 

ai 

aj,  ksi 

Plain  Specimen 

Kt  = 2.0 

0.20 

30 

106 

1 .2- 102* 

0.30 

25 

107 

5.0*1  o2* 

0.50 

20 

109 

1.4-105 

Then,  for  the  plain  specimen,  using  Equation  (6.4.2-3a) 

NT(0.20/106  + 0.30/107  + 0.50/109)  = 1.0 

2.305* io-7  nt  - 1.0 

Ny  = 4.34*10^  cycles  to  failure 
For  the  notched  specimen,  using  Equation  (6.4.2~3a) 
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Nt (0.20/1 .2- \Qk  + 0.30/5.0*10^  + 0.50/J .4* 105)  - 1.0 

2.64- 10“5  Nj  - 1.0 

Nj  » 3.81  * 1 0^  cycles  to  failure 


Hence,  the  significance  of  a stress  concentration  on  fatigue  life  Is  very 
evident  since  the  notched  specimen  can  be  expected  to  exhibit  less  than 
one  percent  of  the  life  of  a plain  specimen  when  exposed  to  the  same  load 
ing  envi ronment. 


6.5  RANDOM  LOAD  FATIGUE  CURVES 

Using  the  results  of  Section  6.2  or,  preferably,  available  experimental 
data,  the  designer  can  determine  the  fatigue  life  of  a material  configura- 
tion when  exposed  to  constant  amplitude  stress  loading.  From  Section  6.3f 
the  designer  can  realize  that  data  scatter  should  be  considered  to  attempt 
to  establish  some  estimate  for  the  probability  of  failure  and  the  signifi- 
cance of  this  aspect  to  the  design  of  his  structure  (1).  Using  Miner's 
rule,  as  described  in  Section  6.4,  the  designer  can  account  for  the  effect 
of  a loading  spectrum  comprised  of  variable  amplitude  stresses.  This  sec- 
tion describes  techniques  required  to  estimate  the  fatigue  life  of  a material 
configuration  exposed  to  a loading  spectrum  of  random  amplitude  stresses  as 
encountered  in  sonic  fatigue  design  problems. 

Even  though  this  section  presents  analytical  techniques  for  "converting" 
constant  amplitude  S-N  curves  to  the  so-called  "equivalent  random  amplitude" 
S-N  curves,  the  designer  should  always  remember  that  - as  all  analytical 
techniques  - the  result  is  approximate  (see  Section  6.2).  Fortunately,  the 
approximation  tends,  in  genera1,  to  be  conservative  (i.e.,  predict  lower 
fatigue  life  than  that  observed  by  experiment).  Historically,  the  conver- 
sion techniques  described  were  developed  in  the  early  days  of  sonic 
fatigue  design  to  utilize  the  vast  quantity  of  constant  amplitude  S-N  data 
available  and  to  convert  sonic  fatigue  test  data  obtained  from  discrete 
frequency  siren  testing  to  more  realistic  broad  bandacoustic  excitation 
(23),  (24),  (25).  At  that  time  (1955_1960),  the  experimental  facilities 
did  not  exist  to  generate  random  amplitude  S-N  data  and  the  need  for  such 
data  in  design  use  was  so  urgent  that  the  early  investigators  developed  the 
techniques  described  here. 

Since  I960,  the  experimental  facilities  for  testing  materials  under  random 
amplitude  loading  (both  for  vibratory  input  such  as  coupon  testing  and 
broad  band  random  acoustic  sources  for  complete  structural  specimen  tests) 
have  been  developed.  The  designer  should  now  place  emphasis  upon  using 
random  amplitude  S-N  data  obtained  by  experiment  in  preference  to  the  esti- 
mates obtained  using  the  results  of  this  section.  Experimental  random  load 
fatigue  curves  that  have  been  reported  in  the  literature  are  presented  in 
Section  6.6. 
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6.5.1  EQUIVALENT  RANDOM  LOAD  FATIGUE  CURVES 


Two  techniques  have  been  discussed  in  the  literature  (26)  that  are  suitable 
for  converting  S-N  data  obtained  by  conventional  test  techniques  into  equiva- 
lent random  amplitude  S-N  curves  suitable  for  design  use.  The  suitability 
of  either  method  is  of  course  determined  in  the  sense  that  the  designer 
may  not  have  the  experimental  random  load  fatigue  data  available  when  it  is 
needed . 

One  technique,  called  the  8-method,  requires  that  the  designer  have  avail- 
able S-N  data  for  the  material  obtained  by  testing  the  specimen  under  a 
two-level  variable  cycle  block  loading  (l),  (6).  The  8-method  was  developed 
by  Fuller  (27),  and  assuming  the  availability  of  basic  S-N  data,  the  method 
can  be  used  to  obtain  rather  accurate  estimates  of  the  random  amplitude 
S-N  characteristics  of  the  material  (26).  Since  two-level  variable  cycle 
block  loading  S-N  data  may  not  be  readily  available  to  the  designer,  the 
B-method  has  not  been  widely  used  in  sonic  fatigue  design. 

The  other  technique  (26)  was  apparently  initiated  by  Miles  (28)  and  is 
briefly  discussed  in  Section  5.1  of  this  report.  The  application  of  this 
technique  in  relation  to  sonic  fatigue  design  by  Belcher,  et  al.  (23), 

McGowan  (24) , Fitch  (25),  and  Cote  (26)  is  discussed  here.  The  utility  is 
that  the  designer  need  only  to  have  available  conventional  constant  ampli- 
tude S-N  dat.j  for  the  material  and  be  able  to  perform  a numerical  integra- 
tion. Due  to  the  somewhat  lengthy  calculations,  it  is  advisable  to  code 
the  method  for  digital  computation  (24)  especially  if  design  data  for  sev- 
eral materials  is  required.  Details  of  the  method  are  not  presented  (25)  . 

Assuming  that  random  stress  peaks  follow  a Rayleigh  probability  distribution 
(see  Section  5.1)  and  that  the  fatigue  damage  accumulates  according  to  Miner's 
cumulative  damage  rule  (see  Section  6.4),  the  probable  number  of  cycles  of 
random  stress  having  an  amplitude  in  the  range  (s,  s + ds)  in  a time  inter- 
val T for  a narrow  band  random  Gaussian  stress  time  history  is 

n(s)  * fnTp(s)ds  s >_  0 (6.5- 1-1) 


where  p(s)  = — exp  (-s  /2a4)  is  the  Rayleigh  probability  density  function 

0 2 
with  a mean  square  stress,  ar 


From  Miner's  cumulative  damage  rule,  the  expected  or  probable  damage  result 
ing  from  stress  peaks  in  the  range  (s,  s + ds)  with  a frequency  fn  for  a 
time  period  T is 


n(s)  _ 

NTs T " 


f T 
n 


p(s)ds 

Nrtr 


(6.5. 1-2) 


where  N(s)  is  the  number  of  cycles  to  failure  at  the  stress  level,  s, 
obtained  from  a constant  amplitude  S-N  curve.  Noting  that  the  total  number 
of  cycles  to  failure  at  a random  amplitude  stress  level,  a,  is  simply 
Nr(a)  = f T and  that  the  possible  random  amplitude  stress  values  cover 
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the  range  (0  < u <_ -0  , Miner's  failure  criteria  becomes 

N (n)  - [/  " £ill  ds]-1  (6.5. 1-3) 

r O N(s) 

Since  N(s)  is  known  from  experiment,  any  convenient  numerical  integration 
of  the  right  hand  side  of  Equation  <6.5- 1 “ 3 ) can  be  repeated  for  several 
values  of  the  rms  stress,  o,  to  generate  a random  amplitude  fatigue  curve. 

In  particular,  the  integration  in  Equation  (6.5- 1 - 3 ) can  be  written  in 
dimensionless  form  as 

/ ~P±*U?  - / °° x exp  (-x2/2)dx/N(x)  (6.5.1-*) 

° N (s ) o 

where  x = s/a  is  the  ratio  ot  the  random  amplitude  stress  to  the  rms  value 
of  the  random  amplitude  stress.  The  designer  will  find  Figure  5. 1.1*8 
helpful  in  performing  hand  calculations  for  occasional  conversions  of  con- 
stant amplitude  $-N  data  into  equivalent  random  amplitude  S-N  data.  A 
tabular  form  is  presented  by  Fitch  (25)  to  assist  the  designer  in  perform- 
ing the  numerical  integration  by  hand. 

Equivalent  random  amplitude  fatigue  curves  have  been  obtained  by  McGowan 
(19)  and  are  presented  in  Figure  6.5. 1-1  in  the  rather  unusual  form  of  a 
relative  strength  In  dB  versus  log  cycles  <o  failure.  Figure  6.5. 1-1  is 
presented  fur  reference,  the  designer  should  first  consult  Section  6.6  or 
his  company's  data  for  experimental  random  S-N  curves. 

To  indicate  the  relative  differences  between  an  equivalent  random  loading 
fatigue  curve  and  an  experimental  random  load  fatigue  curve,  one  of  the 
results  obtained  by  Phillips  (29)  is  presented  in  Figure  6.5. 1-2.  This 
figure  presents  a comparison  between  constant  amplitude  data,  random 
amplitude  data,  and  predicted  random  load  fatigue  character  i st  i cs  of  notched 
Rene'  k 1 coupon  specimens.  These  results  are  typical  in  that  the  random 
loading  S-N  curve  predicts  failure  sooner  than  the  constant  amplitude  S-N 
curve  and  that  the  predicted  equivalent  random  loading  S-N  curves  yield  the 
must  conservative  results.  Basing  the  predictions  upon  either  the  measured 
peak  stress  distribution  or  on  an  assumed  Rayleigh  peak  sires  distribution 
yields  approximately  the  same  results.  Schjelderup  and  Galef  (jO)  present 
ari  assessment  of  the  assumption  of  the  Rayleigh  p ak  stress  distribution 
fur  a broad  set  of  random  fatigue  data  ■ <>ii<  lading  that  the  Rayleigh  distri- 
bution of  peak  stresses  is  c3  good  approxima  t i on . Phillips  (29)  confirms 
this  lusult  (boo  Figuie  6. 5-l“2)  and  also  discusses  the  general  experimental 
confirmation  of  the  Pa  Imqren-M i ner  cumu  I u l i vc  damage  rule  as  applied  to 
various  common  aircraft  materials. 
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Predicted  Random  Loading  Curve  j | 

Based  Upon  Assumed  Rayleigh  Peak  Stress  D i sir i but i on 


DOCUMENTED  FATIGUE  CURVES 


6 . 6 


The  previous  discussion  has  been  focused  upon  the  parameters  describing 
fatigue  strength,  data  scatter,  cumulative  damage  theories,  and  equivalent 
random  load  fatigue  curves.  The  designer  will  find  this  discussion  useful 
for  the  general  application  of  fatigue  data  reported  In  the  literature  to 
sonic  fatigue  design  problems.  If  the  structural  configuration  being 
considered  does  not  correspond  to  the  structural  designs  presented  In 
Section  5-3,  then  the  designer  is  forced  to  base  the  structural  parameters 
upon  the  analysis  techniques  presented  in  Sections  5.1  and  5.2.  The  results 
of  these  two  sections  must  be  modified  to  account  for  joint  design  details 
and  stress  concentration  factors  as  discussed  In  Sections  5-4  and  5.5. 

Finally,  the  fatigue  life  of  the  structure  is  estimated  using  available 
random  loading  fatigue  curves. 

The  designer  must  always  remember  that  two  types  of  ran  m loading  fatigue 
curves  are  encountered  in  practice:  equivalent  random  load  fatigue  curves 
obtained  by  converting  constant  amplitude  sinusoidal  fatigue  data  as  de- 
scribed in  Section  6.5  and  experimental  random  load  fatigue  data.  Also, 
the  designer  should  verify  the  specimen  configuration  upon  which  the  experi- 
mental data  is  based  (i.e.,  configuration  or  stress  concentration  effects) 
before  applying  these  results  to  his  particular  design.  This  section  pre- 
sents fatigue  data  reported  in  the  literature  associated  with  sonic 
fatigue  tests  of  aircraft  structural  test  specimens,  random  amplitude  coupon 
test  specimens,  and  equivalent  fandom  load  fatigue  data. 

The  method  of  presenting  this  documented  fatigue  data  is  to  plot  stress  in 
ksi (units  of  1000  psi)  rms  versus  cycles  to  failure  with  both  axes  being 
logarithmic  scales.  This  choice  is  prompted  as  a result  of  the  fact  that 
most  of  the  experimental  data  Is  expressed  in  'his  form  with  a least-square 
linear  regression  line  established  for  the  data.  For  some  of  the  data,  con- 
fidence limits  have  been  established  by  the  original  author  and  have  been 
reproduced  in  the  curves  presented  here  to  indicate  the  range  of  data  scatter. 
For  consistency,  a formal  has  been  adopted  which  allows  the  fatigue  curve 
and  its  description  to  he.  presented  on  one  page.  The  reference  is  presented 
for  each  curve  so  that  the  designer  can  1 < ' ■ . , 1 1 1 ■ the  original  source  if  required. 
Generally,  failure  points  have  not  been  plotted. 

This  section  is  subdivided  according  to  material  type.  Accordingly,  some 
sections  contain  more  data  than  othprs  with  aluminum  alloys  being,  obviously, 
the  most  thoroughly  documented  section.  Within  each  uiatc-i  ial  classification 
the  fatique  data  is  presented  with  plain  specimen  data,  notched  specimen 
data,  and  joint  data  being  presented  in  that  order.  Due  to  the  lack  of 
specific  data  for  some  materials  and  conf igurut ions , the  presentation  is  not 
complete;  however,  the  format  adopted  here  will  allow  the  designer  to  intro- 
duce additional  data  as  it  becomes  available  without  disrupting  the  main 
organization. 
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6.6. 1 ALUMINUM  ALLOYS 


fhis  section  presents  13  random  amplitude  fatigue  curves  describing  the 
S-N  character i st i cs  of  various  aluminum  alloys  and  joint  configurations. 
Data  derived  from  both  coupon  fatigue  tests  and  sonic  fatigue  tests  of 
structural  configurations  are  presented.  Plain  specimen  coupon  data,  plain 
hole  (mushroom  head)  riveted  joint  data  and  countersunk  (both  cut  and 
dimpled)  riveted  joint  data  are  presented.  Data  describing  the  effect  of 
viscoelastic  jointing  compounds  and  antifretting  compounds  are  presented. 
The  text  above  each  S-N  curve  describes  the  material,  the  specimen  con- 
figuration, the  test  temperature,  the  reference  for  the  source  and 
notes  generally  cross-referencing  the  S-N  data  with  other  data  presented 
in  the  handbook. 


RMS  Stress,  KS1 


aluminum  ALLOYS 


MATER  I AL : 2024  -T6  C 1 ad  Aluminum  Sheet 

VES(AL)504  Unclad  Aluminum  (2618-T6) 

CONF  I GURAT I ON : Plain  cantilever  coupon  test  specimens  with  transverse 

random  amplitude  vibrato;y  base  excitation  were  used  for  the  2024-16 
clod  material.  Machined  "T"  section  beam,  with  transverse  random 
amplitude  vibratory  excitation  of  the  flange  to  obtain  "skin"  failures 
and  tip  excited  free-free  beam  modes  to  obtain  "flange"  failures  were 
used  for  the  VES(AL)504  unclad  material. 

TEST  TEMPERATURE:  Room  Temperature 

REFERENCE : Thompson,  A.  R,  G.,  and  Lambert,  R.  F.,  "Acoustic  Fatigue 

Design  Data,  Part  II,"  AGARD-AG -162-Part  II,  1972,  f igure  1.3. 

NOTES : VES(AL)504  aluininui,  alloy  is  comparable  to  the  U,  S.  designation 

2ST8-T6. 


FIGURE  6.6.  I- I COUPON  S-N  DATA  FOR  PLAIN  2024-T6  CLAD  SriFfT  AND  Z618-T6 
MACHINED  STIFFENER  SPECIMENS 


ISX  '!s: 


ALUM  I MUM  ALLOYS 


MATLRIAL:  3.1364.5  (2024-T3)  , Sheet 

CMOOl-ll)  (2618-T6),  Sheet 
D.T.D.  710  (20 1 4-T4  or  2024-T4) , Sheet 

CONF  I GURAT  I Oil : Coupon  specimens  with  transverse  random  vibratory  base 

excitation  introduced  to  the  "shin"  specimen  through  a riveted  "rib." 
angle  rile;  were  u.ed  for  single  rivet  row  tests  (plain  holes  with 
mushroom  head  rivets)  and  "T‘  section  ribs  were  used  for  double  rivet 
row  tests  (cut  countersunk  holes  with  flush  head  rivets).  No  jointing 
compounds  or  antifretting  compounds  were  used, 

TEST  TEMFFKATURE:  Room  Temperature 

REFLREt'Ct : Thompson,  A,  R.  G.,  and  Lambert,  R.  I.,  "Acoustic  Fatigue 
design  Data,  Part  i I ,"  AGARD  AG-162.  Part  II,  1972,  Figures  1.4  and 
1.5. 

NOTES : The  British  alloy  designations  and  the  comparable  U.  S.  designa- 

tions are  3- I364.5/2024-T3,  CM00I - ID/2618-T6,  and  D.T.D.  7 1 0/201 4-T4 
nr  2024-T4. 


FI  CURL  6.6. 1-2  COUPON  S-N  DATA  FDR  DRY  RIVKTED  JOINTS  WITH  PLAIN  HOLES  AND 
CUT  COUNTERSUNK  HOLES  - VARIOUS  ALUMINUM  ALLOYS 
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RMS  Stress,  KSI 


ALUMINUM  ALLOYS 


MATERIAL:  D.T.D.  5070  (2618-T6),  Sheet 

P.T.O.  710  (2014-T4  or  2024-14),  Sheet 
? . 1 36^ - 5 (202^-T3)  , Shot  t 

CONF I CURAT  I ON : Coupon  specimens  with  transverse  random  vibratory  base 

excitation  Introduced  to  the  "skin"  specimen  through  a riveted  angle 
"rib."  A single  row  of  plain  mushroom  head  rivets  were  utilized  for 
the  joint.  Viscoelastic  jointing  compounds  and  anti  fretting  compounds 
were  used. 

TEST  TEMPERATURE:  Room  Temperature 

REFERENCE : Thompson,  A.  R.  G.,  and  Lambert,  it . E.;  "Acoustic  Fatigue 

Design  Data,  Part  II,"  AGARD-AG- 1 62 , Part  II,  1972.  Figures  1.6  and 
1.7. 


NOTES:  Compare  with  Figures  6.6. 1-4  and  6.6. 1-5. 


COUPON  S-N  DATA  FOR  RIVETED  JOINTS  WITH  PLAIN  HOLES  USING 
VISCOELASTIC  JOINTING  COMPOUNDS  - VARIOUS  ALUMINUM  AL10YS 
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FIGURE  6.6. 1-3 


ALUMINUM  ALLOYS 


MATERIAL:  D.T.D.  710  (20lL-Tl|  or  202k--H),  Sheet 

D.T.D.  7'i6  (201L-T6  or  202k-T6) , Sheet 
D.T.D.  S070  (261 8-T6) , Sheet 
CHI 00 1 - 1 D (26 ! 8-TG) , Sheet 

CONE  I GURAT  ION  : Coupon  specimens  with  t’-onsverse  random  vibratory  base 

excitation  introduced  to  the  "skin11  specimen  through  a rivlted  rib. 
Doth  single  and  double  rows  of  cut  countersunk  flush  head  riveted 
joints  tested  using  noth  solid  and  blind  rivets.  Viscoelastic 
jointing  compounds  and  antifretting  compounds  were  used  In  the  tests. 

TLST  TEMPERATURE:  Room  Temperature 

RE FEHEHCE : Thompson,  A.  R.  G.,  and  lambert,  R.  F.;  "Acoustic  Fatigue 

Design  Data,  Part  II,"  AGARD-AG-162 , Part  II,  1972.  Figures  1.8  and 
1-9. 

NOTES : Compare  with  Figures  6.6. 1 — 3 and  6.6. 1-5- 


FI  LURE  6.6.  1-1) 


COUPON  S -N  DATA  TOR  RtVfTIO  JOINTS  WITH  CUT  COUNTERSUNK  HOLES 
USING  V I SCOU.AST  I C JOINTING  COMPOUNDS  - VARIOUS  AKIM!  HUM  ALLOYS 


68s, 


RVS  Stress  KSI 


ALUMINUM  ALLOYS 


MATERIAL:  D.T.U.  710  (201  or  202^-T^)  , Sheet 

3.136ft. 5 (202ft-T3),  Sheet 

CONF I GURAT ION : Coupon  specimens  with  transvcrsi  random  vibratory  base 

excitation  introduced  to  the  "skin"  through  a riveted  ingle  "rib." 

A single  tow  of  hot-pressure-dlmpied  flush  head  rivets  was  used  to 
form  the  joint.  Both  plain  joint  (3-136*1.6  material)  and  joints  with 
viscoelastic  jointing  compounds  (O.T.O.  710  material)  were  tested. 

TEST  TEMPERATURE:  Room  Temperature 

REFERENCE : Thompson,  A.  R.  G.,  and  Lambert,  R.  F.;  "Acoustic  Fatigue 

Design  Data,  Part  II,"  AGARD-AG- 1 C2 , Part  I!,  1972.  Figures  1.10  and 

1.11. 

NOTES : Compare  with  Figures  6. 6. 1-3  and  6.6.l-*t. 


Cycles  to  Failure,  N 


FIGURE  h . 6 . I - 5 


COUPON  r.-N  DATA  FOR  RIVFTH1  10 1 NTS  WITH  HOT-PRF'.f.URI  $IMPIF0  HOLES 

UHTg  aup  WITHOUT  VISCOELASTIC  JOINTING  COMPOUNDS  - VARIOUS  ALUMINUM  ALLOYS 


ALUMINUM  ALLOYS 


MATER  I Al  : D.'i.D.  710  (20l4-T4or  2024-T4) , Sheet 

D.T.D.  ',070  (2618-76),  Sheet 

CONF  I CURA  T I ON  : Coupon  specimen?,  with  transverse  random  vibratory  base 

excitat'  >n  Introduced  to  the  "rib"  specimen  through  a riveted  joint 
with  tin  "skin."  Failure  originated  In  the  flange  bend  radius.  S-N 
curves  Include  data  both  for  plain  holes  with  mushroom  head  rivets  and 
hot-pressui  e-dlmpled  flush  head  rivets  and  plain  joints  and  joints  with 
a viscoelastic  jointing  compound. 

TEST  TEMPERATURE  : Room  Temperature 

REFI  Rt'NCFj  Thompson,  A.  R.  G.,  and  Lambert,  R.  F . ; "Acoustic  Fatigue 
Design  Data,  Part  II,"  AGARD-AG- 1 62 , Part  II,  1972.  Tlgures  1.12  and 
1.13. 

NOTES:  Compare  with  Figure  6.6.1-12. 


SSiSl 

iii'.l 


Cycles  to  Failure,  N 


iiWJUL  fi.G.l  r.  r.OHPntl  S-N  BATA  FOR  RIB  FLANGES  - 2024-TA  AND  26I8-T6  ALUMINUM  ALLOYS 


ALUMINUM  ALLOYS 


MATERIAL:  7C75-T6,  Sheet 

CONFIGURATION:  Cantilever  coupon  test  specimens  with  transverse 

random  amp  1 1 tude  vibratory  base  excitation.  Both  plain  specimens 
and  cut  countersunk  riveted  specimens  tested. 

IEST  TEMPERATURE : Room  Temperature 

REFERENCE:  Schneider,  C.  W. ; "Acoustic  Fatigue  of  Aircraft  Structures 

at  Elevated  Temperatures,"  AFFDL-TR-73- 1 55 > Part  I,  Air  Force  Flight 
Dynamics  laboratory,  Wrlght-Patterson  Air  Force  Base,  Ohio,  I97*i. 
Flyure  16  a),  page  39. 

NOTES : Sec  Figure  5-3-l”5 


FIGURE  6.6.  I-;  COUPON  vN  DATA  FOR  PLAIN  AND  CUT  COIIN I ! KSUNK  RIVETED 
7075 -T6  SPECIMENS  AT  ROOM  TEMPERATURE 
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,’S  Strecs,  KSI 


ALUMINUM  ALLOYS 


Stress,  K.SI 


ALUMINUM  Al  10YS 


MATERIAL:  707r,-Tt,  Sheet 


COUP  I GURAT I ON : Coupon  specimens  with  transverse  random  vibratory  base 

excl  tat  Ion  Introduced  to  the  "skin1'  specimen  through  an  angle  "rib" 
attached  to  the  skin  specimen  by  a weldbonded  Joint  (See  Section 
5 . . 3 . ^ . A single  row  of  two  weldbonded  spots  Joined  the  "skin"  and 
"rib,"  Thickness  of  the  coupon  simulating  the  skin  was  0.0J2  Inch  ar.d 
O.oflU  Inch,  both  Imtui  lalluits  diiii  weld  itil  lurc'j  were  recorded  for 
the  first  two  vibration  modes. 

TEST  TEhPERATURL:  Room  Temperature 

REFERENCE : Private  communication;  0.  F.  Hauer,  Aero-Ar.oust  1 cs  Branch, 

Air  Force  Flight  Dynamics  Laboratory,  Wr 1 ght-Pat terson  Air  Force  Base. 

NOTES : See  Section  5. *1.3-**  for  a discussion  of  the  weldbond  Jointing 

process . 
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RMS  Stress,  KSI 


ALUMINUM  ALLOYS 


MATERIAL:  7075-T6,  Sheet 

CONFIGURATION:  Flat  nine  bay  stiffened  panel  specimens  exposed  to  broad 

band  random  acoustic  excitation.  Stress  measured  at  the  mid-span  of 
the  long  side  of  the  center  bay  rivet  line.  Cut  countersunk  flush 
head  rivets  used  to  Join  skin  and  stiffener.  No  jointing  or  anti- 
fretting compound  used. 

TEST  TEMPERATURE:  Room  Temperature 

REFERENCE:  Ballentine,  J.  R. , et  a 1 . ; "Refinement  of  Sonic  Fatigue 

Structural  Design  Criteria,"  AFFDL-TR-67_156,  Air  Force  Flight  Dynamics 
Laboratory,  Wright-Patterson  Air  Force  Base,  Ohio,  Jan.  19&8. 

NOTES:  See  Figures  5*3- 1-2  and  5-3. 2-7 


FIGURE  6 0.1-10  S-N  DATA  FOR  7075-T6  SHEET  WITH  CUT  COUNTERSUNK  RIVETED  JOINTS  - 
STIFFENED  PANEL  SONIC  FATIGUE  TEST  SPECIMENS 


492 


ALUMINUM  ALLOYS 


MATI.KIAI  : /07r.-Tf.,  Sheet 

COUF I GURAT I UN : Flat  nine  bay  stiffened  panel  specimens  exposed  to  broad 

band  random  acoustic  excitation.  Stress  measured  on  stringer  flange  at 
clip  connection  to  frame.  Stringer  manufactured  from  brake  formed  fla* 
sheet  stool'  , heat  t routed , and  straightened  using  standard  aircraft 
manuTactur  I nci  practice. 

TEST  TEHPCRATIIRF  : Room  Tcmperatuie 

HI  1 1 I’l  Ur  I : Rndiler  , T F Jr  ' "A T F.iliciiie  Resistance  of  Aircraft 

Structural  Eomponcnt  Assemblies,"  Al  1 L)L  — I R-7  1 - 1 07  , Air  Force  Tllght 
Dynamics  Laboratory,  Wr  I gh t -Pa t ter  son  Air  Force  Base,  Ohio,  Sept.  1371. 

NOTTS:  See  Figure  S.T. 1-1 


riGURC  6. A,  1-11  S-N  HAT  A TOR  707‘»-Tfi  ST  1 FI  EMI  R RANGES  Willi  PLAIN  RIVETED  JOINTS  - 
'.TIFFINED  (’AN I I SONIC  FATIGUE  TEG!  SPECIMENS 


ALUMINUM  ALLOYS 


MATCH  I At 


70/S-T6, 


CUUr  I liHRAI  f ON : Nine  coll  box  structui>-  OAposiV  to  brodd  band  acoustic 

cxcila’ion  r>f  1 one  side.  Failute  data  representative;  of  rib  flange 
failures  on  both  the  exposed  surface  and  the  opposite  surface.  Rib 
flanges  foivud  f fr*n  fl.it  sheet  sloe!:,  heat  treated,  and  straightened 
using  standard  aircraft  manufacturing  methods.  Surface  skins  attached 
to  rib  flange  using  cut  countersunk  rivets  on  exposed  surface  and 
mu1. hi  noin  head  rivets  on  the  opposite  flange, 

T LSI  1 KMfT  RAlURf  : Room  Temperature 

HLf'LKL  NCf. : Rudder,  V . F.p  Jr,:  "Acoustic  Fatigue  Resistance  of  Aircraft 

Structural  Component  Ass*  mb]  i r. A T f Oi.  TR  71' 10/,  Air  Force  Fliglit 
Oyn.im  i < Laboratory,  Wr  ight -Fa  I 1 1 rra»n  Air  Force  Rase,  Ohio,  1972. 
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ALUMINUM.  ALLOYS 


HATfKIAL:  707'j-TG  , Sheet 

COliri  SURAT  1 01!:  Nine  hay  (lat  end  curved  acoustic  fatigue  test  specimens 

exposed  to  broadband  random  acoustic  excitation.  Ucldbonded  skin- 
Sti  Inner  attachments  were  used.  The  panel  configuration  is  described 
In  Section  lj.  h . i.  4. 

TEST  TEMPERATURE  : Room  Temperature 

REFERtUCL : Anon.,  "Weldbond  flight  Component  Desiqn/Manufacturl nq  Program," 

liintli  Quarterly  Interim  Technical  Report  Contract  f 33& I b“7 i 'C - I 7 1 6 , 
l.ocEhred -Gc  urg  i a Company,  hi  loiter  1773. 

NOTES:  The  reference  Indicates  that  the  fatigue  data  and  S-N  curves  pre- 

sented below  are  ct/mph  t*  ly  comparable,  to  I he  axis  system  used  in  Figure 
i).3.l-2.  That  is.  Figure  b-3-1-2  can  be  used  to  predict  stress  levels 
with  the  S-N  data  presented  below  used  to  predict  fatigue  life. 
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FIGURE  6 . G . i - 1 3 S-N  OAT  A FOR  707G  -T6  WELOlIONIHD  JOINTS  - NINE.  PAY  FLAT  ANO 
CURVl  0 SONIC  f AT  If, 1)1.  TEST  SPICIMEMS 


6.6.2  STAINLESS  STEEL  ALLOYS 


This  section  presents  equivalent  random  loading  fatigue  curves  for  1 7- 7 PH 
and  18-  stainless  steel  :heet,  No  data  report'd  In  the  literature  pre- 
sented experimental  random  amplitude  fatigue  data  for  stainless  steel 
alloys.  The  designer  should  also  see  Figure  5.3- 1—4  for  an  equivalent 
random  loading  fatigue  curve  for  PH15-7Mo  stainless  steel  alloy  at  500°F. 
Other  constant  amplitude  fatigue  data  is  presented  In  MIL-HDBK-5B  [b)  and 
the  "Aerospace  Structural  Metals  Handbook"  (31).  The  constant  amplitude 
S-N  data  c.  n be  converted  to  equivalent  random  amplitude  fatigue  data 
using  the  method  of  Section  6.5- 


FV.S  Stress,  KSI 


STAINLESS  STEEL  ALLOYS 


MATERIAL:  1 7~7  PH  Stainless  Steel  Sheet 

CONI  1 DURATION:  Converted  to  equivalent  random  amplitude  fatigue  data  from 

r -versed  bending  (R  = -1)  constant  amplitude  fatigue  data  by  the  referenced 

si  -urea . 


TEST  TEMPERATURE : Room  Temperature 

REFERENCE : McGowan,  P.  R.;  "Structural  Design  for  Acoustic  Fatigue," 

ASO-TDR-63-82O , Air  Force  Flight  Dynamics  Laboratory,  United  States  Air 
Force,  Wr ight-Pattersen  Air  Force  base,  Ohio,  1963- 

N0TE5  The  constant  amplitude  reversed  bending  data  utilized  was  apparently 
data  quoted  In  Ml L-H0BK-5A.  See  Section  6.5-1  and  Figure  6 5-  1-1  . 


FIGURE  6.6. 2- 1 EQUIVALENT  RANDOM  LOADING  S-N  DATA  FOR  17-7  PH  STAINLESS  STEEL  SHEET 


'S  Stress,  KS! 


STAINLESS  STLtl  ALLOYS 


MATERIAL-  18-8  Stainless  Steel  Sheet 

CONF I CUR  AT  i Oil : Equivalent  random  loading  fatigue  curve  derived  in  the  ref- 

eu-nced  source  from  constant  amplitude  reversed  bending  data  (R  « -1)  for 
the  material.  Sheet  thickness  for  constant  amplitude  data  was  apparently 
0.025  inch. 

TEST  TEMPt  RATURE  : Room  Temperature 

REFERENCE ; McCowan,  P.  R.;  "Structural  Design  for  Acoustic  Fatigue," 
A5D-TDR-63-820,  Air  force  Flight  Dynamics  Laboratory,  V/r  ight-Patterson 
Air  Force  base,  Ohio,  1963. 

NOTES : See  Section  6.5-1  concerning  the  conversion  of  constant  amplitude 

fatigue  data  tn  equivalent  random  amplitude  fatigue  data.  In  particular, 
see  F igure  6. 5 . 1 - 1 . 
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6.6.3  TITANIUM  ALLOYS 


This  section  presents  random  amplitude  S-N  data  for  various  titanium 
alloys  both  for  plain  specimens,  riveted  specimens,  and  spot  welded 
specimens.  The  effect  of  temperature  on  the  material  fatigue  character- 
istics is  also  presented. 
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RMS  Stress,  KSI 


TITANIUM  ALLOYS 


MATERIAL:  6Al-*lV  Titanium,  Sheet 

CONF I GURAT I ON : Cantilever  coupon  test  specimens  with  transverse  random 

amplitude  vibratory  base  excitation.  Both  plain  specimens  and  cut 
countersunk  riveted  specimens  tested. 

TEST  Ti  ,'IPLRATURE : Room  Temperature 

KEEEKENCL : Schneider,  C.  W. ; "Acoustic  Fatigue  of  Aircraft  Structures  at 

Elevated  Temperatures,"  AFFDL-TR-73” 1 55  ■ Fart  I,  Air  Torce  Flight  Dynamics 
Laboratory,  Wrlght-Patterson  Air  Force  Base,  Ohio,  197*1.  Figure  17  a), 
page  *10. 

NOTES:  See  Figure  5-3. 1-5 
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FIGURE  6.6. 3-1  COUPON  S-N  DATA  FOR  bAl-AV  TITANIUM  ALLOY  SHEET  FOR  PLAIN  SPECIMENS 
AND  CUT  COUNTERSUNK  RIVETED  SPECIMENS  - ROOM  TEMPERATURE 
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RMS  Stress,  KSI 


TITANIUM  ALLOYS 


HATER  I Al : 6AI-I|V  Annealed  Sheet 

CONF I CURAT I ON : Plain  cantilever  coupon  specimen  with  transverse  random 

amplitude  vibratory  base  excitation.  Material  thickness  Is  0.060  Inches. 

TEST  TEMPERATURE:  Room  Temperature 

REFFRP NCE : Thompson,  A.  R.  G.,  and  Lambert,  R.  F.;  "Acoustic  Fatigue  Design 

Data,  Part  I I I AGARD-AG - 162-Par L III,  1973.  Figure  1.2 

NOTES : Compare  with  Figure  6.6.3'!.  Limits  on  data  scatter  are  based  upon 

two  standard  deviations  upon  either  side  of  the  regression  line. 


FIGURE  6.6. 3-2  COUPON  S-M  DATA  TOR  GAI-I) V TITANIUM  ALLOY  SHUT  PLAIN  SPFCIMINS  - 
hour.  rcnPEkAfUKt  „ 


TITANIUM  ALtQVS 


MATERIAL:  6A I - Titanium,  Sheet 

CONFIGURATION : Plain  cantilever  coupon  test  specimens  with  transverse 

random  amplitude  vibratory  base  t»c it  at  ion. 

T LST  TLHPfcRATUHL:  bOO°F 

RFFFRFNCE  : Schneider,  C.  W.  ; "Acoustic  Fatigue  of  Aircraft  Stiuctures  at 

llcvated  Temperatures,"  AFFDL-TR-73' 155,  Part  I,  Air  Force  Flight 
Dynamics  Laboratory,  Wr Ight -Pat terson  Air  Force  base,  Ohio,  19/lt. 

F I gurc  17b),  page  <t0. 


NOTES.  See  F I gurc  5- 3.1 ‘5 


TITAN  I UK  ALLOYS 


>4 


MATERIAL:  Tl-2Cu  Aged  Sheet 

CONFIGURATION:  Coupon  specimens  with  transverse  random  vibratory  base 

cxcTtat i on  Introduced  to  the  "skin"  specimen  through  a riveted  angle 
"rib  " S-N  curve  Is  representative  of  both  single  rows  of  plain 
mushroom  head  rivets  and  flush  head  spin-dimpled  countersunk  rivets. 

Shoot  thickness,  is  0.028  Inches. 

TEST  TEMPERATURE : Room  Temperature  and  250°C. 

REFERENCE:  Thompson,  A.  R.  G.,  and  Lambert,  R.  F.;  "Acoustic  Fatigue  Design 

Da  t j , Hurt  1 I AGARD-AG- 162 , Part  II,  1972.  Figure  1.3 

NOTES:  Limits  on  data  scatter  are  based  upon  two  standard  deviations  upon 
eTTtier  side  of  the  regression  line. 


FIGURE  C 6 3-9  COUPON  N-N  DATA  FOR  Tl  2Cu  TITANIUM  AHOY  Ai.FP  SHEET  SPECIMENS 
WITH  PLAIN  RIVETED  AND  SP  111- DIMPLED  COUNTER', LINK  rUM  EL 


1 

i 


-i 


90  h 


4 


um 


RMS  S'. -ess.  KSI 


TITANIUM  Al  I OY.S 


MATERIAL:  TI-2Cu  Aged  She< 

rnfH  I r.HRAT  ION  ■ Coupon  specimens  with  transverse  random  vibratory  base  ex- 
citation introduced  to  the  "skin"  specimen  through  .in  angle  "rib" 
attached  to  the  skin  by  a single  row  of  resistance  spot  welds.  The 
degression  line  and  data  scatter  limits  jre  based  upon  specimens  welded 
before  aging  and  after  aging  and  also  Include  the  effect  of  material 
grain  direction.  Sheet  thickness  Is  0.028  Inches. 

TEST  TEMPERATURE:  Room  Temperature 

REFERENCE  : Thompson,  A.  P.  u.,  and  Lambert,  R.  F.;  "Acoustic  Fatigue. 

Design  Oata,  Part  III  '*  AGARD-AG- 1 62-Part  III,  1973.  Figure  1.4 

NOTES : Limits  un  data  scatter  are  based  upon  two  standard  deviations  upon 

elf  h'T  r. I tit*  nf  the  regression  line. 


FIGURE  6.6.3  6 COUPON  S-N  DATA  EUR  TI  2E.U  TITANIUM  ALLOY  SHEET  Will! 
SPOT  WELDED  JOINTS 
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THAN  IUH  Al  TOYS 


MATERIAL:  Commercially  Pure  Titanium 

COHT  I r.llRA  r I ON  : Coupon  specimens  with  transverse  random  vibratory  base 

excitation  introduced  to  the  "skin"  specimen  through  a "T"  section 
"tlb"  attached  to  the  skin  by  a double  row  of  resistance  spot  welds. 
( I he  reference  also  presents  limited  data  for  oas  tungsten-arc  spot 
welds.)  The  regression  line  and  data  scatter  limits  ate  based  upon 
the  resistance  spot  weld  data  only.  Sheet  thickness  Is  0.D16  Inches 

TEST  TCMPLUATUKL : Room  Temperature 

RCfTRrNrr  : Thompson,  A.  R.  G.,  and  I amber  t,  R.  F.;  "Acoustic  Fatigue 

Design  Data,  Part  III,"  AGARD-AG- 16?-Part  III,  1973.  Figure  1.5 

NOTTS:  Limits  on  data  scatter  arc  based  upon  two  standard  deviations 

upon  either  side  of  the  regression  line. 
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FIGUKI  6.6.3- / COUPON 
WITH  SI 


6.6.k  NICKEL  ALLOTS 


This  section  presents  random  amplitude  S-N  dgta  for  sharply 
*tl  coupon  specimens  at  room  temperature,  700°F , and  1A00°F. 
equivalent  random  amplitude  S-N  curve  for  Inconel  718  Sheet 


notched  Rene1 
Also,  an 
is  presented, 


S"/ 


NICKEL  alloys 


MAT L A I Al  : RENE  1 41,  Sheet 

CONE  1 CURAT  I ON : Cantilever  sharply  notched  coupon  specimens  with  random 

amplitude  vibratory  excitation  of  the  specimen  applied  at  the  free  end 
The  notch  geometry  was  a symmetric  60  "V",  5/16  inch  deep,  with  a 

notch  radius  of  0.00b  iO.OOl  inch.  The  specimen  width  was  1 inch,  and 
the  specimen  thickness  was  3/16  inch. 

TEST  TtHPERATURt : Room  Temperature 

P.EEERnlf.L : Phillips,  E.  P . ; "Fatigue  of  Rene1  41  under  Constant  - and 

Random  Amplitude  Loading  at  Room  and  Elevated  Temperatures,"  NASA  TN  D 
3075,  National  Aeronautics  and  Space  Administration,  1965. 

NOT  E_S : flie  regression  line  and  95t  confidence  limits  were  computed  from 
data  presented  in  the  reference.  See  figure  6.5.1"/. 
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FIGURE  6.6.4  1 COUPON  S-N  DATA  FOR  SHARPLY  NOTCHED  RINL'  4l  SHEET  - ROOM  I LMI'E  RAT  URL 
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NICKEL  AILOYS 


HATE  MAI  : RENE'  31  Sheet 

CONE  I GURAT I ON : Cantilevered  sharply  notched  coupon  specimens  with  random 

amplitude  vibratory  excitation  of  the  specimen  applied  at  the  free  end 
The  notch  geometry  was  a symmetric  60  "V",  5/16  inch  deep,  with  a 

notch  radius  of  0.005  ±0.001  Inch.  The  specimen  width  was  1 Inch  and 
the  thickness  was  3/16  inch. 

TEST  TEMPERATURE : 700°F  (6Ml°K) 

REFERENCE : Phillips,  E.  P.;  "Fatigue  of  Rene'  M under  Constant  - and 

Random  Amplitude  Loading  at  Room  and  Elevated  temperatures NASA 
TN  D-3075,  National  Aeronautics  and  Space  Administration,  1 96 5 - 

NOTES : The  regression  line  and  the  35 c confidence  limits  were  computed 

from  data  presented  in  the  reference. 
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NICKEL  ALLOYS 


HATER  I AL  : RENE1  'll  Sheet 

CONE  I GUKAT I ON  : Cantilevered  sharply  notched  coupon  speci.'cns  with  random 

amplitude  vibratory  excitation  of  the  specimen  applied  at  the  free  end. 

The  notch  geometry  was  a s yfflnic  l r i 1 60  "V",  5/16  inch  deep,  with  a notci. 
radius  of  0.005  d:  0 . 0 0 1 inch.  The  specimen  width  was  1 inch  and  the 
thickness  was  3/16  inch. 

TEST  TEMPERATURE:  I it00°F  ('033°K) 

REFERENCE : Phillips,  E.  P.;  "Fatigue  of  Rem  1 'il  undei  Constant  and 

Random  Amplitude  Loading  at  Room  and  Elevat  d Temperatures,"  NASA 
TN  D-3075,  National  Aeronautics  and  Space  Administration,  1965. 

NOTES:  The  regiesslon  line  an  I the  952  confidence  limits  were  computed  from 

data  presented  in  the  refer' nee. 
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NICKft  ALLOYS 


HATER  I AL:  INCONEL  718,  Aged  Sheet 

rONr  I CURAT  I ON  : Converter!  to  equivalent  random  lauding  fatigue  curve 

Truni  constant  amplitude  axlcl  loading  (R  = -1)  fatigue  data  for  un- 
notciied  specimens  presented  in  Tlgurc  6.3.5.  I -8  (a)  of  the  reference. 

TEST  TEMPERATURE:  Room  Temperature 

REfFRLNCE : Anon;  Metallic  Materials  and  Elements  for  Aerospace  Vehicle 

Structures,  H 1 1 -HUBK- Sli,  United  Stales  Government  Cringing  Office. 
September,  ly/1. 

NOTES : See  Section  6.5.1  for  a discussion  of  the  assumptions  and 

techniques  for  convrting  constant  amplitude  fatigue  data  into 
equivalent  random  amp  I i tude  fatigue  data. 


NO  ft  SCALE  FACTOR  01 
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6.6.5  GLASS  FIBERS 


This  section  presents  equivalent  random  ’ ading  fatigue  curves  for 
SS01/^3  and  S901/81  glass  fiber  material  1 lustrating  the  effec'  of  warp 
direction  upon  the  fatigue  characteristics  of  the  material.  Also, 
sonic  fatigue  data  resulting  from  tests  of  glass  fiber  fluted  core 
panels  is  also  presented  for  guidance.  The  designer  Is  cautioned  to 
determine  the  exact  specimen  configuration  noting  glass  cloth  type,  bond- 
ing resin,  curing  sequence,  and  layer  stacking  sequence  before  relying 
upon  data  reported  in  the  literature.  The  designer  will  find  the  dis- 
cussions presented  in  Sections  5. 2. 2. 3 and  5.3.8  useful  in  understanding 
the  significance  of  the  variou  parameters. 
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CLASS  I ll’.I  RS 


MATIR  I At  : SS)  0 1 /;l  3 Long  I tuJina  1 Warp  Direction 

SyOI/l(3  transverse  V/arp  Direction 
S90I/8I  Longitudinal  Warp  Direction 

CONF I GUKAT I ON : Equivalent  random  loading  fatigue  Curves  (See  Section 

6.5.f)  wore  developed  from  constant  amplitude  reversed  axial  loading 
fatigue  tests  of  2]  ply  glass  filter  "dog  bone."  test  specimens.  Tlie 
classification  of  longitudinal  or  transverse  denotes  the  warp  direc- 
tion for  the  specimen.  All  plys  were  laid  In  the  same  direction. 

TEST  Ti MPfRATUKL : Room  Temperature  (Specimen  heating  was  controlled  by 

adjusting  the  loading  frequency) 

REFERENCE : Jacobson,  M.  .1.;  "Acoustic  l.itigue  Desiyn  Information  for 

fiber  Reinforced  Structures,"  AFFDL- TR-68- 1 07,  United  States  Air  Force, 

1968 

NOTES : See  Section  6.5.1  for  a discussion  of  the  assumptions  and  tech- 

niques associated  with  developing  equivalent  random  amplitude  fatigue 
curves  from  constant  amplitude  data. 


FIRURI.  (..6.5  1 EQUIVALENT  RANDOM  1 OARING  S-N  RATA  I OR  S<IOI/'tJ  AND  S90I/8I 
(U  ASS  I ( ML  It  COUPON  6 I'LL  I FILMS 
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GLASS  F I BURS 


MATERIAL:  1 81 -S  Glass  Fabric  (0.010  Inch/ layer) 

li>l-S  Glass  Fabric  (0.007  Inch/layer} 

CONE  IGURAT  ION : AcoUsLlc  Tatiyuc  tests  of  rectangular  panels  with  tapered 

edges  and  Muled  cores.  Details  ol  the  panel  construction  are  presented 
below: 

Panel  Numbei  ui‘  Plies  Notes 

Type  Oulsldi  Face  Inside  Face  Ldge 


Type  I 
Type  I I 
Type  I I I 


Empty  Cote 
T oam  Filled  Cure 
Foam  Filled  Core 


Panel  Types  I and  II  were  manufactured  using  1 8 1 - S glass  fabric  and  Type  III 
was  manufactured  using  151 -S  glass. 

TEST  Tf  NPCRAT1IRF  : Room  Temperature 

RLf EREMCL : Hayes,  J.  A.;  "Sonic  Fatigue  Tolerance  of  Glass  Filament 

Structure:  L*pr  r I me.nta  1 Results,"  AFFDL -TR-bfe-78  , United  States  Air 

Force,  Dec.  11)66. 

NOTES:  Original  source  gives  no  indication  of  ply  orientation  with  respect 

to  the  panel  layup. 
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6.6.6  ADVANCED  COMPOSITES 


Very  little  random  amplitude  fatigue  data  has  been  reported  in  the  liter- 
ature related  to  the  fatig  e strength  of  advanced  composite  materials. 

Two  random  amplitude  strain-life  fatigue  curves  are  presented  in  Figure 
5.3.8-^  for  riveted  and  bonded  joint  coupon  test  specimens.  This  section 
has  been  included  so  that  the  designer  can  introduce  additional  data  as 
it  becomes  available. 
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APPENDIX  A 


NuMENCLAl U RES  AND  DEFINITIONS 


This  section  presents  basic  data  useful  in  supporting  subsequent  sections. 
Section  A. I presents  basic  nomenclature  and  definitions  that  are  specialized 
as  appropriate  in  the  subsequent  sections.  Section  A. 2 presents  a series 
of  graphic  scales  that  the  designer  will  find  useful  for  interpolating 
between  the  various  scales  presented.  Section  A. 3 presents  a brief  compi- 
lation of  definitions  and  equivalence  relations  between  the  values  of 
engineering  units  commonly  used  in  the  United  States  and  the  corresponding 
values  of  the  modern  metric  (SI)  units. 
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A . 1 BASIC  NOMENCLATURE  AND  DEKINITIONS 


The  following  basic  nomenclature  and  definitions  are  provided  for  assist- 
ing the  designer  when  using  the  handbook  and  references.  For  acoustic 
terminology  the  designer  should  consult  Reference  (1).  For  terminology 
relating  to  materials  and  fatigue  testing  References  (2),  (3),  and  (4) 
provide  detailed  lists  of  definitions  and  nomenclature.  Quantities  are 
defined  in  the  handbook  as  they  arise. 

ACCELERATION:  A vetor  quantity  specifying  the  t ime- ra t e-of-change  of 
the  velocity.  St  i f - e> p lana tory  prefixes  such  as  peak,  average,  rms  (root 
mean  square)  are  often  used. 

ACOUSTIC  FATIGUE:  Fatigue  of  structure  resulting  from  the  structure  being 
exposed  repeatedly  to  time  varying  acoustic  pressure  waves.  Also  called 
"sonic  fatigue." 

AMPLITUDE  DISTRIBUTION  FUNCTION:  A function  of  the  amplitude  of  a time 
varying  quantity  expressing  the  fraction  of  time  that  the  instantaneous 
value  of  the  quantity  is  less  than  a specified  level.  Also  called  the 
"distribution  function"  or  "cumulative  distribution  function." 

AMPLITUDE  DENSITY  DISTRIBUTION:  A function  of  the  amplitude  of  a time 
varying  quantity  expressing  the  fraction  of  time,  that  the  quantity  remains 
within  a narrow  amplitude  Interval.  Also  called  the  "probability  density 
distribution"  or  simply  "probability  density." 

AUTOCORRELATION:  A measure  of  tin-  similarity  of  a function  with  a dis- 
placed version  of  itself  as  a function  of  the.  displacement  (usually  taken 
as  time).  The  value  ot  the  autocorrelation  for  zero  displacement  is  the 
mean  square  value  of  the  function. 

BROAD  BAND:  I he  description  of  the  time  history  of  a quantity  (either 
pressure  or  stress)  implying  that  the  frequency  content  of  the  time  his- 
tory covers  a broad  I requency  band  (usually  greater  than  one  octave). 

The  term  "wide  ban'"  Is  also  used. 

CONFIDENCE  LIMITS:  The  upper  and  lower  limi  i ng  values  of  the  range  of 
values  for  which  a given  percentage  value  applies.  If  the  chances  are 
95  out  of  100  Itiat  a sample  lies  between  10  and  15,  the  952  confidence 
limits  are  said  to  he  10  and  15- 

CROSSCORRELAT 1 0" : A measure  of  the  similarity  ol  two  f un<  lions  with  the 
displacement  (usually  time)  between  the  two  functions  t I cn  as  the  inde- 
pendent variable.  if  the  two  functions  are  identical,  i lie  crossr.orreln- 
t i on  Is  an  autocorrelation 

CROSS- SPECTRUM : A frequency  domain  measure  ol  I tie  similarity  ol  two  func- 
t:  i one . 
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DECIBEL  (ilB)  : One -tenth  of  a Bel.  The  decibel  is  a measure  of  level  when 
the  Base  of  the  logarithm  is  the  tenth  root  of  ten  and  the  quantities 
concerned  are  pi  opoi  t i orid  1 to  power  (pressure  squared). 

DISCRETE  FREQUENCY:  The  description  of  a sound  wave  the  instantaneous 

sound  pressure  of  which  is  a simple  sinusoidal  function  of  time.  Also 
called  a "pure  tone"  or  a "simple  tone."  When  used  to  describe  acoustic 
fatigue  tests  the  excitation  pressure  is  a random  amplitude  sinusoidal 
sound  pressure  . 

DIRECTIVITY  FACTOR:  A dimensionless  quantity  which  is  a measure  of  the 

spatial  variation  of  the  sound  pressure  level  about  a sound  source. 

DISPLACEMENT:  A vector  quantity  specifyinq  the  chanqe  of  position  of  a 

hody , a point  on  a body,  or  a particle  usually  measured  with  respect  to 
the  mean  or  rest  position. 

DISTRIBUTION  FUNCTION:  See  Amplitude  Distribution  Function. 

ERGODIC  PROCESS  (STATISTICAL)  A subclass  of  stationary  random  processes 
for  which  ensemble  averages  (averaqe  over  a set  of  random  processes  at 
the  same  instant)  are  equal  to  the  corresponding  temporal  averages  taken 
along  any  representative  sample  function. 

F I LTER (ELECTRON  I C) : A device  for  separating  components  of  a signal  on 

the  basis  of  frequency.  A filter  is  described  by  the  frequency  interval 
(hand)  for  which  it  allows  the  siqnal  to  pass  relatively  unattenuated 
while  it  attenuates  components  in  other  frequency  intervals. 

f-  ftf  E ( SOUND  FIELD:  A field  in  a homogeneous  isotropic  medium  (Fiat  is  free 
from  boundaries.  In  practice,  it  is  a field  in  which  the  effects  of 
boundaries  are  negligible  over  the  region  of  Interest. 

FRIOUENCY:  The  lepetition  r.ite  of  a periodic  quantity.  The  frequency  is 

the  reciprocal  of  the  period  and  is  measured  in  Hertz  (H/.)  or  in  cycles 
per  second. 

I IJNDAMENTAI.  MODE:  The  lowest  natural  frequency  of  a system. 

q : fhe  quantity  describing  the  acceleration  pro! need  b,  lie  force  of 

gravity.  Tfje  standard  values  of  the  acceleration  of  nr.e  i t y are 
q. BOi.f,1)  in/ s'  - jfiij . 1)8/  \wi  /’  32.  ITT'-)  fl/s--. 


GAUSSIAN  DISTRIBUTION:  A particular  amplitude  distribution  function  of 
fundamental  importance  in  the  theory  of  probability.  The  Gaussian  distri- 
bution function  is  character i zed  by  its  mean  value  and  standard  deviar’on 
and  describes  many  natural  phenomena. 

HISTOGRAM:  The  graph  of  an  amplitude  density  distribution. 

IMPEDANCE:  The  impedance  of  a system  is  a measure  of  the  response  ampli- 
tude and  phase  of  a system  In  the  frequency  domain.  Acoustic  impedance 
at  a surface  is  defined  as  the  complex  ratio  of  the  sound  pressure  aver- 
aged over  the  surface  to  the  volume  velocity  through  it.  Mechanical  im- 
pedance is  defined  as  the  complex  ratio  of  the  force  acting  on  a speci- 
fied area  of  a mechanical  device  to  the  resulting  linear  velocity  of  that 
area. 

LEVEL:  In  acoustics,  the  level  of  a quantity  is  defined  as  the  logarithm 
ui  die  ratio  of  that  quantity  to  a reference  value  of  that  quantity. 

MODE:  The  spatial  distribution  of  amplitude  and  phase  characterizing  the 
displacement  pattern  of  a vibrating  body  undergoing  free  undamped  oscil- 
lations. A normal  mode  of  vibration  is  a mode  describing  the  relative 
amplitudes  of  various  points  occurring  at  a natural  frequency  of  the 
system. 


MODAL  MASS:  Thr  gene' ra  1 i zed  mass  of  a vibrating  system  for  a specified 
normal  mode. 

MODAL  STIFFNESS:  The  generalized  stiffness  of  a vibrating  system  for  a 
specified  normal  mode. 

MICROBAR  Ipibar) : A unit  of  pressure  commonly  used  in  acoustics.  One 
microbar  is  equal  to  a pressure  of  ten  micronnwton  per  square  meter. 

NATURAL  FREQUENCY:  Any  one.  frequency  of  a et  of  character  i s' i c frequen- 
cies ul  a system  at  each  of  which  the  system  vibiates  in  a normal  mude . 

RESONANCE:  For  a system  in  forced  vibration,  resonance  is  the  descrip- 
tion of  increased  response  amplitude  in  a narrow  frequency  range  without 
an  increase  in  the  magnitude,  of  the.  forcing  input.  At  resonance,  the 
response  of  j mechanical  system  is  limited  only  hy  the  damping  of  the 
sy  st  I’m . 

RESONANT  FREQUENCY:  See  Natural  Frequency. 

RESPONSE:  The  response  of  a system  is  the  motion  (or  other  output  quan- 
tity) resulting  I mm  an  excitation  (stimulus)  under  spec! lied  conditions, 

ROOT  MEAN  SQUARE  trim):  The  squa.  e loot  .f  the.  .11  ithmeti  cal  mean  o)  the 
squares  of  a set  of  instantaneous  .imp  I i l tides  <.r  the  square  1 . .• » t of  t he 
time,  average,  of  tire  square  of  the  ampin  tide  ot  1 nm  varying  qu-jllt  ity 

taken  over  a long  interval. 
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SOUND;  In  general,  ar  oscillation  in  pressure,  stress,  particle  displace- 
ment, particle  velocity,  etc.  in  a medium  with  internal  forces  (elastic, 
viscous)  or  the  superposition  of  such  propagated  alterations.  For  acous- 
tic fatigue,  sound  i-  generally  considered  to  be  an  airborne  pressure 
osc illation. 

OCTAVE;  The  interval  between  two  sounds  having  a basic  frequency  ratio 
of  two.  The  frequency  interval,  in  octaves,  between  any  two  frequencies 
is  the  logarithm  to  the  base  2 (or  3.322  times  the  loga“Ithm  to  the  base 
10)  of  the  frequency  ratio. 

POWER  LEVEL;  The  power  level  of  a given  power  is  10  times  the  logarithm 
to  the  base  10  of  the  ratio  of  the  given  power  to  a reference  power.  In 
acoustics  the  reference  power  is  usually  taken  as  10"12  watt  although 
I0~13  watt  have  been  used  in  earlier  work.  The  reference  value  for  the 
power  should  always  be  stated. 

PRESSURE  SPECTRUM  LEVEL:  The  pressure  spectrum  level  of  a sound  at  a 
specific  frequency  is  the  sound  pressure  level  of  that  part  of  the  signal 
contained  within  a frequency  band  I Hertz  wide  centered  at  the  specific 
frequency.  The  reference  pressure  should  be  stated. 

PURE  TONE;  See  Discrete  Frequency. 

RANDOM:  A time  varying  quantity  whose  inst  ntaneous  magnitude  is  not 
specified  or  cannot  be  predicted  for  any  ven  instant  of  time  is  called 
a random  quantity.  The  amplitude  of  a random  quantity  is  described  in 
terms  of  the  probability  distribution  functions.  (See  Gaussian 
Distribution.) 

SOUND  INTENSITY:  The  sound  intensity  at  a point  in  a specified  direction 
is  the  average  rate  ol  sound  energy  transmitted  in  the  specified  direc- 
ti' through  a unit  area  normal  to  this  direction. 

SOUND  PRESSURE  LEVEL:  Expressed  In  decibels,  dB,  the  sound  pressure  level 
is  20  times  the  logarithm  to  the  base  10  of  the  ratio  of  the  pressure  of 
the  sound  to  the  reference  pressure.  For  air  the  reference  pressure  is 
taken  as  0.0002  microbar  or  20/iN/m^. 

SPECTRUM  LEVFL:  Ten  times  the  logarithm  to  the  base  10  or  the  ratio  of 
the  squared  sound  pressure  per  unit  bandwidth  to  the  corresponding 
reference  quantity.  The  unit  handwidth  is  the  hertz  and  the  correspond- 
ing reference  quantity  is  (20 M N/m^) ^/Hz. . 

STANDARD  DEVIATION:  Usually  denoted  by  'V , the  standai  d deviation  is  a 
linear  measure  of  variability  equal  to  the  square  root  of  the  variance. 

STATIONARY  (STATISTICAL):  A statistical  term  that  nest  t ihes  a i .im'iom 
process  whose  spectrum  and  amplitude  distribution  do  not  champ'  with 
t idle  . 
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TIME  HISTORY:  The  variation  of  the  amplitude  of  a quantity  with  time 
(usually  a recorded  or  plotted  record). 

TRANSFER  FUNCTION:  A measure  of  the  relation  between  the  output  signal 
and  rhe  input  signal  cf  a system  or  device  usually  taken  as  the  ratio  of 
the  output  signal  to  the  input  signal.  See  Impedance. 

VARIANCE:  A quadratic  measure  of  the  variability  of  a quantity  taken  as 
Cue  average  of  the  mean  square  value  of  the  difference  between  the  quant 
ty  and  the  arithmetic  mean  of  the  quantity. 

VELOCITY:  A vector  quantity  that  specifies  the  time-rate-of-change  of 
displacement  with  respect  to  a reference  frame. 

VIBRATION'.  An  oscillation  wherein  the  quantity  is  a parameter  tha  < de- 
fines the  motion  of  a mechanical  system. 

WHITE  NOISE;  A description  of  the  spectrum  of  a quantity  whose  power  t. 
unit-frequency  Is  essentially  independent  of  frequency  over  a specified 
frequency  range. 
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A.;'  :ra'-  :r  •.CALE”. 

This  section  presen- s a series  of  graphic  scalf  useful  for  I n terpo  la  t i rig 
values  from  graphs,  charts,  and  nomographs  presented  In  the  reDort. 

The  Interpolation  i achieved  by  simply  marking  the  divisions  of  the 
original  scale  on  tae  straight  edge  of  a piece  of  paper,  aligning  these 
divisions  with  the  appropriate  graphic  scale  presented  in  tills  section, 
and  marking  the  intermediate  divisions  on  the  piece  of  paper.  This 
technique  allows  the  designer  to  obtain  intermediate  values  from  the 
charts,  etc.  If  the  original  scale  does  m>t  allow  for  the  direct  deter- 
mination of  the  specific  value.  Graphic  scales  are  pies-nted  for  linear 
divisions,  logarithmic  division’.,  and  a Gaussian  probability  scale. 

Other  divisions  are  possible;  however,  the  scales  presented  here  are  all 
that  one  requires  to  utilize  the  graphical  data  and  desinn  charts  present- 
ed In  subsequent  sections. 

Figure  A . 2 . 1-1  presents  a linear  graphic  scale  for  scales  up  to  10  divi- 
sions per  inch. 

Figure  A. 2.1  2 presents  a logarithmic  graphic  scale  for  one  cycle  per  7-5 
: nches  fu I I sea  I e . 

Figure  A. 2. 1-3  presents  a logarithmic  graphic  scale  for  four  cycles  per 
7.5  inches  full  scale. 

Figure  A. 2.1-^  presents  a logarithmic  graphic  scale  for  seven  cycles  per 
8.75  inches  full  scale. 

Figure  A. 2. 1-5  presents  a Gaussian  or  normal  probability  scale  for  a 
range  of  probability  values  between  0.01  to  99.99  per  8.25  inches  full 
sea le. 


FOUR  CYCLE  LOGARITHMIC  SCAlE 


A. 3 CONVERSION  FACTORS 


This  section  provider  summary  information  necessary  for  the  conversion  of 
values  expressed  in  ••ntj  ineeriny  units  of  measure  commonly  used  ir  the 
United  States  to  ih.:  on  i esp.  irid  i ng  values  expressed  In  modern  met  ic  (SI) 
units.  This  section  is  nut  intended  to  be  a standard,  but  rather  a con- 
venient  source  of  data  for  use  with  this  report.  If  the  designer  re- 
quires such  a standard,  it  is  recommended  that  he  consult  specific  Gov- 
ernment publications  relating  to  the  conversion  of  specific  values  (5) » 
(6),  (7). 

Tabular  data  is  presented  here  stating  the  relationship  between  units. 

The  basic  units  used  in  this  report  are  the  inch  or  foot  (length),  the 
pound  mass  (mass),  the  second  (time),  and  the  degree  Fahrenheit  or  Rankine 
(temperature).  Table  A. 3. 1-1  presents  the  basic  units  and  the  derived 
units  for  the  International  System  of  Units  (SI). 

Tite  prefix  nomenclature,  symbols,  and  examples  of  usage  for  basic  and  de- 
rived units  In  the  SI  system  an'  presented  in  Table  A . 3 - 1 - 2 . 

Table  A . 3 . 1 — 3 presents  the  equivalent  value  In  SI  units  of  the  common 
engineering  units  used  In  the  handbook. 

I able  A. j.l-^  presents  ihe  equivalence  between  compound  or  derived  mass 
units  (pound  mass)  as  used  in  the  handbook  and  t lie  corresponding  SI 
units. 

Table  A. 3. 1-5  presents  ihe  equivalence  between  compound  or  derived  force 
units  (pound  force)  as  used  in  the  handbook  and  the  corresponding  SI 
units. 


TABLE  A.  3.  1-1 

THE  INTERNATIONAL  SYSTEM  OF  UNITS  (Si) 


Quan  t i t y 

Leng  th 
Mass 
T i me 

Temperature 
Electric  Current 
Luminous  Intensity 


Quant i Ly 

Area 
Vo  I ume 
Vc 1 on i ty 
Acce i era  t ion 
Frequency 
Duns i ty 
Force 

Moment  of  Force 
Pressu  re 
Work,  L n - 1 g y 
Power 


BASIC  UNITS 


Unit 

Symbol 

meter 

m 

ki log ram 

kg 

second 

5 

ke 1 v in 

K 

nmpe  re 

A 

cande 1 a 

cd 

DERIVED  UNITS 

Unit 

Symbol 

square  . r 

m2 

cub i c me  ter 

meter  per  second 

m/s 

meter  per  second  squared 

m/s 

he  r 1 7 

Hz. 

kg/m^ 

kilogram  per  cubic  meter 

newton 

N 

newton  meter 

N m 

9 

newton  per  square  meter 

fl/trT 

j OU  1 i ■ 

d,  (N  m) 

wn  r l 

W,  (J/s) 

TABLE  A.3-1-? 


SI  SYSTEM  OF  UNITS 
PREFIX  NOMENCLATURE,  SYMBOL  AND  USE 
Multiplying 


Prefix 

Symbo I 

Factor 

Examp  1 e 

mega 

M 

io6 

megawatt  (MV/) 

kilo 

k 

)03 

kilometer  (km) 

hecto* 

h 

io2 

deca* 

da 

io1 

dec  i 

d 

iO-5 

decimeter  (dm) 

cent  I -v 

c 

io~2 

centimeter  (cm) 

mill! 

m 

IO-3 

mi  1 1 imeter  (mm) 

mi  cro 

M 

IO"6 

microsecond  (/xs) 

■•prefixes 

th.it  are  multiples  of  10 

ra i sed  to  a 

power  that  is  a 

multiple 

of  1 3 is  the  recommended 

usage , 

TABLE  A. 3- 1-3 


CONVERSION  OF  COMMON  ENGINEERING  UNITS 
TO 

EQUIVALENT  VALUES  IN  SI  UNITS 


BASIC  UNITS 


Length 

I mile  = 1 .6093*1  km 
I ft  “ 0.3048  m = 304 . 8 inrr, 
I in  =2.54  cm  =25.4  mm 


Area 

1 ft2  = 0.092903  mZ 
1 in2  =6.4516  cm2 


Vo) umc 

I ft3  = 0.0283168  m3  = 2.8317- 1 0 2 run3 
1 in3  =>  16.3871  cm3  = 1.6387- 10^  mm3 


Capac i t y 

1 ga 1 = 4.54609  dm3 

1 US  qal  = 3.78541  dm3* 


Acceleration 

1 ft/s2  = 0.3048  m/s2 
1 in/s2  - 2.54  t mi/ s 2 


Mass  '■  '■ 

1 1 bm  ■ 0.4  359?  kn 
I sluy  -14  ;,939  1-j 


Velocity 

1 mlle/h  = 1.60934  km/h 
I ft/s  = 0.3048  m/s  = 304.8  mm/s 
1 in/s  “•  2.54  cm/s  2 5.4  mm/s 


The  rnhic  decimeter  equals  one  liter. 

I he  unit  linn  denotes  the  pound  mis-  (a  1 ore  e oi  1 1M  act  inn  on  a mas' 
ot  1 I bm  produce*,  .in  accihral  mm  of  386  4 in/*.'  1 


6 34 
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TABLE  A. 3- 1 -*♦ 


CONVERSION  OF  COHMON  FNGINEERING  UNITS 
TO 

EQUIVALENT  VALUES  OF  SI  UNITS 


COMPOUND  MASS  UNITS  * 


Mass  Per 

Unit  Length 

Mass  Per  Unit  Area 

Ibni/ft  = 

1.48816  kg/m 

1 lbm/ft2 

= 4.88243  kg/m2 

1 bm/  i n = 

17.8580  kg/m 

1 lbm/ln2  1 

- 703.070  kg  /in2 

Mass  F low  Rate 

Volume 

Flow  Rate 

lbm/h  - 

0. '(53592  kg/h 

1 US  gal/h 

- 3.78541  dm3/h 

Ibm/s  = 

0.1(53592  kg/s 

1 US  ga 1 /s 

- 3.78541  dm3/s 

Dens i ty 

Moment 

of  Inertia 

1 bin/ ft 3 - 

16.015  kg /hi 3 

1 1 bm  ft2 

'■=  0 . 0'(2  1 40  kg  m2 

1 bin/  i n 3 - 

27.6799  g/cm3 

1 Ibm  in2 

= 2 . 9264X 10^  kg 

Momen t um 

Angu  1 a r 

Momentum 

Ibni  ft/',  - 

0. 138255  kg  m/s 

1 Ibni  f t2/s 

~ 0.04214  kg  m2/ 

the  pound  mass  (a  force  of  1 1 b f acting  on  o mass 
acceleration  of  386 . 4 in/s  .') 


5 V 


" The*  uni  t ] bni  denotes 
of  1 I bm  produce:,  an 


TABLE  A. 3. 1-5 


CONVERSION  OF  COMMON  ENGINEERING  UNITS 
TO 

EQUIVALENT  VALUES  IN  SI  UNITS 


COMPOUND  FORCE  AND  ENERGY  UNITS 


Force 

Ibf 

- 4.44822  N 

Force/Unit  Length 

1 Ibf/ft  = 14.5939  N/m 

1 Ibf/in  - 175.172  N/m 

Moment  of 

Force 

Pressure 

Ibf  ft. 
1 b i in 

- 1.35582  N m 

- G.  1 1 29b  N in 

1 Ibf /ft2  = 47.8803  N/m2 

1 lbi/in2  6894.76  N/m2 

Dynami c V i scos i ty 

Ibf  s/ft2  = 47.8803  N s/m2 
Ibf /ft  s = 1.48816  kg/m  s 
slug/ft  s = 47.8803  kg/m  s 

Ki nemat i c V i scosl ty 

1 ft2/s  = 0.092903  m2/- 

1 1 ;i2/s  = 645 . 16  mm2/s 

Energy 

Btu 

1 t Ibf 

1 \ \)  M 

“ 1 .05506  kJ 

- 1 .35582  J 

. , fiJ 

Power 

1 hp  = 745.700  W 

1 ft  Ibf/s  = 1 .35582  W 

Sped  f i c 

Energy 

Spec i 1 i c En  t ropy 

Btu/lb 

- 2326  J/kg 

1 Btu/lbm^R  — 4 1 bb . 8 J/kg 

1 ft  lbf/lb  = 2.98907  J/kg 


5 3L 
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APPENDIX  B 


■U  LEVANT  TOPICS  FROM  BEAM  THEORY 

This  appendix  contains  relevant  topics  from  Loam  the.'  y that  are  necessary 
to  support  the  specific  design  methods  presented  in  action  5.  Tirst,  a 
discussion  of  engineering  beam  theory  Is  presented  that  relates  to  s'ender 
straight  beams  with  solid  or  closed  cross  sectional  shapes.  In  particular, 
violation  of  slender  straight  beam;;  is  discussed  to  acquaint  the  designer 
with  the  analysis  methods  and  o introduce  the  eigenfunctions  and  eigen- 
values associated  with  beam  vibration  in  a logical  manner.  This  data  is 
useful  when  using  the  analysis  techniques  of  beet  I on  5.2.  Next , the  topic 
of  thin-walied  open  secliv".  beams  is  presented  to  acquaint  the  designer 
with  the  design  parameters  encountered  in  stiffened  aircraft  structurt. 

This  data  is  useful  ir  support'-ng  Section  5 ■ P of  this  report.  Finally,  a 
discussion  of  the  beam-like  response  of  a row  of  panels  is  presented  that 
illustrates  the  basic  coupleu  dynamic  response  characteristics  of  structure 
in  te1  ms  of  beam  vibration  chc  actcrlstlcs  using  a very  simple  - and 
accurate  - prediction  schema 

B.1,1  BEAMS 

As  an  isolated  structural  elemei  , beams  are  not  relatively  significant  with 
respect  to  sonic  fatigue  design  problems  as  compared  to  plate-like  structures. 
However,  the  use  of  beams  to  stiffen  plate  structures  requires  the  designer 
to  understand  the  coupling  effect  between  beams  and  plates  when  considering 
structural  configurations  that  differ  significantly  from  those  presented  in 
Section  5.3-  Additionally,  results  from  the  theory  of  beam  vibrations  have 
been  extensively  used  as  the  basis  of  approx i ma t i on  techniques  for  estimating 
the  response  of  plates  to  acoustic  excitation  (see  Section  5.2.2).  Hence, 
this  section  presents  data  to  supplement  the  >pi of  structural  vibrations 
and  to  support  Section  5.2  on  plate  and  shell  vibration  »»d  Section  '.3  on 
Lai  1 1 - u i • structure. 


;9 


F'HliUiiDlfC  PAGE  hlJcNhUNOT  d i LMHD 


B. 1 . ] . I Notation 


A 

A 


m 


m 


C ,C 

y z 


D 

D 


m 


f ,f 

m r 


I ,1  ,1 

y z yz 

J 

L 

M ,M 
y z 

P(t) 
q (t) 

re  ,re 

x z 
t 

u,v,w 

x,y,z 

a , 8 
m n 


0 (x) 

m 


$ (x)  ,4> 
m ,Tm 


ti) 


Area,  point  In  the  plane  of  the  beam  cross  section  shape 

Amplitude  coefficient  for  m^  beam  vibration  mode  (Figure  B.  1.1-7) 

Amplitude  coefficient  for  m beam  vibration  mode 

Amplitude  coefficient  for  mc  beam  vibration  mode 

Distance  from  centroid  of  beam  cross  section  to  shear  center 

of  cross  section 

Frequency  constant  for  multtspan  beams  (Tables  B. 1.1-7  through  ~S) 

Point  in  the  plane  of  the  beam  cross  section  (Figure  B. 1.1-7) 

Amplitude  coefficient  for  rn  beam  vibration  mode 

Young's  modulus  of  beam  material;  denotes  shear  center,  when 
referenced  to  cross-section  properties 

Distance  from  centroid  to  shear  center 

Natural  frequency  of  vibration,  Hz. 

Shear  modulus  of  beam 

Mass  moment  of  inertia  of  beam 

Second  area  moments  of  inertia  of  beam  cross  section  shape 
St.  Venant's  torsion  constant 
Length  of  beam 

Bending  moments  acting  on  beam 
Distributed  loading  on  beam,  bending 
Distributed  loading  on  beam,  torsion 
Warping  constants  of  beam,  Equation  ( B . 1 . 1 -29c) 

Time 

Displacement  components  of  beam  in  (x,y,z)  directions, 
respectively 

Coordinate  directions 

Numerical  constants  defining  the  vibration  mode  of  an 
elementary  beam  (see  Table  B.  1.1-4) 

Warping  constant  of  thin-walled  open-section  beam 

Weight  per  unit  volume  of  material 

Mode  of  vibration  of  beam  for  mt^1  torsional  mode  of  vibration 
Rotation  of  beam  cross  section 
Mass  per  unit  length  of  beam 

Mode  of  vibration  of  beam  for  m bending  mode  of  vibration 
Natural  frequency  of  m'  mode,  radians/sec 
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B. 1.1.2  Slender  Straight  Elementary  Beams 


Elementary  beams  are  taken  as  beams  whose  cross-section  shape  is  either  a 
solid  section  or  a closed  tube.  It  is  assumed  that  the  cross-section  shape 
is  symmetrica]  about  the  plane  in  which  the  loading  and  resulting  deformation 
occurs.  The  cross-sect  ion  shape  is  assumed  to  be  constant  along  the  length 
of  the  beam.  For  a slender  beam  the  cross-sectional  dimensions  are  small 
compared  to  the  length  of  the  beam.  Elementary  beam  theory  is  presented  in 
any  book  on  structural  mechanics,  for  example,  Section  35  of  Flugge  (1).  The 
basic  assumption  of  elementary  beam  theory  concerns  the  deformation  of  the 
beam  cross-section  during  bending.  Simply  stated,  this  assumption  is: 
"cross-sections  plane  and  normal  to  the  beam  neutral  surface  before  bending 
remain  plane  and  normal  to  the  neutral  surface  after  bending'.1 

The  discussion  presented  here  is  categorized  as  to  basic  theory  and  section 
properties,  bending  and  torsional  vibrations,  and  useful  analytical  results. 
This  data  is  introduced  in  order  to  support  the  design  data  of  Section  5. 

B.l.1.2.1  Basic  Theory  and  Section  Properties 

This  section  provides  basic  design  equations  for  relating  static  loading  to 
beam  deflection  and  stress  response,  it  is  assumed  that  elementary  beam 
theory  applies  and  that  the  loading  acts  in  a plane  of  symmetry  of  the  beam 
cross  section  shape. 

Bending  of  Elementary  Beams:  The  beam  configuration  and  loading  nomencla- 

ture are  presented  in  Figure  B. 1.1-1.  Assuming  small  transverse  displace- 
ments, w(x,t),  and  a linearly  elastic  material,  the  expressions  relating  the 
loading  to  the  displacement  and  bending  stresses  are 


(x,t) 

y,xx 

= -q (x, t) 
M (x,t) 

(B. 1. 1-la) 

',  (x,t) 

_ y 

(B. 1. 1-lb) 

El 

y 

XX  ’ 

x(x,z,t) 

= My(x,t)*z/Iy 

(B. 1. 1 - 1 c) 

where  the  transverse  loading,  q(x,t),  and  the  bending  moment,  M(x,t),  have 
been  assumed  to  vary  both  with  position  along  the  beam,  x,  and  with  time,  t. 

Alternately,  the  bending  stresses  are  related  to  the  transverse  displacement 
as 


ox(x,z,t)  = E-z-w,xx(x,t)  . (B. 1.1-2) 

For  a beam  with  an  unsymmetr i ca 1 cross  section  shape,  as  illustrated  in 
Figure  B. 1.1-2,  assuming  that  elementary  beam  theory  applies,  the  bending 
stress  is  related  to  the  bending  moments  a? 


C- 


q(t) 

i7Trrrn 


^ M 

-X 


dx 


Plane  of  Loading  S 
Symmetry 


FIGURE  B. 1.1-1  ELEMENTARY  BEAM  AXIS  SYSTEM,  LOADING, 
AND  GEOMETRY  NOMENCLATURE 


FIGURE  B. 1.1-2  NOMENCLATURE  FOR  ELEMENTARY  BEAM  WITH 
UNSYMMETRICAL  CROSS  SECTION 
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(B. 1.1-3) 


o 

x 


Torsion  of  Elementary  Beams:  The  beam  configuration  and  loading  nomen- 

clature are  presented  in  Figure  B. 1.1-3.  it  is  assumed  that  St.  Venant 
torsion  theory  applies,  see  Timoshenko  (2).  In  general,  the  relations 
between  the  twist  0 (x) , the  shear  stress,  t(x),  and  the  torque  T(x),  are 
dependent  upon  the  cross  section  shape.  The  relationships  are  of  the  form 


8,x(x,t)  = T(x)/GJ 


(B.1.1-4a) 


T (x , t ) = T(x)/k  ( B . 1 . 1 -4b) 

max  ’ 

where  the  torsion  constant,  J,  and  the  constant,  k,  are  functions  of  the 
beam  cross  section  shape. 

Section  Properties:  The  section  properties  I , I , J and  k are  presented 

in  Table  B. 1.1-1  for  a few  common  shapes.  OtKer  shapes  are  included  in  the 
compilation  by  Roark  (3).  The  following  general  definitions  apply 

I = / z2dA;  I = / y2dA;  I = / yzdA  (B. 1.1-5) 
y JA  2 A Y2  A 

To  shift  the  reference  axis  from  the  centroid  to  another  set  of  parallel 
axes  as  indicated  in  Figure  B. 1.1-4  the  following  rules  apply: 

I*  = I + AC2  (B. 1. l-6a) 

y y z 


I + AC2 

z y 


(B.  1. 1 -6b) 


I*  =1  + AC  C (B. 1.1 -6c) 

yz  y y z 

where  A is  the  cross  section  area  of  the  uniform  beam. 

B. 1.1. 2. 2 Bending  and  Torsional  Vibrations 

This  section  provides  design  equations  and  tabulated  data  for  the  bending 
and  torsional  vibration  of  beams.  A beam-like  structure  is  the  most  com- 
plicated structural  element  that  is  amenable,  in  general,  to  exact  mathe- 
matical analysis.  As  such,  the  literature  is  filled  with  the  work  of 
numerous  investigators  that  consider  various  aspects  of  the  problem  such  as 
cross  section  properties  that  vary  along  the  length  of  the  beam,  effect  of 
axial  loading,  nonlinear  response,  etc.  The  purpose  of  this  section  is  to 
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TABLE  B. 1.1-1 

CROSS  SHCT I ON  PROPERTIES  OF  COMMON  STRUCTURAL  SHAPE 


Cross  Section 
Shape 


I 


y 


i j 

z 


k 


7j-[r^  - (r-h/1]  ^[r*- (r-h)^]  2itr3h  2irr2h 


IT  ab3 

1 A 

See  Tabulated 

12  0 b 

Values  Below 

|tb2(a+|) 

| j[a2(b+|) 
1 

8h3  (a+b  4h2(a+b 

-2h)  -2h) 

-2h  (b  (a+b) 

1 -2h(a(a+b) 
*“*1  . _ 

-2h(b+|- j h))ij-2h(e+j-  j h))J 


not  appl  icable  to  reentrant  corners 


TORSION  CONSTANTS  FOR  SOLID  RECTANGULAR  SECTION 


b/a 

1.0 

1.2 

1.5 

2.0 

2.5 

3.0 

4.0 

5.0 

10.0 

00 

J/a3b 

0. 11(06 

0. 166 

O.I96 

0.229 

0.249 

0.263 

0.281 

0.291 

0.312 

0.333 

k/a2b 

0.208 

0.219 

0.231 

0.21(6 

0.258 

0.267 

0.282 

0.291 

0.312 

0.333 

ShS 


present  basic  data  for  uniform  beams  with  either  clamped  or  simply  sup- 
ported end  conditions.  A brief  literature  review  for  complicating  effects 
Is  presented  in  Section  B. 1.1.4. 


Bending  Vibrations:  The  presentation  here  is  concerned  with  the  treatment 

of  transverse  bending  vibration  of  straight  slender  beams  supported  at  the 
ends.  Derivation  of  the  equation  of  motion  and  details  of  the  method  of 
solution  can  be  found  in  almost  any  text  on  vibration,  far  example  see  Nowacki 
(,\)  or  Thompson  (4).  For  a uniform  slender  straight  beam  undergoing  small 
amplitude  free  transverse  vibrations  the  governing  differential  equation  of 
motion  is 


a 


..2  .2 

/r  i j w t _l  9 W A 

(E|  — y ) +P—  = 0 

'dX  ' 3X  i)t 


(B.  1.1-7) 


where  F.  is  Young's  modulus  of  the  beam  material 

p is  the  mass  density  per  unit,  length  of  the  beam 
I is  the  second  area  moment  of  the  beam  cross  section  about 

y 

the  neutral  axis 


w(x,t)  is  the  transverse  displacement  of  the  beam  neutral  surface 

The  general  solution  of  the  above  governing  equation  Is  of  the  form  (Equa- 
tion (B .1.1-7)  is  a separable  partial  differential  equation) 


w(x,t)  = W(x)F (i ) 


(B  1. 1-8) 


Substituting  Equation  (B.  1.1-8)  Into  (B. 1.1-7)  performing  the  indicated 
differentiations  one  obtains  two  governing  ordinary  differential  equations 
of  the  form 


F(t)  + o,zF(t) 


0 


(B. 1. I -9a) 


(E 1 W" (x) ) " - pm  W = 0 (0.1. 1 -9b) 

where  the  over  dots  denote  differentiation  with  respect  to  time,  t.  the 
primes  denote  differentiation  with  respect  to  x,  and  the  constant  c/  - 
which  physically  represents  frequency  of  vibration  - is  called  the  sepora- 
1 1 on  con jtcn  t.  The  quantities  a and  W(x)  which  satisfy  Equation  (B.1.1-9b) 
and  the  associated  boundary  conditions  are  called  e igenva  I ues  and  e I gen 
functions,  respectively.  There  are,  in  fact,  an  infinite  nu.nbcr  of  pairs 
of  eigenvalues  and  eigenfunctions.  The  physical  meaning  is  that  every 
beam  can  vibrate  in  an  infinite  number  of  modes  of  vibration  and  each  mrde 
has  a certain  natural  frequenc-'.  Each  eigenfunction,  Wn(x),  represents 
the  ihape.  of  a natu-al  mode  of  vibration  and  the  corresponding  eigenvalue, 

que 


, represents  the  s 
nature  of  Wn(x)  and  m 


the  beam 
t he  beam . 


are  of  the  natural  frequency  of  that  mode.  The  exact 
n depends  upon  the  specific  boundary  conditions  on 
a1-'  the  stiffness,  El  , and  the  mass  distribution,  p,  of 


Y 


54b 


Assuming  i or  the  mom  :nt  that  El  and  p can  vary  slightly  along  the  length 

ol  the  boon.,  .1  very  important  characteristic  of  the  eigenfunctions,  W (x) , 

called  an  orthogonality  condition  will  be  illustrated.  Consider  two  pairs 

of  eigenvalues,  u a >d  w , and  the  corresponding  eigenvectors  W (x)  and 

W (x)  from  Equation  ( B . 1 . 1 - 9b ) one  obtains  m 

n 

(El  W")"  - poo2W  - 0 ( B.  !.  l-10a) 

y m mm 

(El  W")"  ~ P<a2W  = 0 (B.  1.  1 - 1 Ob) 

y n n n 

Multiplying  Eouatian  (B.l.l-lOa)  by  W (x)  and  (B. 1. 1— 10b)  by  W (x) , inte- 
grating over  the  length  of  the  beam,  subtracting  the  two  resulting  equa- 
tions, and  integrating  by  parts  one  obtains  the  results 


d2)  / P (x)W  (x)W  (x) dx  = l[W  ( E I W" ) 1 - W (E I W") ' ] (B. 1.1-11) 

n J r,  m n 'nm  mn 


-El (W'W" 
n m 


W'W")IL 
m n f n 


The  right  hand  side  of  Equation  (B.  1.1-11)  vanishes  if  at  each  end  of  the 
beam  there  Is  prescribed  at  least  one  of  the  following  pairs  of  boundary 
cond i t i ons 


W = 0 

and 

o 

II 

(B.  1.  1 - 1 2a) 

W = o 

and 

EIW"  = 0 

( B . 1.  1 - 1 2b) 

I1  = 0 

and 

(nw")1  = o 

(B.  1.1 -12c) 

r =-  o 

ana 

(E IW") 1 - 0 

(B.  1. 1 - 1 2d ) 

A-.suming  that  ■ •'  1 
Lgua t i ons  ( B . 1 . ; 
reduces  to  (sinct 


a st  one  of  the  pairs  of  boundai y conditions  given  by 
’.'i  is  applied  .it  eat  h end  of  the  beam,  foliation  (B.  1.1  — 11) 

■ „ , „ ) 

n m 


f (.  (x)W  (x)W  (x)dx  - 0 m^n  (B.  1.1-13) 


Equation  (B. 1.1-13)  is  known  .•?  the  orthogonality  condition  for  the  natural 
mode  •.  h.ijies  of  t hi  beam.  It  is  important  to  observe  ihat  s.itisl  t i on  of 
the  or thogon  1 1 i ty  . ondition  depends  upon  the  existent  of  the  boundary  con- 
tli:  itii  pa  i i s pi  esc  r i bed  by  Equations  (l>  i 1 - 1 7 ) . these  boundary  conditions 
have  i tie  following  physical  significance 


Vi/ 


Boundary  Condition 


Physical  Meaning 


W = 0 
W = 0 


Zero  transverse  displacement  at  the 
end  of  the  beam 

Zero  slope  at  the  end  of  the  beam 


EIW"  = 0 


Zero  bending  moment  at  the  end  of 
the  beam 


(EIW11)1  = 0 


Zero  shear  restraint  at  the  end  of 
the  beam. 


The  eigenfunction  or  mode  shape,  W (x) , which  is  a solution  to  Equation 
(B.1.1-9b)  subject  to  the  appropriate  boundary  conditions  of  Equations 
(B.  1.1-12)  can  be  determined  only  as  a relative  amplitude.  Hence,  one  may 
assign  any  convenient  amplitude  to  Wm(x)  as  desired.  This  process  is  called 
normalization  of  the  mode  shape.  For  example,  one  may  desire  a unit  ampli- 
tude at  a point  x = a on  the  beam  for  the  mt  mode  so  that  the  normalized 
value  for  the  rn  mode  is  given  by 


\M  = 


A W (x) 
mm 


(B.  1 . 1 - 1 4a) 


where  A = 1 /W  (a) . 
m m 

Another,  more  commonly  used  , norma  1 i zat Ion  technique  is  to  define  A as 


A7  = M/  (l  (x)W2(x)dx 

m m 


(Ft.  1 I - 1 Ah) 


where  M is  taken  ns  the  total  mass  of  the  beam. 

If  the  beam  cross  section  and  material  properties  arc  uniform  along  the 
length  of  the  beam  Equation  (B.1.1  Ihb)  b'  come' 

L , 

/ (v).lx  ! (B.  1.1-15) 

o m 

Combining  this  result  with  the  orthogonality  condition,  Equation  (H.i.l-lj), 


one  obtains  the  following  very  Useful  results 

l 

f T-  ( x ) T>  ( x ) d x = 0 
o 111  ' " 

(B.  1 

. 1 - 1 6a) 

L ? 

[ •!»  (x)rlx  L 

J m 

( Li . 1 

.1  16b) 

o 


The  solution  to  Equation  (B.I.l-9a)  requires  a knowledge  of  the  Initial 
conditions  of  the  beam  In  the  form  w(x,0)  = f | (x ) and  Ai(x, 0)  = f2(x). 

Except  f«r  the  transient  vibration  response,  the  solution  for  the  response 
time  history  Is  relatively  unimportant.  The  main  concern  is  to  obtain  the 
solution  to  equation  ( B . 1 . 1 ~9b ) subject  to  the  appropriate  boundary  condi- 
t i ons . 

Young  and  Felgar  (5),  have  tabulated  the  numerical  values  for  the  eigen- 
1 iii  normalized  e I n<’nf  nnr  t ! ons  and  derivatives  of  the  e i gpnf  unr  1 1 ons  of 
uniform  straight  beams  for  the  first  five  modes  of  vibration  for  the  fol- 
lowing boundary  conditions:  c lamped-c lamped , c 1 amped-f ree , and  clamped- 

supported.  This  nomenclature  Is  related  to  the  mathematical  relationships 
of  Equations  (B. 1.1-12)  as  Indicated  in  hie  B.  1.1-2. 


TABLE  B. 1.1-2 

DEFINITION  OF  BOUNDARY  CONDITION'. 


Boundary  Conditions 

At 

x » 0 

At 

x = 1 

Supported -Supported 

(B. 

1.  1 - 1 2b) 

(B. 

1.  1 - 12b) 

C 1 amped-C 1 amped 

(B. 

1.  1 - 1 2a) 

(B. 

1.1-  12a) 

C lamped-Free 

(B. 

1.  1-1  2a) 

(B. 

1. 1-1  2d; 

C 1 amped-Supported 

(B. 

1.  1 - 1 2a ) 

(B. 

1.1-1 2b) 

1 he  general  solution  to  Equation  (b. 

. 1.  1- 

9b)  when  norma  1 i zed 

as 

1 nd i cated 

by  Equation  (B.  1.1-15)  has  the  form 

for 

the  mt^  mode 

■I  (x)  = A cosh  (p  x 1 + B cos  (ft  x)+C  s i nh  (p.  x)+D  sin(p  x)  (Li.  1.1-17) 
in  m m m m m m n m 

where  the  constants  A , B , C , D , and  p depend  Upon  the  boundary  cond I - 


The  natural  frequency  of  vibration  for  L h<  mode  is  related  to  the  con- 

stant I'  as 
m 


<JD 

m 

= 1 1 

y 

k 

B /p 

m 

(rad/sec) ~ 

( B . 1 . 1 

- 13a) 

or 

2 

a) 

- i y 

(b  l)< 

(b.  1.  1 

- 1 8b) 

m 

m 

V.i  1 uc. 

for  A , B , C 

and  D 

a rc 

presented  in  Table  B.l. 

1-3  for  the 

m m m 

n 

In  mn.1  ••  i 

y * • ni'l  i i i r«n 

r * n i 

( > / 1 ip 

T.  .h  1 . ■ I!  1 ) -'> 

1,1;  | 


TABLE  B.  1.1-3 

TABLE  OF  COEFFICIENTS  FOR  EQUATION  (B. 1.1-17) 


Boundary  Condition 

A 

m 

B C 

m m 

D 

n 

Supported-Supported 

0 

0 0 

a 

m 

C lamped-C lamped 

1 

-1  -a 

m 

a 

m 

Clamped-Free 

1 

- 1 -a 

m 

a 

m 

Clamped- Supported 

1 

-1  -a 

m 

a 

m 

For  the  first  five  modes 

and  the  various  boundary  conditions 

the  numerical 

values  for  a and  8 are 
m m 

presented 

in  Table 

B. 1.1-4. 

TABLE 

B.  1 .1-4 

VALUES  OF 

cl  AND  8 
m m 

FOR  NORMAL  BEAM  MODES 

Supported-Supported 

C lamped-C lamped 

m a 

m 

B L 
m 

m 

a 

m 

B L 
m 

1 1 .4142  = SI 

7T 

1 

0.9825 

4.7300 

2 1.4142 

2tt 

2 

1.007 

7.8532 

3 1.4142 

3tt 

3 

0.9999 

10.9956 

4 1.4142 

4it 

4 

1.0000 

14.1372 

5 1.4142 

5tt 

5 

0.9999 

17.2788 

Clamped-Free 

C lamped -Supported 

m a 

m 

B L 
m 

m 

a 

m 

B L 
m 

1 0.7341 

1.8751 

1 

1.0008 

3.9266 

2 1.0185 

4.$94u 

2 

1.0000 

7.0686 

3 0.9992 

7.8548 

3 

1.0000 

10.2102 

4 1.0000 

10.9955 

_ 4 

1.0000 

13.3918 

5 0.9999 

14.1372 

5 

1.0000 

16.4934 
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The  most  commonly  usi d boundary  conditions  art:  suppor ted- suppor ted  and 
c 1 amped-c I amped  edge  . The  mode  shape  for  suppor ted- suppor ted  condition 
is  a sine  wave  and  represents  no  difficulty  in  calculating  results.  For 
c 1 aruped-c 1 amped  edges,  values  of  the  mode  shape,  Equation  (B. 1.1-17),  and 
its  second  derivative  are  presented  in  Table  B. 1.1-5  for  the  lirst  mode, 
m = 1,  and  the  third  mode,  m = 3.  More  extensive  tabulations  are  presented 
by  Young  and  Felgar  (5).  These  results  will  prove  useful  when  using  the 
methods  presented  in  Section  5.2.2 


TABLE  B. 1 . 1 -5 

NUMERICAL  VALUES  FOR  ^(x),  4>‘|'  (x) , <t>3  (x)  , <t^(x) 
FOR  A BEAM  WITH  CLAMPED-C LAMPED  EDGES 


x / L 

' 1 

d^<t> 

1 0 *1 

’1  2 . 2 
8 j dx 

*3 

. J-  ^ 
3 ,2,2 
B,  dx 

0.00 

0.00000 

2.00000 

0.00000 

2.00000 

0.  10 

0.18910 

1 . 07633 

0.77005 

-0. 10393 

0.20 

0.61939 

0.19565 

1.50782 

-1.28572 

0.  30 

1 .09600 

-0.56601 

0.86866 

-0.79387 

0.60 

1. 65565 

-1 .06050 

-0.62837 

0.65569 

0.50 

1.58815 

-1.21565 

-1.60600 

1 62238 

0.60 

1 .65565 

-1 .06050 

-0.62837 

0.65569 

0.70 

1 .09600 

-0. 56601 

0.86866 

-0.79337 

0. 8(1 

0.61939 

0. 19565 

1.50782 

-1 .28572 

o.cJ0 

0.  189)0 

1.07633 

0.77005 

-0.10393 

1 . 00 

0.00000 

2.00000 

0.00000 

2.00000 

Lx amp  1 e : 

La  1 c u 1 a t e 

the  natural  frequencies 

of  d hull oW 

l u be  beam  with 

diameter  0,?5  inches,  wall  thiiknes  0.020  inch  and  length  12.0  inches 
assuming  belli  e I alnped-c  lamped  and  suppor  t cd- suppor  ted  edge  conditions. 
Assume  I.  = 10.3  •“  10®  psi  y - 0.101  lbs/ in  . 


'■5  1 


From  Table  B.  1.1-1  one  obtains 


a 


I - t [ (0. 25) ^ - (0.25  - 0.02)**]  = 0.000870  In*4 
y 4 

El  = (10.3- 106)  (0.00087)  - 8 . 962 • 1 03  In. lb. 

y 

The  mass  per  unit  length  of  the  beam  is 

p = ya  = 7i  ( . 101)  ((.25)2-  (.25 -.02)  ?)/386.  4 = 7-88*1 0-6 
From  Equation  B.  1.1-18 

u>2  = El  (0  L)i*/')L^  *>  5. 4824-  lo\li  L)^  (rad/sec)2 
m y m m 

or 

f = 37-265(0  L)2  Hz. 

m m 


From  Table  B. 1.1-4  one  obtains  the  results 

Suppor  ted-Support.ed  C lamped-C  lamped 


m 

(bl) 

m 

f , Hz 
m 

(EL) 

m 

f , Hz 

m 

1 

n 

368. 

4.7300 

834 

2 

2 ii 

1.471. 

7,8532 

2,298 

3 

3-i 

3,310. 

10.9956 

4,506 

4 

4i. 

5,885. 

14.1372 

7,448 

r 

S»i 

<3,  195. 

17.2788 

11,126 

Torsional  Vibrations:  The  problem  of  twisting  <>r  torsional  vibration  of 

slender  beams  is  treated  In  a manner  analogous  to  that  tor  bending  vibra- 
tions discussed  previously.  For  beams  with  a solid  or  closed  tube  r rns>; 


sect  ion r tne  uenuing  inot ion  nim  th»- 


wi sting  mot's  or 


be  treated  independently. 


For  torsional  vibration  the  governing  eguotion  ol  motion  is 


[GJ  --  ] 

,)X  .'X 


( H 1 1 - l«l) 


where  G 

is 

the 

shear  modulus  of 

the  .nater  ia  1 

J 

i s 

St. 

Venant's  torsion 

constant 

1 

i s 

the 

moment  of  inertia 

per  unit  of  length  about  the  center 

o 

of 

the 

twist 

0 (x 

.0 

is 

the  twist  of  the 

beam 

The  general  solution  to  Equation  (B.  1.2-19)  has  the  form 


6(x,t)  = 0(x)F(t)  (B. 1.1-20} 

For  a uniform  beam  undergoing  free  vibration  the  eigenfunction  must  sat- 
isfy the  equation  of  motion 

GJe"(x)  + w2i  G (x)  = 0 (B. 1.1-21) 

n o n 

The  general  solution  to  Equation  (8.1.2-21)  has  the  form  for  the  mode 
of  vibration 

0 (x)  * A sin(y  x)  +B  cos(yx)  (B.  1.1-22) 

m m m m m 

The  boundary  conditions  associated  with  Equation  (B. 1.1-22)  are 


Ciamped  Edge  0^(0)  = 0 

or  0 (L)  = 0 
m 

(B.l. 

1-23*) 

Free  Edge  G1  (O)  *=  0 

3 m 

or  o'  (L)  = 0 

m 

(B.  1. 

l~23b) 

For  a clamped  end  at  x = 0 and  a free  end  at  x * L,  the  frequencies  and 
mode  shapes  for  torsional  vibration  of  the  rod  are 

0 (x)  - A sln(y  x)  (B. 1.1-24) 

m mm 

2 2 . n2ir^GJ  r ,,  ocv 

a ) = Y G J / 1 - — (rnd/sor)  (U.1.1  25) 

m in  o 4)  l2 

o 

B.l. 1.2.3  Useful  Analytical  Results 

Tfw  main  i mpor  Lance  of  studying  beam  vibrations  in  relation  to  the  sonic 
fatigue  problem  is  that  the  eigenfunctions  g i v^  n by  Equation  (E.  1.1-17)  are 
extensively  used  in  approximation  techniques  for  estimating  the  dynamic 
response  of  plate-1  ike  and  shallow  shell  structures.  In  particular,  energy 
methods  5 uct . as  the  Rayleigh  or  Ray  1 e i gh-P.  i tz  niethuds  require  the  evaluation 
uf  integrals  or  the  assumed  modes  and  dot  ivatives  of  thi  assumed  nodes.  As 
a result,  Felgar  (6)  tabulated  an  extensive  set.  nf  I lies  . inUgr.,1  . , and  his 
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work  has  been  used  by  numerous  investigators  in  the  past  20  years.  To 
facilitate  the  utilization  of  the  analytical  sections  of  this  handbook 
and  for  reference,  integrals  of  c 1 amped-c 1 amped  beam  modes  are  presented 
i n Tab  1 e B . 1 . I -6 . 

It  should  be  noted  that  the  derivatives  of  the  eigenfunctions  for  a 
vibrating  beam  satisfy  the  following  relationships 

4>n  M = *n(x);  * 4^  (x) ; 4*'  (x)  = 4^'  (x) 


where  differentiation  is  with  respect  to  the  argument  (p  x) . 

n 


TABLE  B. 1.1-6  (Continued) 

INTEGRALS  OF  CLAMPED-CLAMPIl1  BEAM  MODES 

(FROM  REFERENCE  6) 


See  Equation  B. 1.1-17  and  Tables  B. 1.1-3  and  -A 

L „ 


L 2a 

I On(x)dx  = --n-  [1  - (-1)°] 
o n 


/ 4>n  (x)dx  = L 

o 


L d4 
I — 1 

J dx 


dx  = 0 


L /dif  \2 

/ \T^I  d*  = a B (a  B L - 2) 
\dx  / n n n n 


L d 


2, 


I . 2 

o dx 

i 

L 4 


dx  « 0 


/ 

/ ♦ 


n j 

t — dx 


o dx 

L d<(>r 
n dx 


d V 


-2B^[(-1)n  + I] 


j dx  - «.  p (2 

i i , z.  n tt 

o dx 

L d3<f 

/ 4 — dx  = 0 

n , l 

o dx 


a P ! ) 

n n 


L /d  4 

f I — _n 
1,2 
o xdx 

L ,d3<j>  ,2 

/ hf- 

o \ dx^  / 


dx  = p L 
n 


dx  =•  a p3  (a  p L + 6) 
n n n n 


L db  d 

r n n , „ 

/ ST  7 T”  d*  " 0 

o dx 


L d<j>  d 4'  i 

[ — In  dx , . PV 

VJ  X . j ti 

o dx 

L.  d2,'  d34 

I p~  dx  = o 

o dx  dx 


L 

/ 4 (x)*  (x)dx  = 0 

o 


55k 


t av 

J 2™. 


d$  d<f 
m n 


TABLE  B.  1. 1-6  (Concluded) 

48" B2  (a  B - a fi  ) 


o dx  dx 


dx 


in  n mm  n n 

1 — T 


I (- 1 )m+n  + i] 


n m 


2 2 

L d <(>  d <(> 

m n 


L 

/ ♦ 
o 


d<^ 

m 

n dx 


d2d 


n . 4 
dx 


*bV 

, n m r , / ift+n  i 

dx  “ ~z zr  i>  - (-D  j 

e - e 

n m 

Ag283(a  B - a 6 ) 

m , mrnnn  mm  r , , , ,,(i)+rii 

dx  - r r [1  + (-1)  J 


L 

/ ♦ 

o 


,3 

d ip 


n dx3 


dx 


L diji  d 6 
n m 


f — 1- 

^ H X 


37"  TT 

dx 


dx 


L dcf>  d <t 

n m , 
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j dx 

L ci  >Z>  d 3<J> 

n m 


o dx 


r_  —T 
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~r 
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B 
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n 

m 

4tf3B3 a 
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m n 

mn 

4 

7T  1 

e - 

6 

n 

m 

4b3b3 

a a 

m n 

•n  n 
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Br 

n 

m 

’ 0 

6 

2 

4b  8 

in 

n 1 

I(-l)m+n  - 1] 


n - (-0m+n] 


8 - 8 
n fl 
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B . 1 . 1 . 3 Slender  Thin-Walled  Open  Section  Beams 


This  section  provides  a discussion  of  the  topic  of  vibration  of  slender 
straight  beams  whose  cross  section  shape  is  the  form  of  a thin-walled  open 
section.  This  form  of  beam  is  the  type  most  commonly  encountered  in  air- 
craft design.  That  is,  the  cross  section  shape  Is  the  form  of  a zee,  hat, 
channel  or  other  shape  attached  to  a plate  so  that  the  cross  section  remains 
open.  The  deformation  of  such  beams  either  as  an  isolated  system  or  as  a 
part  of  a built  up  structure  is  such  that  the  bending  and  torsion  motion  is 
coupled. 

The  basic  theory  of  thin-walled  open  section  beams  is  developed  by 
Timoshenko  (7),  Vlasov  (8),  and  Oden  (9)*  Gere  (10)  and  Gere  and  Lin  (11) 
discuss  the  general  coupled  vibrations  of  such  beams.  Lin  (12)  later  pub- 
lished a note  describing  the  application  of  his  earlier  work  to  consider  the 
constrained  bend i ng-tors i on  vibrations  when  the  beam  is  connected  to  a thin 
plate. 

The  basic  difference  between  a thin-walled  open  section  beam  and  a beam  with 
a solid  or  closed  cross  section  is  that  for  nonuniform  torsion  of  thin-walled 
beams,  the  cross  section  warps  causing  the  bending  and  the  torsion  motion  to 
be  coupled. 

Coupled  Bending-Torsion  Vibrations:  The  general  case  of  coupled  bending- 

torsion  vibrations  is  presented  by  Gere  and  Lin  (11)  for  the  case  of  motion 
referenced  to  the  shear  center  with  axes  taken  parallel  to  the  principal 
centroidal  axes  of  the  beam.  The  governing  equations  of  motion  are  for 
forced  vibration. 


where 


p (t)  ( B . 1 . 1 -26a) 

p (t)  (B.  1 . 1 -26b) 

pC  + 'o  ^4  = pfl(t)  (B.1.1-26c) 
y St2  ° 3t2  6 

v(x,t)  is  the  translation  of  the  shear  center  in  the  y direction 

w(x,t)  is  the  translation  of  the  shear  center  in  the  z direction 

9(x,t)  is  the  rotation  of  the  beam  about  the  shear  center 

E is  Young's  modulus 

G Is  the  shear  modulus 


sV  32v  r 3Ze 

El;  7T  + » 7T-  cCz  7T 

3x  3t  3t 


k 2 2 

cl  3 w . 3 w . r 3 6 


Er  4 - GJ  £* 
3x  3x 


r ^ + 
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p Is  the  mass  density  per  unit  length 

I .1  are  principal  centroldal  moments  of  inertia 

C n 

f Is  the  warping  constant  of  the  beam  cross  section  taken  about 

the  shear  center 

J Is  St.  Venants  torsion  constant 

1 is  the  mass  polar  moment  of  inertia  of  the  cross  section 

about  the  shear  center. 

The  axis  system,  displacements  and  geometry  are  presented  In  Figure  B. 1.1-5. 

The  twelve  boundary  conditions  associated  with  Equations  (B. 1.1-26)  are  to 
be  applied  to  each  end  of  the  beam  and  are  classified  as: 


Supported  End: 


(B.  1 . l-27a) 


Clamped  End: 


V - w 

O 

1 

<r> 

B 

dv 

dw 

de 

37 

’ 37 

‘ 37  * 

(B. 1. 1 -27b) 


The  general  solution  of  Equations  (B. 1.1-26)  subject  to  the  boundary  condi- 
tions (B. 1.1-27)  Is  extremely  tedious  and  requires  a computer  solution  (see 
Gere  (10)).  Alternately,  the  Rayleigh  method  has  been  used  by  Gere  and  Lin 
(II)  and  by  Lin  (12)  to  estimate  response  frequencies.  Even  with  the 
approximate  techniques,  one  must  solve,  In  general,  a cubic  equation  for 
the  response  frequencle  The  greatest  simplification  of  Equations  (B. 1.1-26) 
occurs  when  the  shear  center  and  the  centroid  coincide  such  as  an  equal  leg 
zee  section  so  that  m 0 and  the  equations  are  uncoupled. 

Th«»  analysis  presented  by  i In  (12)  '“onslocrs  the  beam  to  b.  . (.tuch<.d  to  u 

thin  plate  so  that  ; he  beam  Is  constrained  from  moving  In  the  plane  of  the 
plate.  Then,  one  obtains  two  coupled  equations  of  motion  for  free  vibra- 
tions as 
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1.1-5  AXIS  SYSTEM,  GEOMETRY,  AND  NOMENCLATURE 
FOR  COUPLED  BENDING-TORSION  VIBRATION 
OF  TH I N-WALl £D  OPEN  SECTION  BEAMS 


'RF  B.l.l-A  AXIS  SYSTEM,  GEOMETRY,  ANU  NOMLNCLATURL 
FOR  VIBRATION  OF  A THIN-WALLED  OPEN 
SECTION  BEAM  ATTACHED  TO  A PLATE 


where  1 * 1 + r>(S 

2 2 

- C ) + pC  is  the  mass 

polar  moment 

of 

so  y 

y z 

Inertia  at 

out  the  point  S 

r = r + i sz 

is  the  warping  constant  of 

the  section 

about  the 

s n y 

point  S. 

The  displacements,  v and  6 are  measured  about  the  shear  center  as  Indi- 
cated In  Figure  8. 1.1-6.  The  boundary  conditions  on  v and  6 are  as  pre- 
sented In  Equations  (B. 1.1-27). 


Section  Properties:  The  section  properties  for  a thln-walled  open  sec- 

tion  beam  are  defined  In  terms  of  a centroldal  (x,z)  axis  system  and  a 
warping  function  <p(x,z)  defined  with  the  pole  (rotation  axis)  taken  at  the 
shear  center  of  the  cross  section.  Genera!  expressions  for  the  cross  section 
area,  area  moments,  torsion  constant,  and  warping  constants  are  presented 
for  zee,  channel,  and  hat  cross-sectional  shapes.  The  definition  of  these 
parameters  Is  as  follows: 

x,  the  location  of  the  centroid,  as  Indicated 

e,  the  location  of  the  shear  center,  ns  Indicated 

A,  the  cross  sectional  area 


1 

xx 


J = 


J * 


R 


E 


z 


- / x2dA 
A 

/ -*)2 

A * 

j IV? 

I 

= j x<pdA 
A 


1 = / xzdA 

XZ  A 

+ (<Kz  + *)2JdA 

bj  = mid  line  length  of  the  1 ^ segment 
of  a straight  section 

h.  * thickness  of  the  i ^ segment 

R = I zddA  T = / 4>2dA  (8.1.1  -29c) 

x ' A 6 A 


I - / z2dA 
zz  1 


(B. 1 . 1 -29a) 


St.  Venant's  Torsion  Constant  ( B . 1 . I —29b) 


Mote : 


and  R^  vanish  if  4 is  defined  r atlve  to  a mean  warping  of 
z x 

the  cross  section  (see  Timnrh-n!-"  (7}) 


To  shift  the  reference  axis  from  the  centroid  to  another  set  of  parallel  axes, 
the  area  mome.-ts  transform  as  indicated  by  Equations  (B. 1.1-6)  and  Figure 
b.I.l-A,  To  shift  the  pole  (rotation  axis)  from  the  shear  center  the  fol- 
lowing general  rules  apply 


1 


o 


R.  = Rr  + (d  - a ) 1 - (d  - 

Ax  Dx  7 z xz  x 

a ) 1 

X XX 

(B.  1. 

T - 30a ) 

R.  = R.  + (d  - a ) 1 - (d  - 

Az  Dz  z z zz  x 

a ) 1 
X xz 

(B.l. 

1 -30b) 

r « f + (d  - a ) 2 1 + (d 

A D z 2 zz  x 

a )2! 

X XX 

(B.  1. 

l-30c) 

-2  (d  — a )(d  — a ) 1 + 2 (d  - 

z z X x xz  z 

dv2(d. 

-a  ) Rr, 
x Dx 

where  (x,z)  is  a centroldal  axis  system  for  the  cross  section  ar,d  the  points 

A and  D are  general  points  in  the  plane  of  the  cross  section  as  indicated  in 

F i gure  B . 1 . I - 7.  ! 

General  expressions  for  the  various  section  properties  for  zee,  channel,  and 
hat  section  shapes  are  presented  in  Figures  B.  1.1-8,  -9,  and  -10,  respec- 
tively. These  results  are  from  Rudder  (13). 

B . 1 . 1 . 4 Uniform  Beams  on  Multiple  Supports  ' 

The  topic  of  vibration  of  uniform  beams  on  multiple  supports  is  relevant  to 
the  sonic  fatigue  problem  in  that  the  frequency  response  of  a beam  system 
is  similar  to  that  exhibited  by  an  array  of  panels  of  constant  width  joined 
e.nd  to  end.  It  is  perhaps  more  to  the  point  that  a uniform  beam  system  allows 
for  a sound  analytical  treatment  where  as  the  plate  problem  does  not.  Th. 
beam  problem  can  be  related  approximately  to  the  plate  problem  with  an 
appropriate  lumping  of  the  physical  parameters  of  the  beam  (14). 

One  of  the  earliest  analytical  developments  reported  in  the  literature  is 
that  presented  by  Miles  (15)  In  which  he  utilized  difference  equations  to 

obtain  frequency  response  estimates  for  a uniform  beam  on  multiple  interior  . 

supports  that  allowed  only  for  rotation  about  the  interior  support.  Mercer 
(16)  using  the  normal  mode  method  calculated  the  response  of  a multiple  sup- 
ported uniform  beam  to  a random  pressure  i i e 1 d . Lin  (17)  considered  the  , 

case  of  elastic  interior  supports.  Olson  (18)  presents  a direct  technique 
for  computing  frequency  response  to  a random  pressure  excitation  using  the 
finite  element  method  with  a uniform  multiple  supported  beam  as  a structural 
mode  1 . 

One  of  the  earliest  efforts  In  calculating  the  natural  frequencies  was  | 

developed  by  Ayre  and  Jacobsen  (19)  using  physical  reasoning  to  obtain  sim-  j 

pi  if  led  results  for  a uniform  beam  resting  on  equally  snared  interior  sup-  1 

ports  that  allow  the  beam  to  rotate  freely.  Ft ■ . the  end  restraints  they  ] 

consider  both  ends  simply  supported,  both  ends  clamped,  and  one  end  clamped  3 

and  the  other  end  simply  supported.  The  response  frequency  spectium  for  a 1 

multiple  supported  beam  is  basically  different  from  that  of  a single  span  3 

beam.  For  the  multiple  support  case  the  natural  frequencies  appear  in  j 

groups  with  the  number  of  modes  in  each  gi  uup  equal  to  the  number  of  spans  1 

of  the  beam.  There  are  an  infinite  number  of  frequency  groups.  x 

1 

4 
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FIGUFE  B. 1.1-7  AXIS  SYSTEM  AND  NOMENCLATURE  FOR  SHIFTING  THE  POLE 
(ROTATION  AXIS)  OF  A THIN-WALLED  OPEN  SECTION  BEAM 


GENERAL  EXPRESSIONS  FOR  STIFFENER  GEOMETRIC  PARAMETERS 


FIGURE 


t, 

A = t ( h + 2b) 

lxx  * jj  [h2  (6b  + h ) + t2(3h  + 2b)] 
I * - 4-  (2b  + t) (2b  - t) 

XZ  n 

1 z2  = J2  t8b3  + ht2] 

t3 

J = -y  (2b  + h] 

. _ tbV(b  + 2h) 

e “ 1 2 (2b  + h) 


u. 1.1-8.  GEOMFTRir  PROPFRTIFS  - 2FF  SFCTION 


GENERAL  EaPRESSIONS  FOR  STIFFENER  GEOMETRIC  PARAMETERS 


x * b / (2b  + h ) 


e * 3b  / (6b  + h) 


A *=  t (h  + 2b) 


4-  1 4- 


1Y  f h 2 (6b  + h)  + t2 (3b  + 2b)] 


I - 0 

xz 


1\ 


t 0,3 


[ 1 2hx^  + 8b5  - 24lb(b  - 7)  + 12b(b  - 2x)t+6(b  - x)t2  + t3] 


J = ~ t3 (2b  + h) 
tb3h2 (3b  + 2h) 


Rr  =0 
Ex 


NOTE:  For  warping  constants,  the  pole  is  taken  at  the  shear  center. 


FI  fit  IRE  R,  1.1-9.  GEOMETRIC  PROPERTIES  - CHANrltl  btUlON 


GENERAL  EXPRESSIONS  FOR  STIFFENER  GEOMETRIC  PARAMETERS 


xx  = TT  t(h  ' t)3  ■‘T  f(b  + tHt2 +3h2)  + ^ t(2h,  ■ t ) t ( 2 h ] - t)2+  12  (h  + h ? ) 2 ] 


!z>  = t(h  - 0(tZ  + x2)  + ~ t(b  + t)3  + j tx  (b  + t ) [x  - 2b  + 2 1 ] 
+ Jjj-  t(2h?  - t)  [t2  + 2Mb  - 7)?] 

J = j t 3 [h  + 2b  + 2hj] 


R 


Ex 
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rEz  - 0 


re  - iy  [2b3h2  + 2bh2e(e  - b)  + 2bZh]  (3h2  - 6hh]  + *lh2  ) 
- 4bh)e(3h2  - ilh2)  + e2(h  + 2h  ] ) 3] 


FIGURE  8.1. 1-10.  GEOMETRIC  PROPERTIES  - HAT  SECTION 
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Following  the  work  of  Ayre  and  Jacobsen,  the  response  frequency  for  the  r*^ 
mode  is  given  by  tht  expression 


f 

r 


Hz 


(B. 1.1-31) 


where  the  constant  Cr  depends  upon  the  number  of  equally  spaced  spans  of 
the  beam  and  the  end  supports  of  the  beam.  The  remaining  nomenclature  in 
Equation  (B. 1.1-31)  is  identical  to  that  used  in  Equation  (3. 1.1-7). 

To  obtain  estimates  of  the  natural  frequencies  of  a one-dimensional  array 
of  plates  with  width,  b,  length,  a,  and  thickness,  h,  the  frequency  expres- 
sion in  Equations  (B.  1.1-31)  becomes  assuming  a fundamental  mode  across  the 
width  of  the  panel 
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C2h 

r 

lab 


12(1 -v  ) p 


[£)  + (£)1 

a b 


Hz 


(B.1 .1-32) 


where  o is  the  mass  per  unit  volume  of  the  plate  material. 

Numerical  values  for  the  constant  Cr  are  presented  in  Table  B. 1.1-7  for  both 
extreme  ends  s imply  supported,  for  the  first  ten  modes  of  vibration  and  con- 
figurations of  five  spans  or  less.  Table  J.i.1-8  presents  values  of  Cr  for 
both  extreme  ends  clamped  and  Table  B. 1.1-9  resents  values  of  Cr  for  one 
end  simply  supported  and  the  other  end  clamped.  These  tabulated  values  are 
from  the  work  of  Ayre  and  Jacobsen  (19)  where  they  present  values  of  Cf  for 
the  first  25  frequencies  and  structures  of  up  to  13  equal  spans. 

The  beam  nomenclature  and  geometry  are  presented  in  Figure  B. 1.1-11.  The 
one  dimensional  panel  array  as  characterized  by  Equation  (B. 1.1-32)  is 
illustrated  in  Figure  B.1, 1-12.  Typical  mode  shapes  for  simply  supported 
and  clomped  ends  are  presented  in  Figure  B.1. 1-13. 


Ex_ampJ^e : A piece  of  hydraulic  tubing  Is  supported  between  rigid  connections 

at  the  extreme  ends  with  Intermediate  supports  at  18  inch  internals  for 
three  spans.  The  dimensions  of  the  tubing  is  a diameter  of  0.2..,  inch  with,. 


> wn  II  t.  h i < 
ps i and  y = 
the  system. 


k r, , 

0. 


of  0.020 
1 bs ,/  in-. 


L 16.  A 


inch.  The  materia!  properties  nr 
Calculate  the  first  ten  natural  frequencies  of 


10c 


From  Table  B.1. 1-1  the  moment,  of  inertia  of  the  cross  section  is 


I o T [ ( 0 . 125)^  - (0.125  - 0.02)**]  = 9.628  x 10  5 in** 

y 11 

In...  mass  per  unit  length  of  the  tube  is 


p = (0.  16)  i'[(0.  1 25)  2 - (0.125  - 0.02)2]/J86,1j  - V'jP.'1  * lo“6 
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TABLE 

B.  1 . 1-7 

VALUES  OF  C_ 

FOR  BOTH  EXTREME  ENDS  SIMPLY 

SUPPORTED 

(See  Equat ions  ( B. 1. 

1-31 ) and  (B  . 1 

-32)) 

NUMBER 

OF  SPANS  OF 

UNIFORM  LENGTH, 

L 

r 

1 

2 

3 

4 

5 

1 

1 00 

1.00 

1.00 

1,00 

1.00 

2 

2.00 

1.25 

1.13 

1.08 

1.05 

3 

3.00 

2.00 

1.37 

1.25 

1 .18 

4 

4.00 

2.25 

2.00 

1 . 42 

1.32 

5 

5.00 

3.00 

2.13 

2.00 

1.45 

6 

6.00 

3.25 

2.37 

2.08 

2.00 

7 

7.00 

4.00 

3.00 

2.25 

2.05 

8 

8.00 

4.25 

3-13 

2.42 

2.18 

9 

9.00 

5.00 

3.37 

3.00 

2.32 

10 

10.00 

5.25 

4.00 

3.08 

2.45 

TABLE 

B. 1 . 1-8 

VALUES 

OF  Cr  FOR  BOTH  EXTREME  ENDS 

CLAMPED 

(See  Equat ions  (B. 1 

.1-31)  and  (B.  1 . 

1-32)) 

NUMBER 

OF  SPANS  OF 

UNIFORM  LENGTH, 

L 

r 

1 

2 

3 

4 

t 

J 

1 

1.51 

1.25 

1.13 

1.08 

1.-5 

2 

2.50 

1.51 

1.37 

1.25 

1 . 1 8 

3 

3-50 

2.25 

1.51 

1.42 

1.32 

4 

4.50 

2.50 

2.13 

1.51 

1 .45 

5 

5.50 

3.25 

2.37 

2.08 

1.51 

6 

6 , 50 

3-50 

7-50 

2.2G 

2.05 

7 

7-50 

4.25 

3-13 

2.42 

2.  18 

8 

8.50 

4.50 

3.37 

2.50 

2.32 

9 

9.50 

5.25 

3-50 

3.08 

2.45 

10 

10.50 

5.50 

4.13 

3.25 

2.50 

1 


1 


1 

1 

? 

] 

] 


I 


r-  f*  i 
JUU 


1 


TABLE  B,  1 . 1-9 


VA..UES  OF  Cr  FOR  ONE  END  SIMPLY  SUPPORTED 
AND  ONE  END  CLAMPED 


(See  Equations  (B. 1.1- 

-31)  and 

(B.  1.1-32)) 

NUMBER  OF  SPANS  OF 

UNIFORM 

LENGTH,  L 

r 

1 

2 

3 

A 

5 

1 

1.25 

1.08 

1 . OA 

1.02 

1 .02 

2 

2.25 

1.A2 

1.25 

1.16 

1.11 

3 

3-25 

2.0 

1.A6 

1.3A 

1.25 

A 

A. 25 

2.  A2 

2.0A 

1.A6 

1.39 

5 

5-25 

3.08 

2.25 

2.02 

1 .A9 

6 

6.25 

3.  A2 

2.A6 

2.  16 

2.02 

7 

7.25 

A.  08 

3.0A 

2.3A 

2.1  1 

8 

8.25 

A.A2 

3-25 

2.  A8 

2.25 

9 

9-25 

5.08 

3- A6 

3.02 

2.39 

10 

10.25 

5.  A2 

A.OA 

3.16 

2.A8 

( 
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Uniform  Beam  with  El^  and  p constant 


< Si 
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H 


1 


N Spans  of  Length,  L 

Extreme  Ends  of  Beam  Can  be  Either  Clamped 
or  Simply  Supported 


FIGURE  B. 1.1-11  MULT  I -SPAN  BEAM  NOMENCLATURE 


Clamped  or  Simply  Supported 

N Bays  of  Width  b and  Length  a 


Note:  Stiffeners  Separating  Panel  Into  Pays  are  Assumed  to  be 

Infinitely  Rigid  In  Bending  and  Infinitely  Flexible  In 
torsion.  A fundamental  mode  is  assumed  across  the 
width  of  the  pane  I . 


FIGURE  B. 1.1- 12  GEOMETRY  AMD  NOMENCLATURE  FOR  ONE  DIMENSIONAL  PANEL  ARRAY 
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(b)  Mode  Group  1:  Extreme  Ends  Clamped 


FIGURE  B.  1.1-13  TYPICAL  HOOF  SHAPES  FOR  Mill  T ! '.PAM  BEAMS 
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The  response  frequency  is  obtained  from  Equation  (B. 1.1-3')  for  the  r^ 
mode  as 


f - 78.75  C2  Hz. 
r r 


From  Table 
below  with 

1.1. 1-8  and  three  spans 
ihe  frequency  calculated 

one  obtains  the 
fri-m  the  above 

values  of 
resul t 

C as 
r 

shown 

Mode 

Number 

Cr 

Table  B. 1 . 1-8 

fr 

Hz. 

1 

1.13 

101  ' 

2 

1.37 

148 

mode 

group 

1 

3 

1-51 

1 80  , 

4 

2.13 

357  | 

5 

2.37 

442 

mode 

group 

2 

6 

2.50 

492  J 

7 

3.13 

772  j 

8 

3-37 

894 

mode 

group 

3 

9 

3.50 

965  ) 

10 

4.13 

1343 

Example : Five  rectangular  panels  with  dimensions  a «=  9-0  Inches, 

b *=  16. 5 inches,  and  h = 0.052  inch  are  joined  together  with  the  long  sides 
adjacent.  The  material  properties  are  E ■=  10?  ps i , y = 0.10  lbs/in^,  and 
h = 0.052  inch.  Estimate  the  first  five  natural  frequencies  (mode  group  l) 
of  the  panel  assuming  a fundamental  mode  across  the  panel  width  and  con- 
sider the  panel  edges  to  be  clamped. 

From  Equation  (B.  1.1-32)  and  the  above  data  the  response  frequency  Is 
given  by 


f - 32.94c2[l  .833  + 0.545]  = 78  33C2 
ri  n n 


Mode 

Number 

(m,n) 

C 

Tublc  B . 1.1-8 

fn 

Hz 

fn 

from  Ref . 20 

(1,1) 

1.05 

86 

39 

(2,1) 

1 .18 

109 

102 

(3,1) 

1.32 

136 

119 

(4,1) 

1.45 

165 

137 

(5,1) 

1.5) 

178 

145 

Th  results  from  Reference  20  were  obt, lined  uslnq  a 1^7  i f freedom 

lini-e  element  analysis. 
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